4 Survey of the Coupled Ground-Building Vibrations

By

W. T. Thomson*

I. Introduction

The effect of the ground foundation properties on the dynamic
behavior of buildings continues to be of interest to engineers. When
a building is excited by an earthquake, whai influence does the ground
have on the motion of the building? Intuition indicates that stresses
are relieved and natural frequencies are altered, bhut to what extent?-

"

To answer these questions some investigators have assumed the
building to be attached to a rigid ground by means of a torsional
spring of stiffness X¢. It is then possible to plot the ratic of the
fundamental period of the building restrained by the torsional spring,
to that of the building on a rigid ground as a function of the com-
pliance ratio Kp/k h2, where k is the story stiffness in latersl shear
and h the story height. For the single story building, analytical
expressions are simply obtained but for the N story building a computer
is generally necessary for the solution.

It has been the practice to ignore the translational stiffness
Kt of the ground as being of lesser importance. However it cen be
shown that the effect of the translational stiffness is as important
as the rotational stiffness in altering the natural frequencies of the
building. It has not been clear just what the relationship is between
the translational and rotational stiffness., In fact, is it justified
‘at 81l to replace the ground by springs of constant modulus? Certainly
the ground adjoining the foundation must move with the building, there-
oy introducing a virtual maes as well as stiffness. All spring mass
systems under dynamical conditions dispaly a frequency dependence and
a condition of resonance.

The problem of the dynamical pro?eities of the ground has heen
treated by several authors. Reissner 1) in 1936 developed sdlutions,
based on the theory of elasticity, for the interaction of a rigid
circular slab in vertical vibration on a gemi-~infinite ground. Sung(g)
elaborated on these results for d%fgerent distributions of pressure
under the circular slzb. Toriumil{3), in addition to verifying Reissner’s
results, developed the effect of horigontal tramslation and rocking of
the cirocular slab about its diaméter, These results given by the follow-
ing three equations

(1) Horizontal displacement at the center of the disk
F et

it -
2m2,G {)Cm (ab)+ i )[2:4 (a,b )} - FHKeH @

* Prof. of Engineering Univ. of California, Los Angeles 24, Calif.
(1) See reference list.
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Vertical displacement of disk

: ot : fwt
W= 7/::?.56{ {36,\,(&.,6)*(')(2;/(&,5)(" E‘%’" (2)

Rotation of the disk

wt . {wt
b =2 L (ab) v fnla b)) - Hoe (3)
where a=w, V;z:
__G
b= A2z

depend on a nondimensional quantity w rov-f- , where w is the frequency
of vibration, r, the radius of the ciroular slab, and 1/ the speed of
the shear wave propagation of the soil. The quantities fj and f, for
the three equations are shown in Figures 1, 2, and 3, for the sign
convention adopted and indicated in each diagram.

Expressions similar to the sbove with an additional equation for torsion
were also developed by Amold‘®) with extension to the case of a stoatum of
infinite area.

The work of Reissner Toriumi and Arynold offer a basis to investigate the
problem of the coupled building-ground motion, Sato and Yamaguchi(4) made use of
Toriumi's resulis to investigate the rocking-translation motion of a
solid cylindrical block which was intended to simulate a building. They
also included a study of a single story frame building with shear stiff-
ness under translation without rotation. Amold(8) investigated the respomse
of s0l1id circular cylinders on an elastic semi-infinite foumdation and carried
out an experimental study using a foam rubber base,

II. Equations of Motion:

To study the effect of the ground properties on the dynamical
behavior of buildings, it is advisable to consider an idealized struc-
ture of N equal stories with shear stiffness k per story as shown in
Fig. {4). Por simplicity the foundation mass will be taken equal to
the story mass and circular in order to apply Toriumi's results.

The equation of motion for the n‘h mass of the structure, where
l=ns (N—l), is '

’mgn—ﬁlgw ‘230:"‘3'1—') =0 (4)
and its amplitude relatior.ship for harmonic oscillation %n = Ynei“’t, is
T
Ynﬂ ‘2("’%)%,, + Yy =0 ’ (42)

Substituting Y = 6387 we obtain
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muw?
(1= Z%) = cmp
T e 2 (- emp) =4 s (5)
The general solution for Y, is then
Yo =Yo oppn + Bsiwgn (6)
The cbnstant B is evaluated by letting n= ¥
Ya — Yocowgh
B w{; v (1)
which enables Y, to be written as
Y, = Y, SnBN-n) | v Skén (6a)
n S‘in{@y s»;pA/

We must now satisfy the boundary conditions., There are three suth
equations, one for the motion of the N®D mass and two for the foundation
mass in translation and rotation.

The boundary equation for the NtR mass is
ma.;+€(jy—gy—!+ﬂ¢)=0 {(8)

For the foundation mass, we refer to Fi§ (4). The ground is assumed to
be given a displacement Y, = Yg ei(wt+8), and the structure will lag by
the phase Band have the dgsplacement $n=Ty 8%t The relstive dis-
placement u of the foundation is the vector difference %g - '(f’o which
from Eq. (1) is

Fu et = Ku ( Yae'®~ Yo )et¥t . (9)
where Kg is a complex number dependent on the frequency parameter. The

boundary equations for the translation and rotation of the foundation
mass are then

mg.,,——z m.gn +KH{56—'yp)‘ . (10)

nef

(N+1) mY*$ =nZ:'L£(”L}"‘) - Kr$ (11)

The boundary equations in terms of harmonic amplitudes are rewritten :as
follows

(ﬁ—mwz)Y,, "gY—-/ +é'ﬁ%=0 (8a)
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N .
(KH—-mw’)%——me% Yo =KuYee® (10a)
.
(K= -—(Nﬂ)mw‘f‘] $ -+ mw* e‘gln Yo =0 (11a)

These equations have (M+2) dependent variables, however since Yp
is related to Yo, Yy and & by Egs. (6a) and (5) the above equations
can be reduced to three varisbles and ) . The procedure for this
reduction is a lengthy algebraic and trigometric task which requires
a systematic approach which we will first ocutline. The first step
is the substitution of the general sdlution, Ba. (6a) into the three
boundary equations, Egs. (8a), (10a) and (1la). The summations
A YTy and ZY¥ will result in a finite trigonometric series which can

bs summed by the egquations given in the Appendix. The result will then
be three equations for Y, TN and

a " d,z 0(13 YO o
oy Ol Oy Y~ |= -g—”— Y6 e & (12)
X3/ O(&Z e &Y ﬁ.é 4

wheredi ars complex transcendental expressions in terms of the system
parameters and the frequency. It is noted here that /3, Kg and Kp are

functions of e 3 B from Bq. (5), and the complex stiffnesses Kg and Xp
from Toriumi's work.

With this outline of procedure, we leave the details of development
for the Appendix and give the equations corresponding to Eg. (12).

Swf oMW _ (N-1 -
- (S v {0 -EER v R - (13)
. BN . B .
K z\ ASM—;Q‘M—{(N—') S‘m (Hﬂ?
{ g —(wﬁw){_‘T 9;“‘%?;\\‘?}1 ] {6-—‘) Sw-Spr ):I ﬁ Ye (14)

(Nsin -5‘?«?’0 (N\»\)S‘EugN—Nsqu(N-ﬂ) wwty -
s..p K"’% ‘ Yt {ﬁﬁi ~(N+D) 2~ 5 ‘,’:J $=o
S‘mFN SwBN (15)

Thus the cosfficients o(lj of Eq. {12) are identified from the above
eguations,.
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III. Porced Harmonic Vibration

The solution of the forced harmonic vibration problem is in the
form

K n‘KH‘;{?eia X2 3 (16)
R A3y Az
Kn¥e e®| oy o3
y, <HRnie 7 1
2D &3 o (a7)

- 17 o X
‘R @ - KHqu + 12 (18)
£ED Ay K3,
Su Ky KAy
D = % Cha  oln (19)

&y w2 a3

Choosing a value of w , 8 can be determined and the sbove equations
computed. The shear and bending moment at the base are found from
Egs. (10a), (11a), and the above solutions (16), (17), and (18) to be

N . 2 §
Shesr =~} Y = ky xf'e;a{ﬁ (Kn—-mo)/ o2 oy /}

=/ D A olyy (20)

14
Bending Moment = maw*#. Z ny, {(21)
net

- Knyee® (. ) & e
755 (ke-thtnmerr]| dﬂ/

IV. PFree Vibration

For free vibration, the natural frequencies are found from the
characteristic equation D = O. Again the mumeriecal procedure would
be to assume & value for w , determine corresponding values for g
Kg and Kp, and plot the computed value of D against &J.

At this point it is instructive to examine the first equation, Eq.
(13), which after substituting for %2 from Eq. (5) becomes

837



¥W. T. Thomson

. Yo . N
29m_2@_m{3(”r+-2i)=-?;s\mp—£§,§5‘k4ﬁh/ (13e)

For the free vibration Yg = 0, and Yo = ~U, the elastic deformetion of
the ground. Thus if the ground is rigid, U == O which results in the
eigenvalues

(2¢e—-4)T

B (an+1) (22)

and the well kmown equation for the natural freguencies
z JEIPLS
= 2 Sim
(4IV+Z) (23)

Since the amplitude Yy is arbiirary in free vibration, we can normalize
according to the eguation

f » Ym‘ = Nm. (24)

n=l .

which is egquivalent to egquating the generalized mass to the total vibra-
tional mass. Substituting from

Y Y'VI_-L (Gb)

Sie i ¥
we find, as shown in the Appendix, that the amplitude YM: ._-.,1['_3_4/___.
SN Y N+ 17

and is independent of the mode number i. The mode shape is then given by

LA Siw (2¢~1YnTC

L STy (aN+1) (62)
n= 0, 1, 2, 3, —
1w, 2, 3, —mmmem N

Por the elastic groundY/‘ﬁ, and{/%a can be determined from Egs. (14)

and (15) and substituted into Bq. (13a). From Bq. (14) with right side
equal {0 zero,

riuu2 ) Sim -—— :m —-(M,-r)

io_=~ - S‘m—d SMISM
o % KH (*mw[ SMHSm—(ﬂ-I) ‘ (25)
R S —-SMFN :{
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Prom Egs. (15)

R \ N Sin PN - N2 )SUaBN 5 (hsiaB-3in) | 26)
- K 2 2 St T Sumt AN
T [g%—(N-H)(%)(%)} s f” Yo P

V. Ground Compliance Ratio

The grourd stiffness in translation and rotation is the force or
moment per unit displacement, which can be obtained from Egs. (1), (2)
and (3). These quantities are complex rumbers depending on the frequency
parameter w ro [t , and therefore are not constant. From Egs. (1), (2)
and (3), we can write

Kn _ 217G ! (27)

56 ! (28)

;
:

!
_ - (29)
Ky = T G i)

It is at this point that we must consider” acceptable design values
of roy k, and h, depending on the number of stories N and the soil
properties of bearing strength and elasticity.

_ The foundation area A is established from the total load mg(F¥ + 1)
and the allowable bearing pressure Py

A mg (M+1) (30)
' Pb
The fundamental period of actual buildings is very nearly propor-
tional to the number of stories, and the equation 7;;= C.1 XN seems to

be applicable to many buildings. From Eg. (23) the ‘design value of
k/m must then conform closely to the equation.

8 __ ® (31)
I Z_ .2/ _
’Z; sz( 4N+2)
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2/ T \NA T 2
where Tor tzll buildings sm (4”_'_2}—: el and —'%T_-’;(é/;/—;-,—z-

e now write Eq. (28) with roG replaced from Eq. (29)

Ke _ Ake(fwrifer) )
RE il (frrifer) |

Substituting from BEgs. (30) and (31) the compliance ratio reduces to

KXo _ xy lwrifay) (:;) HNEY T 5 s ) (33)

RE AR H’:R‘*I)Lzsa) 4 >

We can compare this equation with the compliance ratio determined
on & static basis which is

Ka _ B (¥ @ 9(Ne1) Tisin? (o
ﬁﬁz__ﬁi(_{) 3¢ ‘);rczsm (253 ) (34)

where r2 = I/A = radius of gyration of the foundation area and %, is
the vertical pressure per unit deflection. This equatiorn holds re-
gardless of the shape of the foundation, the ratio (§2/h)? for a
rectangular foundation of the shape shown in Fig. 5 being

it
pd ///‘//
!

SN

!
i

LLL AL L7

—cb ——]

NN

Pig. 5
Y2 p?
(%)= (2

(35)
By ocomparison of Egs. (33) and (34) it is evident that the term

K _(f ’V-“i 2v) represents a sort of a dynamical value of Pv/Pp
AR (fir+ifer) '

for any frecguency parameter wro‘\’ —Q-i » Although Eq. (33) is applicable

only for the circular foundation area of radius r, which has a radius of
gyration of y2 = r4/4, intuition indicates that for the more general

* See Ref. (5).
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shape, the dynamieal compliance ratio must have the form

2 T
£ P (ony B 2 f B0 0o ). (330

Housner has defined v 4o be the elastic rebound slope of the
load settlement curve, and gives a value of 5.2 x 109 1b/f*l:3 for medium
clay. He also gives the allowable bearing strength of the same soil as
4000 1’b/~ft2° For very poor soil fy may be as low as 35,000 1b/ft3 with
bearing strength ranging near 500 1b/ft2. Since $y/Pp, or F(wro'\/:g?- )
in the general case, is the ratio of two physical properties of the

soil, and the frequency effect as indicated dy ;“’" Z\ 2V is nearly
IR+ LTR

& constant over the low frequency range, .'F(cur0 & ) must be neerly a

constant for any soil.

Lorenz (6) has shown that the stiffness property Pv of soil can
be determined graphically from the fregquency response curve of a
vibration test using three different sccentric mass loads. The stiffness
curve obtained is the equivalent static stiffness curve from which f¢
can be computed.

Returning to the horizontal compliance ratio, the same procedure
as before leads t0 the equation

Kw Kv ( )(,V-r ifav N+ T sad(E=)
T e | e * 36
® AR, fim+ ifan ) . > e

Since for smallw , foy, fog and for are all small compared to fiv, f1g and
f1R we might write the two compliance ratios for large ¥ as

e (B2 )q 00 (FEY eee
i 2
£ = (el )

These equations indicete that the compliance ratio in rotation is approxi-
mately (ro/h)2 times the compliance ratio in horizontal translation, and
that knowing the soil properties these values are dependent on the number
of stories N, and indéreasing with N. Thus for very tall buildings the
ground appears stiffer ‘and the rigid ground assumpiion, as pointed out

by Housner, is justified. Co
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Conclusions and Recommendatlions:

(1)
(2)

(3)

(4)

(5)

(6)

The equations of motion for the N-story building coupled with the
ground are expressed by the three equations (13), (14) and (15).

Por N greater than one, the computational labor required is the
same for any K.

The shear and bending moment at the base of the building, given by
Bas. (20) and (21), should be compared to those for the rigid
ground for the same ground motion.

The compliance ratic in rotation for any shape of the foundation

mist have the form indicated by Bq. (33a), where Fp(w r°1{_f_ )
should be available by an experpimental test. &

The compliance ratio in horizontal translation for any shape of
the foundation must have & similar forx;x to Eq. (36) with the
first factor replaced b W Toti- e ~

y Fa( oY Gri
For tall bduildings the compliance ratios become large thereby ap-
proaching & rigid ground condition. For poor soil and low build-
ings the effect of the ground becomes important.
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Appendix

4 mumber of formlas for the finite sum of trigonometric terms
were derived and checked against Reference 7. These are given as follows:

ZS‘i«mﬁ = Sw? sie LN+ (a1)
Az} Smr 2
N - BN .
St —
Cos % Z2TE s PO
n% s Sim ’}@‘ o2 (a2)
S BN A CosB (N+%)
2 2
L4 I8
2 N S UGS soa? £ y
N COSHK, = —— — 2
ns! ﬁ 2 sa B 2528 (84)
2 Fy
4 ¥
. / Sim
)g[ szﬂ‘rﬂ -a*-a—-[”—- .S—:‘%‘ Cosﬁ(”*’)} (As)

These formulas were used to express in closed form the summations
appearing in the paper as followss

N 4
@  Zn 72::05 + BZSmn

H=( n=y
74
Sm'-a—! ﬁ(A’-H) ﬁ;.' v BN+
7 B 3 S 3
7&«-%— 2 ""2-

Eliminating B from Eq. (7) and simplifying

g Y = s z [70"."34(4/—’)*/#’5\380/»')}

h>/ Sen -&SAP N

*Jolley's Eq. 374, P. 110 {Ref.7) is in error.
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( %
3) ZnYn—anasn[s + :BZ_nsw-./;

#=i n=/

A S‘/’«ﬁ{/i@%) s-»'«zéx N (L) BN
= oY= - -_5.__2___. __E ’__COS'F ”"‘z __S‘W)g
7 2 S‘mzz 25‘4«.§.)2 {Z ?‘:"-g_ 45,;“:_5_1%

Again substituting for B from Eq. (7) and simplifying

Z Yn—-—-——-—-——{ o//(r&ﬁ—récﬁl()-»?v[(lv’«-tls»l)dvjl\/siu/@(ﬁ/ﬂ)]}

dswm s, /sA/

» 2
(¢) =Bq. (24) requires the evaluation of Z Y% . Substituting Yo
from Eq. (6b) and using Eq. (45) we Obtain

4 2
2 /AL . {,v..
x= 25»«/3»’ Su./s

The gquantity sw,g)/ as/e(mr) can be changed to

cosﬁ (/V-rl)j =\

S:‘!F}YC&F(A’*{) = 3’- ESMF (2¥+1) _g.'.‘f]

and since Cosp;(N+%)=o from Eq. (132), si«)a,_- (201 m o
The result is the relationship

Xvi___ 2N

Se f‘; ¥y ,V.p_z’_
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DISCUSSION

S. Jacobsen, Stanford Unmiversity, U. S. A.:

Professors Thomson, Sato and Yamaguchi have in reality written
their paper together, and I want to compliment them on a most sig-
nificant contribution to our knowledge of the ground's influence on
building motion. Their discovery that the two spring factors are
not constant, and Professor Thomson's lucid explanation of the vphe-
nomenen constitute, in my estimation, an extremely important step
forward.

I think that it is very modest of Professor Thomson to describe
his paper as being only a survey, it is more than that, it is in
fact a significant, real contribution to our understanding of a
hitherto obscure situwation. Again I express my sincere compliments.

T. Thomson:

I wish to thank Professor Jacobsen for his generous compliments.
There is much work that can be done in this field. After a more
complete numerical study of the N-stiry problem as outlined imn this
paper, an attempt should be made towards the development of the dy-
namical stiffness of the ground for foundations conforming more
closely to those of actual buildings. Due to the mathematical dif-
ficulties of the half space problem, the analytical expressions a-
vailable today are limited to a circular disk resting on the ground
surface. Dynamical stiffness of the ground for foundations of other
shapes and particularly those extending into the ground is needed.
When such expressions are available, an approach as given by this
paper will enable a more realistic dynamical analysis of the com-
bined ground-building system. Response of such sysiems to arbitra-
ry and random inputs would normally follow.
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