A BROAD FORMULA FOR ESTIMATING EARTHQUAKE FORCES ON OSCILLATORS

By Frank Neumsnn#

The expression "earthquake forces" is used in the
tecause the ultimate objective of the investigation is totgiogid:hisfgi?er
mula for computing earthquake forces on buildings. The paper however*
will not be concerned with the masses involved in such forces’but only,
with the accelerations to which they are subjected.

To this extent the
pProposed. formula serves the same purpose as those found in many building

codes which attempt, usually through empirical approaches, to specify the
lateral earthquake forces or accelerations that bulldings and structural
parts should be designed to resist. The proposed formula, however, will be
based on seismological data exclusively and on purely seismological concepts.

The specific purpose is to provide a ready means of determining the
maximum acceleration and displacement impressed on an oscillator of &Ry
period and damping by an earthquake of any intensity. Such a formuls is
obviously designed to estimate the deformation of an entire structure and
the acceleration associated with it rather than to evaluate the linear
accelerations experienced at any particular floor levels. It is based on
a number of research projects that have extended over the past two decades
but the details of these projects are too involved to cover in this brief
paper. There is time only to summarize the results obtained and in some
cases re-evaluate them. The intensity scale used is the Modified Mercalli
Barthquake Intensity Scale of 1931.

EARTEQUAKE GROUND MOTIONS

The ground motion data used in this study were obtained exclusively
from strong motion seismograph records of the U. S. Cosst and Geodetic
Survey (13). They are generally acceleration records. Years ago, while
on the seismological staff of the Survey, the writer double integrated
some of the more important records to obtain equivalent velocity anii dis-
placement curves (8). These curves revealed all of the periods in the
ground motion and made it possible to construct graphs shoving the maxim
accelerations, velocities and displacements associated with the ve.r:.oxi.s
periods. It was ultimately found thet if the data were plotted 02 :n;f r;ay
logarithmic grid designed for period analyses a sipgle curve gl chce
because the acceleration, velocity and displacement of any po on suw
a curve can be measured by referring to the appropriete set of r;czt;:gggiar
or diagonal coordinates. Examples of such grids and curves arein zhe R
Tigs. 4 and 5. Such "ground spectra” are of vital m?ort:;zeoutstanﬁing
study because they provide a feasible means of comparing pb
characteristics of different earthqueke motions regardiess of

tern or complexity.

*Seismologist s Department of Geology, University of Washington, Seattle.
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Barthguake intensity vs maximm vibrational velocity. In 195L the
writer published a oooklet (9] in which en effort was made to associate
the varicus grades of the MM (Modifiea Mercalli) Scale with specific
grouwnd acceslerations taking into consideration the periods involved.

The result was a rather complicated formula which has since been abandon-
ed. It was subseguently concluded that the most feasible measure of earth-
Quake intensity was the maximum vibrational velocity of the ground motion

(20, 11). This was based largely on the following reasoning.

In the case of high frequency blasting vibrations a number of inves-~
tigators (L4, 5) have found that damage begins when building vibrations
reach the 10 and 15 cm/ sec. level. These are usually the maximum veloci-
ties to which near-by structures sre subjected because such high fregquencies
are not likely to induce serious resonance effects. In the case of earth-
quakes MM-5 and MM-6 mark the onset of damage but the recorded ground
velocities 1lie only between 2.5 and 4 em/sec. Tt is common, however, for

ground. This would bring the maximmm vibrational velocity of a bullding
up to the same damaging 10 to 15 cm/ sec. level found in high frequency
blast vidbrations. Because of the extremely wide differences in blasting
vibration periods and earthquake periods it is felt that such an agreement,
even though only approximate, provides rather convineing evidence that
vibrational velocity, rather than acceleration or displacement > 1s the
most acceptable measure of intensity.

Another aspect of the problem is that the shorter duration of a
blast vibration may require a greater velocity to reach the dameging
stage than required in an earthquake motion that ig equally damaging
but of longer duration. The duration of any type of disturbance in-
creases as the distance from its source increases. This brinciple seems
to influence the intensi‘ty-velocity relationship at the greater epicentral
distances as indicated in the insert note on the chart of Fig. 5. Fuarther
study of these factors is quite in order. It is possible that amplified
building motions and duration may both Play a part in “efining ground
vibrations that have Just reached the potentially demaging stage.

A fina] relationship between intensity and vibrational velocity was
based on two considerations. Since it was originally found {9) from a
study of intensity and acceleration datsa that the acceleration doubled
{on the average) for each grade increase in intensity (from MM-1 through
MM-8) 1t was assumed that the same relationship would hold with respect
to vibrational velocity. The relatively small period range found in waves
of maximum acceleration is consistent with such an assumption. Secondly,
2 maximum vibrational velocity of 22 cm,/ 8€C. was accepted as corresponding
to an epicentral intensity of MM-8.3 in the case of the El Centrc record
of 1940. This reduced to the following velocities for intensities MM-8
to MM-1 respectively: 18, g, k.5, 2.25, 1.12, 0.56, 0.28, and 0.14 cm/sec.

12). Such a relationship agreed within acceptable limits with the inten-
sities observed and the velocities registered in other earthquakes. This
adopted intensity-velocity relationship is shown graphically on all of the
writer's Lovay logaritimic grlds such as Pig. 5.
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The note on the Fig. 5 chart aitempts to evaluste indirectly an
over-all difference in ground motion noted when a given intensity is
recorded instrumentally in an epicentral arem and when the same inten-
sity is recorded well outside this ares. The formula given means that
from a study of instrumental data and intensity distribution in the case
of the Southern Californis (Bakersfield) earthquake of 1952 it was con-
cluded that 150 miles from the epicenter the vibrational velocity for an
MM-5 intensity was only one-half that for an MM-5 intensity in the central
area. This would apply also to amyother intensity. The longer duration of
a disturbance experienced outside of a central ares appears to compensate
at least partly for decreasing ground motion in maintaining the same level
of intensity. It appears that intensity is governed not only by the magni-
tude of the ground motion but also by its duration.

STEADY STATE FORCED VIBRATIONS

Before discussing the difficulties connected with determining oscil-
lator responses to complex earthquske motions some features of steady-state
vibrations and analyses will be briefly reviewed. This is desirable because
many earthquake vibrations are of such uniform character that steady-state
solutions might often be used in place of the more complicated procedures
now being developed for complex and non-periodic ground motions. As it is
very desirable to see how the two problems are relsted the same nomencla-
ture will be used in both cases.

In all forced vibration studies interest is centered primarily on the
relative motion between osc¢illator and ground as
this measures the deformation of the oscillator at
any instant. In the adjoining illustration this
is indicated by (x~y) where (x) is the sbsolute
motion of the oscillator and (y) the motion of the
ground. Engineering interest is limited chiefly
to the maximm deformation (x-y) experienced dur-
ing a forced vibration and the acceleration {x-y)
and velocity (%-}) associated with it. It is de-
sired to ¥now in particular just bhow (x-y) is
related to (y).

For steady-state forced vibrations of simple harmonic character the
relatively simple solution is found in all text books on vibration analysis.
The so-called magnification curves in Fig. 2 are typical of the standard
mathematical solution. Such curves show the relative motion (x-y) between
the moving oscillator and the moving ground (y). The much-desired ratio
(x-y)/(y) can be read from the greph if the period of the ground motion
(To) and the period (To) and damping (h) of the oscillator are known. The
curves readily show the responses of a single damped oscillator to steady-
state ground vibrations of constant amplitude but variable period T,, or
the responses of a series of oscillators to a ground motion (y) of $ixed
period and amplitude. In Fig. 2 these are designated cases (a) and (b)
respectively. To obtain the velocity (x-J}) and the acceleration (x-y)
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agsociated with any of the relative displacement z
ussd since the oscillator is forced to vibrate in wnison with
regardless of its own periocd T,.

The structural eéngineerts interest, however, is limited primarily
to the maximum deformations associated with resonance » OT nesr resonance,
and low values of damping. This implies that he is not particulariy
interested in the small deformations associated with ground periods that
are much greater or much less than the osciilator pericd. For this
special case it may be assumed that since Te and T are about equal one
may compute the accelerations ang velocities assocgated vith the maximum
resonant displacement by simply substituting T for T_. This makes a
calculation based on this assumption independent of the ground period.
This point ig emphasized because the equations take on the same form ({as
w1ll be shown later) used in €xpressing the meximum response of an oscil-
lator to a ccmplex vibration in which the velues of T, are indefinite.
In both cages

' 2 ’
(x—y)m‘ ~ -.T'oj'(xﬂv )max.

and 2

-

Getermining (a) maximum oscillator responses to steady-state vibrations.
and (b) similar responses to complex earthquake vibrations.

NON-PERIODIC FORCED VIERATTONS

This section concerns the theoretical (x-y) response of an oscii.
lator of given period (T,) and damping (h) to a given earthguake motion
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such as registered on s strong-motion seismograph. One may disregard
the wave train concept just advenced as a feasible approach to the oscil-
lator response problem because a very direct solution was proposed by

M. A. Biot (2) in the early thirties. His mathematicel solution for
obtaining maximum (x-y) from earthquake ground motion is now widely
known but for some years application of his equation toc practical prob-
lems was delayed because of the labor involved in solving the integral
portion of the equation. The writer independently suggested the use of
a torsion pendulum for computing oscillator responses of this kind {7).
In 1943 Biot reported the results of comprehensive torsion pendulum
studies made at the California Imstitute of Technology (3). Subse-
quently Alford, Housner and Martel found the electrical analcg computer
better adapted to this purpose and after adding a damping factor to
Biot's equation (6) proceeded to calculate g large number of so-called
"earthquake spectra.” These curves show the maximum (x-y) responses of
groups of damped oscillators to many strong earthquake motions registered
on Coast and Geodetic Survey strong motion seismogrephs (1). The follow-
ing form of equation was used in these analyses:

27h

t
(x-y) = §T; f #(r)e T sint-r)dt =%S (%-y) =8 (&-¥) :3%3
0

The oscillator spectra for the El Centro record of May 18, 1940, together
with the corresponding ground spectrum determined by the writer, are
shown in Fig. 3.

The problem confronting engineers is to utilize these spectra to
the best possible advantage. It was previously stated that while maxi-
mum (x-y) values were important it was necessary to assoclate them with
the corresponding maximm values of (y) if a solution similar to that
for steady-state vibrations is to be developed. It appears that this
mey be possible.

GROUND SPECTRA VS OSCILLATOR SPECTRA

It was previously shown how a ground spectrum can indicate the maxi-
mum emplitude (acceleration, velocity or displacement) associated with
each of the ground periods in a particular earthquake motion (y). It
was later shown how, from that same motion (y), it is possible to com-
pute the maximum (x-y) responses of a series of multiperiod oscillators
having different degrees of damping. The (x-y) responses, or oscillator
spectra, for the El Centro record of 1940 are shown in Fig. 3 for four
degrees of oscillator dsmping. On the same grid is the ground spectrum
(¥) calculated from that record with data from the Helena (Montana)
record of October 30, 1935, covering the high frequency end of the
spectrum. The important question is: Does this set of spectra, and simi-
lar sets for other earthquake motioms, indicate any systematic relation-
ship between the oscillator spectra (x-y) and the ground spectrum (y)?

If so, there would be available an (x-y)/(y) ratio similar to the ratio
available for forced steady-state vibrations which permits {x-y) responses
to be expressed in terms of (y). While the five curves in Fig. 3 are
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szwicusly not parallel, the writer believes that from theoretical and other
rinsiieratioas such curves are basically perallel so that one may assume

ttat arproximately fixed ratios exist between the smoothed axes of the

variz:s osaillator spectre (x-y) and the ground spectra (y).

Tte theoretical aspect of the question has been covered in part in the
preceding section on steady-state forced vibrstions. It was indicated there
that tecause of the much greater (x-y) amplitudes found in the zone of reson-
anze the responses in other period zones were relatively unimportant. This
virivally answers the important question: What ground waves in an earth-

quaxe motion Impress the greatest (x-y) motion on an oscillator of given per-
iod and damping? The answer is that if only low damped oscillators are
considered the ground wave impressing the greatest (x-y) motion is the wave
2aving the same period as the oscillator. If one accepts the wave train

conzept of earthquake ground motion, assumes that the wave train impresses

2 trief and virtually steady-state vibration on the oscillator, and from

the magnification ecurve in Fig. 2 computes the (x-y) motions impressed on

& particular oscillator by waves of any reriod and amplitude shown in the
ground specirum (in this case the El Centro ground spectrum) it will be

found that the ground waves having the same period as the oscillator produce
the dominant values of (x-y). It goes without saying that ground waves of
cther periods will modify this dominant response » and it is for this reason
primarily that the (x-y) curves in Fig. 3 take on such variegated patterns as
compared with the ground spectrum. But there seems ample reason to believe
that the general level of the (x-y) responses is controlled primarily by reson-
ance effects. When resonance does not occur the general level naturally drops.

In examining the {x-y) spectra in Fig. 3 one can only speculate on the
zagnitude of the errors that might creep into their computation, and on
whether sufficient oscillator résponses were computed, especially for long
period oscillators, o establish relisble spectral curves covering all oscil-
lator periods. The integration of seismograph records, which generally in-
volves arbitrary choices of axes, always seems to call for a consideration
of probable errors. It is a matter which should be given further attention

and discussion in future work of this kind since it is directly related to
the problem under discussion.

t 1s for the reasong Just given that the writer believes that oscillator
specira for various degrees of damping can be considered approximately simple
mdtiples of the corresponding ground motion spectra throughout the entire
range of recorded periods. In other words, the spectra can furnish approxi-
zﬁa’ce values of (x-y)/(y) that correspond to the mathematically correct ratios
Tound in steady-state forced vibration analyses. Ope should recognize the
fact, however, that there may be wide variations from this simple ratio
especially in the case of low-damped oscillators. '

It is of particular interest to campare the reso
t nant amplifications ob-
;gini fo‘z.; various degrees of damping (2) in the case of a simple sustained
lrc vibration and (b) the case of partial resonance resulting from a com-
piex earthquake motion. For the four cases of h = 0.0, 0.02, 0.2, and 0.4

the smplifications for a simple sustained vibration are infinity, 25, 2.5
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[¢]

and 1.25 respectively. In the case of the El Centro, 1940 analysig
approximately 8%5, &, 2, and 1.5 respectively. It seems safe toz;:za; e
the El Centro case represents an extreme in low values for the amm) :f-‘.-de ?‘T‘at
Tactors (x-y)/y. The record is extremely complex and it was obta:;;:if?:m:
to the epicenter. Tt would seem safe to presume that as other re'cow; TLose
analyzed in a similar way these factors may increase as the records S are
less complex with increasing epicentrel distance. The factors gi‘.’engfzc:
the case of a simple steady-state vibration might be looked upon ag l;;
ing values. -

DETERMINATION OF ACCELERATIONS AND DISPLACEMENTS IMPRESSED ON 0SCTLzAM0Rg

From vhat has been previously stated there is cbviously more than ope «
to make the computation indicated in this heading. The writer strongly nedovay
ses the use of a b-way logaritbmic grid as shown in Fig. 5. The esSenti:f; T~
data are the period and damping of the building or oscillator wder consigen
tion, and the intensity of the earthquake. The first step is to detem’.:ee-a-
from the grid the amplitude of the ground wave having the same veriod a;‘-the
oscillator as this is the wave that causes the grestest {x-y) deformation
The E1 Centro ground spectrum is placed on the grid to show what aizhs be'
considered a representative spectrum for an earthquake of intens;;ty'm_a_s
Unlike most other ground spectra {see Fig. 1) maximum amplitude waves are ’
shown in all period categories so that the EL Centro graph serves as ap
envelope that includes the maximum emplitudes associzted with a1} ground
periods. For the time being the writer feels that this curve cap be used
to show the period-amplitude disbribution in earthquakes of other intensity
by simply raising or lowering the entire curve to the intensity leve) desired
remembering that the curve shows period-amplitude distribution for intensity
MM-8.3 only. The intensity symbols at the appropriate velocity levey S help
to simplify this procedure.

A few notations on the grid illustrate how one estimates the maximm
possible ground smplitudes in the case of an earthquake of intensity M4-5
for the ground periods 0.5, 0.3 and 0.15 sec. On the ordinates showing
these periods a pair of dividers may be used to lower the points of jpte,.
section between the coordinstes and the E1 Centro curve by an amout equiva-
lent to 3.3 grades of intensity. This is the difference between the ) Centro
intensity MM-8.3 and MM-5. The desired ground amplitudes are indicgteq by
the points a, a', and a", which correspond to the values of (y) previousyy
discussed.

The (x-y) values associated with a, a', and g" are governed by the
damping of the oscillator. The inser’b'cha.rt in.Flg. 5 shows the increase
of (x-y) intensity over the (y) intensity for different values of h baseq
on the El Centro spectra in Fig. 3. This is equ:.valen‘? to an (x-y) /(y)
ratio if the intensities are expressed in terms of their equivalent vipys.
tional velocities. If h is 0.1 the intensity d.iﬁ‘erex:xcg to be addeq to 8,
a' and a" is 1.k grades which places the (x-y) intensnles'at Toints b, b
and b". These are the maximum velocities of the {x-y) motions. The corre-
sponding accelerations and displacements can be read from the diagops)
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coordinates as illustrated at the point b. This is the maximum displacement
of the center of oscilletion relative to the ground. The corresponding
acceleration is the acceleration required to obtain that displacement of the
oscillator.

The graph obviously may be used for problems in which the ground motion
is not expressed as an earthquake intensity. The method here described pre-
suppcses earthquake conditions in which resonance is assumed between the
oscillator and the ground. FPFurthermore, the normal amplification expected
in the case of steady-state resonance is greatly reduced because of the com-
plexity of earthquske motions as indicated in the insert diagram in Pig. 5.

The notations E.R. 1, 2, etc. on the chart indicate vibrational velo-
cities that may be considered either safe or potentially damaging. E.R.
refers to %n "energy ratio” indicated by the square of the acceleration
in ft./sec® divided by the square of the frequency in cycles per second.
They refer only to high frequency weves found in blasting operations. Some
state statutes consider E.R. 1 or E.R. 2 "safe blasting vibrations.” Cran-
dell (4) designates E.R. 3 to 6 as a "caution zone."

GRAPEICAL REFRESENTATION OF BUILDING CODE FORMULAE

Fig. b illustrates how building code formulac covering lateral force
provisions can be shown graphically on the h-way logarithmic grid. It pro-
vides a ready means of comparing different formulae and evaluating their
probable effectiveness. To aid in this there will be seen at the top of the
grid an effort to relate the period of a building to its height imn stories.
This, of cowrse, is subject to wide variation and is placed on the chart
with the intention of serving only as a very rough gulde. It is based on
data published in reference (13).

The line marked DD defines the accelerations called for in the so-called
"Joint Committee” (San Francisco) code (1ka). Line CC represents the latersl
force provision in the Uniform Building Code {1Lb) of 1958 and some years
prior to that. AA represents a proposed formula based on the equation

C= 0-05
N

in vhich C is the acceleration factor and T the building period (1l4c). It is
expected that the latter formule will soon replace the two others.

The remaining lines on Fig. 4 illustrate an approach suggested by the
writer based on the assumption that the deflection of a structure should never
exceed a displacement in excess of .00l the height of the structure; otherwise
damage may be expected. If one assumes certain heights for multi-storied
buildings, this ratio can be shown on the chart since the diagonel displacement
grid can be used as a measure of (x-y) deformations. The line BB shows this
deformation pattern based on the writerts choice of building heights. Since
one is concerned primarily with the motion of the center of oscillation of a
structure, not the top floor, the EB values are reduced one-half, to line
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B'B', to indicate very approximately the deformation (x-y) of the center of
oscillation of the building. This brings the curve down to roughly double the
values indicated by the new code formula mentioned in the preceding paragraph.
One need only apply a safety factor of two {2) to the code formula to obtain
virtual agreement with this purely geismological spproach. It is clear that
the new empirically developzd code formule is in closer agreement with this
seismological concept then the formulae indicated by lines CC and DD.

CORCLUSIONS

There are some aspects of this proposed formula that are encouraging
and others that some may consider discouraging. On the optimistic side may
be listed the ultimaste simplicity in its application to specific problems.
If one 1s willing to accept the idea that the formula furnishes the best esti-
mate that.can be made with the informstion available he need not be concerned
with the many technicalities involved in its development. He may find room for
optimism in the apperent agreement between this purely seismological solution
and one of the most recent engineering solutions as revealed in the new build-
ing code formula discussed in the preceding parasgraph.

On the pessimistic side one may question the accuracy of a formula based
on certain relationships that are not too well established. For this reason the
formula must be looked upon as furnishing an estimste of the maximm possible
lateral acceleration rather than a value that cannot be questioned. It is dif-
ficult to envision & precise earthquake force formula. Further research for
more information on the over-all damping effect of different patterns of earth-
quake motion will probably alter the demping formula shown in the insert of
Fig. 5. The degree of resonance attained will always, it seems, be largely a
function of the complexity of the earthquake motion. So far as other basic
concepts are concerned, it mey take years to establish their validity beyond
question. This will require an almost endless comparison between predicted
effects and actual earthquake effects on structures unless one is willing to
accept empirical building code formulee as representing factual information
based on studies of striuctural damage.

The formula and the reasoning behind it seem quite consistent with the
selective character of earthquake damage. If a building sways in resonance
with a dominant ground wave it may suffer demage. If there happens to be no
ground wave with a period similar to thet of the building, the building will
be shaken only slightly. One of the major fields for study is to obtain more
data on the factors that govern dominant ground wave periods in a given locality.
Local emplification factors depending almost solely on geological factors also
require further study.

With the information now becoming available on building and ground motions
it is difficult to see why there should be in the future such great variations
in the estimates of earthquake forces impressed on buildings as recently pointed
out by Prof. J. K. Minemi in "Structural Design for Dynamic loads." It ic feli
that the disciepaucies are due largely to deficiencies in the selsmological
rather than the engineering phases of the problem. Selsmologists as a whole
have failed to focus attention on the needs of earthquake engineering research.
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It is hoped that the ideas presented in this paper, new findings revealed in
the verious references, and recent contributions of Japanese investigators,
especially in ground motion research, will soon result in greatly reducing or
completely eliminating this deficiency.

(1)

(2

(3)

(&)

(5)

(6)

(7

(8)

(9)

(10)

(11)

(12)
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NOMENCLATURE
Broadly used to connote the continuing absolute osclllator glsplace—
ments resulting from a given earthquake motion (y). x and x indicate
correspondirg velocity and displacement.
Broadly used to connote the continuing ground displacement in a given
earthquake motion. y and y indicate corresponding velocity and dis-
placement .
The continuing differential displacement between moving oscillator and
moving ground. The displacement of the ground subtracted -from the
absolute displacement of the oscillator. Because of frequent repeti-
tion of the meximum value of {x-y), the only value in which interest
is centered, this expression is generally used in the text to indi-
cate the maximum even though it is not so designated.

Generally indicates the maximum differential velocity when an oscillator
is subjected to a given earthquake motion. See (x-y).

Generally indicates the maximum differential acceleration when an oscil-
lator is subjected to a given earthquake motion. See (x-y).

Period of ground waves in seconds.
Undemped period of oscillator in seconds.
Fraction of critica.l damping.

Damping reatio.

Time in seconds.

Time parameter in integration.
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