A SOIUTION OF THE BASIC DIFFERENTIAL EQUATION OF
SEISMIC LOADS AND HIS RELATION WITH THE EXPANSION ON
SERIES OF EIGENVAIUES

by
Simén Gershanik* and Georges Dedebant##*
1. - Some years ago in a well known paper(l) Alford Housner and

Martel have pointed out that in general, the displacements u of a
building may be given by

n = Z-—gk—éij;( ) P Vsinp (- 2y dz )
+
where ’
®, is a factor characteristic of the i mode of vibration of the
structure, depending on apace coordinates.
P. is 2 T times the frequency of the i mode
—%’:— a function of the structure's physicsl properties,

T, a fraction of critical damping of the i mode.
a(t) the accelsration of the ground and
¥ means the time.

Later one of us(z) studying the basic differential equation of
seismic loads

2U roqhr 26, 3= caty= F(b) (2)
5zt~ Kot 26 atv ka(t)= Fi(v) 3

the first corresponding to buildings msinly sensible to bending and
the second to buildings mainly sensible to shear, was able to show
that the series of eigenvalues expansion of the solution of this
equations could be expressed by the following formulae, similar to
(1) %
= T -€t-T)_2W . 4z
2] a(T)e sin= (t-T)

In the preceding expression ¢, k, and £2 are constants, z is the
height of a point of the building abowe the ground, \{g(z) is the
eigenfunction of the order j of the kermel K (zy ) of the integral
equation
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{

V(Z) = xj{mz;)vcwdz

sfunctions have to satisfy the same boundary conditions

These ei
and the differential eguation

as (2) and (3
CTI=2 or n’4)

d'v
T AV
In the case of equation (2) is

Y(z)=cos hmz - cos mz+ 7(sin hmz - sen mz )

and in the case of equation (1) is
Y(Z) = sen zA A

JXt=3 (21-1)

¥We have further: i
jvcz)dz
-4

FJ = 1.2
f vi(z)dz
1 = height of building ’

v __ 27
T - £*

(J=t1. 2 e0)

€ =——g—‘- and r’= AL in equations (2)

€ ’__":;(L and = Mk in equations (3)
In this paper we wish to come back to equation (3) as it seems
that buildings behave more sensible to shear than to bending, and

to show:
ag which is the rigurous solution of this equation and
how we may arrive to expression (4) by starting from such

b
solution. '
2. = Let us pake the substitution
U= u; + ¥(t) (5)

where ¥(t) is a pure functiom of t and u; is the solution of the
bhomogeneous differential equation

’u, 2%y Iy
5z NSy 2bigg = © (6)
u must satisfy the following boundary conditionss
For zg = 0 a0 (7)
U
for 2= 1 S==0 (8)
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Therefore it must bes

vy = - Y(t) for z=0 (9)
3" tor 5=l (10)

Trying to satisfy (6) with the expression
uy = g(t) h(z)

where g is a pure function of ¢ and h is a pure function of z, we
obtain as a particuler solutions

uy = [A(w)e'i&-r Bwes?|e

5 == k4w1+ f,z

-gtriwt

(11)

5 may have any value.

From (11) it follows that a solution of (6) is also the following

expressions ' ® ~idz Sz
u,,:e'et[e'"’t[A(w)e + B(w)e*]dw

From (10) we obtain
B= A 8—2181

hence 20 5 £ O
~gt i -i0Z w(Z-2
w, = e € J ACw)ewt [e + € de (12)

el

When z = O it must bet u; = ~¥(t). We have therefore:
et [ ; -2idl
e[ awe™ [t+e ™ Jdw = - ¥ct) (13)

4s ¥(t) may be represented by a Fourier integral, we can write

+o0

eftyct) =[ Cw)e'tdw

- (14)
From this and (13) we easily find that
(w)
A(U)) =— -Eje_ ; _

Taking this on acoount as well as the relation (5) we may
provisionaly writes

-¢t " -if3 i§(z-21)
w=Wt)-e '—’:fé%[ s e Jaw

(5)
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In order to have a complete expression of the solution of (3) we
have to add to (15) all the solutions of the homogenecus equation (6)

sllowed by the boundary conditions (7) and (8).
let us call w one of suck solutions and put
w = 6(t) E(z)
By substituting this in (6) we get
H(z) = c;,;_etisZ + d].e'i‘gz 3 6(%) = alei“’t + bye~ivt
ard from the boundary conditionms .
3 +41 =0 3 013151 + dle‘i31 =0 (26)
Whence
o101 + 6381 & 20881 .0 (17)

It is not sllowed now for §to be arbitrary. A4s it has to satisfy
(17) it only may be

S1=F(23-1) (3=1, 2, 3, seeey 00 ) (18)

Calling Kthis values of & andd;the corresponding values of w, we may
write, taking account of (15)

Wi = sinp, z [a., gt by gt ]e—at

As equation (6) is satisfied by this expression it will also
be by the expression

-5t i hinid X
€ jr(w)&w JZ‘(djexajt-‘- b, e it ) sin pz

#here &; and b; may be considered as functions of w

(19)

We may then add (19) to (15) and write as a general solution of (3)
- €t giwt ~idz - duoo .
u=¥(t)-e {m (e + @¥Cz-21) }+Z(b.ge‘m+ b; e"m‘) sinp Z} Ttw)dw

i i=1

On acoount of this, of (14) and of the relations

o~ifz + 918(2-21) cos 5(1—2)
=231 = '
cos 61

l4+0

e may write

-et’-.
um=e '}y -8 S Loz wt WGttt
Jreolli-—<ghes. 7o W Yz ] g
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and bj are arbitrary functions of w. We can select them so that
tl.]xe 1nitial conditions of u are satisfied.
For this conditjons we may put:

ue0 at = 0 when t = O

and therefore by (20)

cos 8 (1-
fI'(w) - :osiw Z)-..Z(a.‘r\»bj)sxn/;’ ]

0=Jc IMw) [ w(l——‘i‘-’f;‘:;(g%f—)-) SDACE DL smjajz]a.w

- o0

These equations are satisfied if

;(apbj)sinsz -_— [1 __gg_ségs%l_i}_)_}

ad 035(1»'2)
Z“J(ad‘bi)s’")‘az““’[' - st ]

=1

Mnltiplying by sen L2, integrating between O and 1, and taking
account that

j:ny.;z.smlaszdz = 0 if jh s

.L . L 1 e
jsln/.az dz = - f"s.nj@zdz= Y
’ v

josin/‘lzdz _ because s -"/T

ftsh\’j;zdz - fS

1
/A

stcf(l.- z)sin}.uzdz --—%—cole(ﬁ+}T'ar—)-7c§rm§L
we obtains

ai+b3=——%——)‘:%——~ﬂj H a»rba"—f:’_.l;"?r"&%—ﬂ:
hence

as“'{‘(L*w )‘4" 2 (i *—g}_)

b "—( ot.,w)_LF 2 L0-=%-
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We now remember that
e Rk (%rE") i 8= k(o)
Vi

whence

o8t =k (-w)
S

5 ol __F;__ bt ; Y. T B As ...
4T Rt gew 2 (H' “J') by KL e 2 ( "‘J)

By substituting this in (20) we obtain as a rigurous solution of
{3) adjusted to the boundary and initial conditioms:

Y esS(1-2) y jwt | w M . eiut g™
U=e f]"{w}{(;—_‘_::;fl___)ew+_{_Z.&.S_sm/Ajz[-&—_—w—+ Ey

it

it -t

_P( esa“; e‘srxt_ ,;(U e 2—{8 )]} dw (21)

3.-— We will demosntrate now that by developing (21) in series of
eigenfunctions we obtain the expression (4).

First we may note for this that the function f(z)
£(z) = cos 81 - cos 0 (1-z)
satisfies the differential equation

a*¥
dz?

and the boundary ccnditions of our problem. We may write therefore:

= 8sS(l-z) = —p(z)

N
f(Z)=fk(za§)r<5)d5 (22)

where k has the same mesning as in 81. as a consequence, f(z) can be
developed in an uniformly convergent series of eigenfunctions of K.
These functions ares

),3 (Z)= sin}Ai z
Whence

81 - -5
cos cos §(1-z) g‘:‘cj sen )43

By the properties of integration detailed in §2 we obtain

C‘i:m‘ﬂ[@" ¥ (F:T‘”T*%T)J *-—Cosé‘l[p o ?.T:-w‘)]

o ~w
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Substituting this in the former equation and then dividing by cos ) 1,
this equation become:

cos§(l-2z) _ = ) \ , ‘
cosd'L ;(Fj"ﬁ;(dj_w + X< )) sing, z

and equation (21):

{ -~

¢t _ - [ it ], P ! i M [ et griut
ue /f'(“’)é{e [F: ujl(o(j-w* (Xj+u))} oGV 0‘3-“’ Ty
~o® J
—)ijs(xjt- ‘&‘: ﬁjsi"ajt_}smﬂiz‘ dw (23)

We note that the order of f and 7, may be interchanged, and that
due to (14)

j["(w)aw = ¥ o)

. oo
wt d £t
[]"(w)we'aw=—a—t—(e d"(t))
o

j J(w)wdw = EY(e) +

Therefore we get from the terms containing /3:

-0 o »o ~00
/]"(w)e"‘"dwgﬁsi%z- Z/sdsin)&szj[’(w)ewtdw 'Z¢(t)eﬁ sm/u}
o - Jni - 00

3!
[ candeo cosO;t sinuz= ¥ coslX; jTSinpZ = ) Yrio)p costitsimp, 2
f jg'ﬁ /s Z.ﬂ 3 Z P

fr(w)de sin(; tSM/tz-(ého)ﬂ'%(v) J.‘—‘%sino(,tsi%z
=1

With this, it results from (23)s

- 'ﬂ 0 (o) sinkX; ]
ue“gz (Fse’"wt)—f, Wo)“’s“a““ai(f'” )+ ¥ ’5'"“:*)}5%2

b iwt -1Xt  iwt

+-—fawr'(w>Z(°‘“e €l ) Lampyz ()
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The integration may be oarried out on the complex plane - wiy
The function to be integrated has poles only where [tw) has, let mg
be the values of & corresponding to the poles. Some of them which
#ill te called mp may be equal to some 0§ which will be called Xr.

Taking this in sccount let us integrate along a path formed by a
large semicircle whose radius R-=-e , by the w» axis from — o 10 4 oo
ard by small circles emclosing the poles (fig. 1).

Caliing J the integral, snd X (m) the residues multiplied by 27i
when mg # X apd by Wi when mg = X , We mey writes

o gt img ~itGt  im .
= -—;- e’ -¢& € -e —f’— sinp, 2
J ng)t{m‘)gl:{ K-mg | o+ Mg ] o g
st it
.l Ml e™t € - "1 N
‘L’_I(m") X [t.te + —=zm ] (erm 2
boud t Nj‘t [ 'ia‘jt_ L
+ —%——Z?{(m,)Z[ e -e + € € }-—jj— sin/uJ z
5 e Gy-mr G + My %
How we may note thats
. : . i
e‘ut‘_ em‘t e—ndf‘ elnt _ {: (exut- Ll-m)T _;atfaz-(o(-rm))d't
X -m * of +m - A -

t
=— fem"sinm (t-7T)de
o

and this is valid form,ltx a8 well as for m = X . Hence we have,
puiting m, for the different mi

o t
J..__%_Z;f(ma)z%sinhz,fe"f‘sinot(t—'c)d'c
a Jet (]
—_2v A t
= TZ"&;“S‘“}EZJS'"““‘T)dtZ)((’")e"'" (25)
By contour integration along the path of fig. 1 it can be shown

that
Z){(m‘>e“‘tg fr(w)e.w‘!dw

If in addition we remember that expression (1
that instead of (25) we may writes (14), 1% becones olear

2V A s €T
J T ;Tﬁj'smh z[?ﬁ*(z)e TSin(t-1T)dzT (26)

By consecutive integration by parts we obtains
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t
]M(’:)‘sin X(t-z)dz= [ M(z) S AR A M{T)sin (t-7)]
o [~]

1
i " .
-—o(r[oM(’l’)sm X(t-T)dz (27)

Taking acoount of this let us write

epct) =M(t) (28)
Hence

M(z)=e (% +2e¥'+¥")
By substituting (5) in (3) we can readily see that

¥ 26y = r('c)

As a consequence we have

M(7)= e B4 g Mce)

From this and (27) we readily get

2 2
_B_(_‘;(_rff__fm(z)sm«(t 't)drcg..;_zf.?k_”@ emo{(4-T)dT+ M‘“
0

o

M(o)cosxXt _ MYo) sint
x 2

and as X+ p’ - /? s if we multiply the above equation by -72‘—0{— :

t
e"F('c) sind( (t-T)dt--ZTM%—Q

ZM(O)COSO(‘C 2 Y i -
i Ral M{o)sinXT (29)

’ t
_2r i - 7)dT= -2
el M(Z)sin X(t-7T)dT e Tk

o

By definition
2
X = 6 - &
2
when 5-—5—(23-!)01', what i.e. when O = A . Therefore we have
. ‘ T'

mt—— R, s—

K 21
By comparing the values of /.1 and J we moreover can see that

/5“’;‘2

With this and (28), expression (29) becomes
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£

20 f° e mrge BT
P — ’~‘ 7 r,»”,"z— =
§~jj c i’?d~ J 2Tk

&

je"F('a’) sinX(t-T)dT -/6 e*Sce)
2
+j§ Vvicleos XT + —é—(f%‘(o) + ;//'(o))siﬂO(t

, Substituting this in (26) and the resulting expression of J in
247, 1% ‘@licws that:

T ~E(t-T) _
umA “’i,z‘ {d're Ferysind; (v -T)SMK 2

88 was emevted.

Bivl icgram

{1} J.L.ALPORD, G.M.HOUSEER and R.B.MARTEL, Spectrum Analyses of

sirong motion Barthquakes, Cslifornia Institute of Technology,
151,

{2} S.GERSHANIX, Mejoras en la spreciacidn de cargas sismicas.

1158



Solution of Basic Differential kquation of Seismic Loads

e et cand

S

Fia. 1

1159

Y



