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SUMMARY:

Time delay is known to be an important issue in structural control systems which aim at better dynamic
performance of structures during an earthquake. Time delay, which adversely affects the stability and
performance of the actively controlled structures, builds up in the system mainly due to sensors, and actuation
and communication delays. This paper presents a practical, simple and exact method to compute the delay
margin of SDOF systems in Real-Time Dynamic Hybrid Testing (RTDHT) under seismic excitation. Firstly, the
transcendental characteristic equation of delayed system is converted into a polynomial without the
transcendentality such that its real roots coincide with the imaginary roots of the characteristic equation exactly.
A simple criterion to determine the delay-dependency of the system stability is developed using the polynomial
without the transcendentality. Afterwards, an expression in terms of system parameters such as mass, m,
damping, ¢ and stiffness, k is derived for computing the delay margin. Moreover, the variation pattern of delay
margin with respect to these parameters will also be investigated theoretically in order to identify key parameters
for stability. Finally, the theoretical delay margin results are verified by using the time domain simulation
capabilities of MATLAB program. The outcome of this study will help us to simulate and anticipate the seismic
behavior of SDOF systems in real-time dynamic hybrid testing (RTDHT) with time delay better during an
earthquake.
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1. INTRODUCTION

The real-time dynamic hybrid testing (RTDHT), which was developed recently [1-4], provides a
structural system composed of an experimental substructure and a numerical substructure. Two
substructures are coupled such that the target forces, accelerations or displacements are applied to the
experimental substructure, and the measured reactions are provided to the numerical substructure in
return. Accordingly, seismic response of the entire structure can be evaluated.

In this study, a linear SDOF system, having mass, damping and spring coefficients of m, ¢ and &,
respectively, is considered. The SDOF system, which is shown in Figure 1.1, is composed of an
experimental substructure and a numerical substructure. The subscripts e and ¢ will be used in order to
define the experimental and the numerical substructures, respectively.
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Figure 1.1. Schematic representation of the substructured SDOF system model



Mass, damping and spring coefficients are defined as:
m,+m,=m,c,+c.=c,k,+k =k (1.1)

Mass, damping and spring ratios are given as:

ll’lm: e’ll'lcz_e’ll'lkz 2 (12)

Mass, damping and spring proportion factors are given as:

me — ﬂm c, _ ﬂc &_ ﬂk

p=—e=tr p e B g e (13)
P m 1+u, P c l+u, Pr k 14+,
Therefore, the experimental and numerical parts of mass, damping and spring coefficients are:
m =—" =L (1.42)
I+, I+,
¢ =—S o = (1.4b)
I+u, — T+p,
k k
k= k, =t (1.40)
1+ p, 1+ p,

There is an inevitable time delay in the transfer system response deteriorating the test stability,
because of the inherent dynamics of a hydraulic servo system or an actuator.The dynamic equation of
the SDOF system considering time delay is defined as [5]:

m, x,(t)+ ¢, X, (1) + kX, (1) +m, x (t—7)+c, x (1—D) +kx (t-7)= f() (1.5
where displacement, time delay and externally applied force are shown as: x, f{t) and 7, respectively.

It is well known that time delays can degrade the performance of control systems and can even make
closed-loop system unstable. Therefore, in the design of a controller, time delays must be taken into
account and methods should be developed to estimate the maximum amount of time delay (delay
margin) that the system can tolerate without losing its stability. Such knowledge on the delay margin
could also be helpful in the controller design for cases uncertainty in the network-induced delays is
unavoidable. There are several methods in the literature to compute delay margins of time-delayed
continuous systems. The common starting point of them is the determination of all the imaginary roots
of the characteristic equation. The existing procedures can be classified into the following five
distinguishable approaches: i) Schur-Cohn (Hermite matrix formation) [6-9]; ii) Elimination of
transcendental terms in the characteristic equation [10]; iii) Matrix pencil, Kronecker sum method [6-
9]; iv) Kronecker multiplication and elementary transformation [11]; v) Rekasius substitution [12-14].
These methods demand numerical procedures of different complexity and they may result in different
precisions in computing imaginary roots. Among these methods, Rekasius substitution known also as
pseudo-delay technique has been successfully applied to the stability analysis of SDOF with load-rate
independent and dependent restoring forces and the critical time delays that cause instability of the
system have been analytically determined [15].

In this paper, we implement the direct method reported in [10] to estimate the delay margin of SDOF
systems in Real-Time Dynamic Hybrid Testing (RTDHT) with time delays. The proposed method is



an analytically elegant procedure that first converts the transcendental characteristic equation into a
polynomial without the transcendentality by eliminating the exponential term of the characteristic
equation. This procedure does not use any approximation or transformation to eliminate the
transcendentality of the characteristic equation. Therefore, it is exact and the real positive roots of the
new polynomial coincide with the imaginary roots of the characteristic equation exactly. The resulting
polynomial without the transcendentality also enables us to easily determine the delay-dependency of
the system stability and the sensitivities of crossing roots (root tendency) with respect to the time
delay. This is a remarkable feature of the proposed method. Then, an easy-to-use formula is derived to
compute delay margins in terms of test structure parameters such as mass, damping and stiffness. It
must be also stated that the proposed method has been successfully applied into the actively controlled
linear SDOF systems under seismic excitation [16], stability analysis of time-delayed electric power
systems and generator excitation control system to compute the delay margin for stability [17-18]. The
delay margins are computed for a wide range of system parameters and the theoretical delay margin
results are verified by using time-domain simulation capabilities of MATLAB/Simulink [19].

2. STABILITY ANALYSIS
2.1. Problem Formulation
For stability analysis of SDOF test structure shown in Fig. 1.1, the characteristic equation is required.

In the absence of an external excitation force, the characteristic equation could be obtained easily by
performing Laplace transform of Eqn. 1.5 as follows

A(s,7) = P(s)+ Q(s)e™" =m,s” +cos+ k. +(m,s* +c,5+k, )™ =0 @2.1)

Using Eqn. 1.2 and 1.3, the characteristic equation of Eqn. 2.1 could be written in terms of the mass,
damping, and spring proportion factors as:

A(s,7) = P(s)+ Q(s)e """ = pys® + pys+ py + (q252 +q5+q )e_” =0
2.2)
A7) =(1= p,)s> + 21— p)ém,s + (1= PO +(ps” +2p,Em,5+ pay )™ =0
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where @, refers to undamped natural frequency, @, =,/— , while & refers to damping ratio,
m
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. The coefficients of the polynomials of P(s) and Q(s) are as follows:

P2 =1=p, p=2(-p)w,; po=01-p)@;

s 2.3)
92 = Pms 4 :zpcga)n; q0 = Pr W,

The main goal of the stability studies of delayed systems is to determine conditions on the delay for
any given set of system parameters that will guarantee the stability of the system. As with the delay-
free system (i.e. 7 =0), the stability of the time-delayed SDOF system depends on the locations of the
roots of system’s characteristic equation defined by Eqn. 2.2. It is obvious that the roots are functions
of the time delay, 7. As 7 changes, locations of some of the roots may change. For the system to be

asymptotically stable, all the roots of the characteristic equation of Eqn. 2.2, say s° =[s17 )55 eees ST ]

must lie in the left half of the complex plane. That is

max(real (sf )) <0 forVs € s" or Vs/ e C” (2.4)



where C™ represents the left half plane of the complex plane.

Depending on system parameters, there are two different possible types of asymptotic stability
situations due to the time delay, 7z [7, 10]:
1)  Delay-independent stability: The characteristic equation Eqn. 2.2 is said to be delay-
independent stable, if the stability condition of Eqn. 2.4 holds for all positive and finite values
of the delay, te [0,%0).
i) Delay-dependent stability: The characteristic equation of Eqn. 2.2 is said to be delay-
dependent stable, if the condition of Eqn. 2.4 holds for some values of delays belonging in the

delay interval, 7€ [O,T*) , and is violated for other values of delay 7> .
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Figure 2.1. Illustration of eigenvalue movement with respect to time delay

In the delay-dependent case, the roots of the characteristic equations move as the time delay, 7
increases starting from 7=0. Fig. 2.1 shows the movement of the roots. Note that the delay—free
system (7 =0) is assumed to be stable. This is a realistic assumption since for the practical values of
system parameters, the SDOF test system is stable when the total delay is neglected. Observe that as
the time delay, 7 is increased, a pair of complex eigenvalue moves in the left half of the complex
plane. For a finite value of 7>0 they cross the imaginary axis and pass to the right half plane. The

time delay value 7" at which the characteristic equation has purely imaginary eigenvalues is the upper
bound on the delay size, known as delay margin, for which the system will be stable for any given

delay less than this bound, 7<7".

In order to characterize the stability property of Eqn. 2.2 completely, we first need to determine
whether the system for any given set of parameters is delay-independent stable or not, and if not, to

compute the delay margin 7" in terms of system parameters. The stability problem of interest can be
stated as follows:

Given: A time-delay linear system or its characteristic equation of Eqn. 2.1 or 2.2.
Determine: If it is delay—independent stable or not; if not (the time-delay system is delay—
dependent stable); find the delay margin.

In the following section, we present a practical approach that gives a criterion for evaluating the delay
dependency of stability and an analytical formula to compute the delay margin for the delay-dependent
case [10].



2.2. Solution Method

A necessary and sufficient condition for the system to be asymptotically stable is that all the roots of
the characteristic equation of Eqn. 2.2 lie in the left half of the complex plane. In the single delay case,

the problem is to find values of 7* for which the characteristic equation of Eqn. 2.2 has roots (if any)
on the imaginary axis of the s-plane. Clearly, A(s,7)=0 is an implicit function of s and = which
may, or may not cross the imaginary axis. Assume for simplicity that A(s,0)=0 has all its roots in the
left half-plane. That is, the delay free system is stable. If for some 7, A(s,7)=0 has a root on the
imaginary axis at s= j® , so does A(—s,7)=0, for the same value of 7 and @. Hence, looking for
roots on the imaginary axis reduces to finding values of 7 for which A(s,7)=0 and A(-s,7)=0
have a common root. That is,

P(s)+Q(s)e*"=0 and P(-s)+Q(—s)e’" =0 (2.5)
By eliminating exponential terms in Eqn. 2.5, we get the following polynomial:

P(s)P(=s5)-Q(s)Q(-5)=0 (2.6)
If we replace s by j@ in Eqn. 2.6, we have the following polynomial in @’ [5, 10]:

W(@)=P(jo)P(-jo)-Q(j®)Q(—jw)=0 2.7

Substituting P(s)=p,s’+ p,s+p, and Q(s)=gq,s’+¢g,s+¢q, polynomials given in Eqn. 2.3 into
Eqn. 2.6, we obtain an augmented characteristic equation as

W(@*)=(p3 - 3)®" +(p{ —qf +249q, —2pyp2) @ + py —q5 =0 (2.8)

Please note the augmented polynomial of Eqn. 2.8 is finite in @ it is independent of 7. Moreover,
the transcendental characteristic equation with single delay given in Eqn. 2.2 is now converted into a
polynomial without transcendentality given by Eqn. 2.8 and its positive real roots coincide with the
imaginary roots of Eqn. 2.2 exactly. The roots of this polynomial may easily be determined by
standard methods. Depending on the roots of Eqn. 2.8 , the following situation may occur:

1) The polynomial of Eqn. 2.8 does not have any positive real roots, which implies that the
characteristic equation of Eqn. 2.2 does not have any roots on the jw-axis. In that case,

the system is stable for all 7= 0, indicating that the system is delay-independent stable.
ii) The polynomial of Eqn. 2.8 has at least one positive real root, which implies that the
characteristic equation of Eqn. has at least a pair complex eigenvalues on the jw -axis.

In that case, the system is delay-dependent stable.

It could be easily shown that the polynomial of Eqn. 2.8 has only one positive real root, say @, , which
indicates that the SDOF test system is delay-dependent stable. Once the value of @, have been found

for a given set of parameters, the corresponding value of the delay margin 7* can be obtained as
follows:



. . . —ja)kr
Aljap,0)=P(ja ) +Q(jay )e =0

-jo,.t P(jay)
e %k =cos(a)k2')—jsin(a)k2')=—.—k 2.9)
0(ja,)
P(ja,) P(ja,)
cos(a)kz')=Re —.—k and sin(a)kz')=lm —k
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From Eqn. 2.10, we can determine an analytical formula for the delay margin z* as follows:
,m{P(J:wk)}
# ,
7= an?! ARLLY (2.10)
% | {_Pg wm}
0(jo)

An analytical formula for the angle 7" and for the upper bound on the delay size for the SDOF
structure can easily be obtained by substituting P(s)and Q(s) polynomials given in Eqn. 2.2 and 2.3

into Eqn. 2.10 as follows:

s _ 1 1( (Pzﬂh_l?lqz)w;f + (P10 — Po41) P J @2.11)
(2

T =—Tan 1 2
(=P292) @, +(Poqs + P2do — P19 @i — Podo

3. THEORETICAL AND SIMULATION RESULTS

In this section, the delay margin of SDOF systems in Real-Time Dynamic Hybrid Testing (RTDHT),

7" is computed using the expression given by Eqn. 2.11. Theoretical delay margin results are also
verified by using Matlab/Simulink. The parameters of the SDOF test structure is as follows [5]:

p, =025 p.=p, =05 £=0.05, @, =31.4 rad /s

Substituting given parameters into Eqn. 2.3, 2.8, and 2.11 the crossing frequency and the

corresponding delay margin are found to be @, =6.2781 rad/s and 7" =12.6 ms. The theoretical
delay margin result is verified by using Matlab/Simulink. Fig. 3.1. and 3.2 show the displacement
response of the SDOF test structure subjected to the external excitation supposed as a sinusoidal
ground motion with an amplitude of 0.1 g and frequency of 4 Hz for three different time delays
=123 ms, 7=12.7ms and =13 ms . As can be seen from Fig. 3.1, the response has sustained
oscillations indicating the marginal stability of the system for 7=12.7 ms. Recall that theoretical

delay margin was found to be 7° =12.6 ms . It is clear that the difference between the theoretical delay
margin and the one obtained by simulation is just 0.1 ms, which is negligible. Fig. 3.1. also clearly
illustrates that the response is stable for a time delay smaller than the delay margin

(=123 ms<7 =12.7 ms).
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Figure 3.1. The response of the displacement for 7=12.3 ms and 7 =12.7 ms : Stable and marginally stable
cases

Fig. 3.2 gives the unstable case with growing oscillations indicating an unstable condition for a time

delay larger than the delay margin (7=13 ms2 7 =12.7 ms). These responses indicate that the
proposed method could be effectively used to determine the stability delay margin of SDOF structures.
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Figure 3.2. The response of the displacement for 7 =13 ms : Unstable case

Moreover, the effect of the damping proportion, p, on the delay margin is investigated for two

different undamped natural frequencies, @, =31.4 rad /s and @, =125.7 rad /s . The delay margin
results are presented in Table 3.1.



Table 3.1. Delay Margin Results for Different Values of Mass Proportion Factor

Masg Delay Margin 7* (ms)
pI‘OpOI‘thIl
factor @, =314 rad /s w, =125.7 rad /s
P
0 6.35 1.58
0.05 7.05 1.76
0.1 7.92 1.98
0.15 9.04 2.26
0.2 10.52 2.63
0.25 12.57 3.14
0.3 15.60 3.89
0.35 20.50 5.12
04 29.53 7.38
0.45 50.02 12.50
0.49 87.48 21.81

Fig. 3.3 shows the variation of the delay margin with respect to the damping proportion, p, . Itis clear
that for a given undamped natural frequency, the delay margin increases as p, is varied in the range
of p,, =0-0.49. Moreover, an increase in the undamped natural frequency @, results in a decrease in

the delay margin value for a given mass proportion p, .
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Figure 3.3. The variation of the delay margin with respect to the mass proportion for two different values of
undamped natural frequency

4. CONCLUSIONS

In this paper, an analytical method is presented to compute the delay margin for SDOF systems in
Real-Time Dynamic Hybrid Testing (RTDHT) under seismic excitation. To assess the effect of a time
delay on the stability of SDOF structure, an analytical expression is developed to compute the delay
margin in terms of system parameters. The simulation results are found to be in good agreement with
the delay margin obtained from the analytical expression. The ability to predict the delay margin for
SDOF structures is of significance. The delay margin information is vital towards determining when a
system becomes unstable, to set the requirements for the compensation methods to reduce delay, and
thus its adverse impact on the system dynamics.



REFERENCES

Nakashima, M., Kato, H. and Takaoka, E. (1992). Development of Real-time Pseudo Dynamic Testing.
Earthquake Engineering & Structural Dynamics, 21(1),79-92.

Horiuchi, T., Inoue, M., Konno, T. and Namita, Y. (1999). Real-time Hybrid Experimental System with Actuator
Delay Compensation and Its Application to a Piping System with Energy Absorber. Earthquake
Engineering & Structural Dynamics, 28(10), 1121-1141.

Blakeborough, A., Williams, M.S., Darby, A.P. and Williams, D.M. (2001). The Development of Real-
timeSubstructure Testing. Philosophical Transactions of the Royal Society of London, Series A, 359(1786):
1869-1891.

Reinhorn, A.M., Sivaselvan, M.V., Liang, Z. and Shao, X. (2004). Real-time Dynamic Hybrid Testing of
Structural Systems. Proceedings of the 13th World Conference on Earthquake Engineering, Paper No.
1644, Vancouver, Canada.

Fudong, C., Jinting, W. and Feng J. (2010). Delay dependent stability and added damping of SDOF real-time
dynamic hybrid testing, Earthq Eng & Eng Vib 9, 425-438.

Chen, J., Gu, G. and Nett, C. N. (1995). A new method for computing delay margins for stability of linear delay
systems. System and Control Letters 26, 101-117.

Gu K., Kharitonov, V. L. and Chen, J. (2003). Stability of Time Delay Systems, Birkhauser, Boston, MA.

Fu, P., Niculescu, S. I. and Chen, J. (2006). Stability of linear neutral time-delay systems: exact conditions via
matrix pencil solutions. IEEE Transactions on Automatic Control 51, 1063-1069.

Su, J. H. (1995). The asymptotic stability of linear autonomous systems with commensurate time delays. IEEE
Transactions on Automatic Control 40, 1114-1117.

Walton, K. E. and Marshall, J. E. (1987). Direct method for TDS stability analysis, IEE Proceeding Part D-
Control Theory and Applications 134 101-107.

Louisell, J. (1995). A matrix method for determining the imaginary axis eigenvalues of a delay system. I[EEE
Transactions on Automatic Control 46, 2008-2012.

Rekasius , Z.V. (1980). A stability Test for Systems with Delays. Joint Automatic Control Conference, San
Francisco, CA, ,Paper No. TP9-A.

Olgac, N. and Sipahi, R. (2002). An exact method for the stability analysis of time-delayed linear time-invariant
(LTI) systems. IEEE Transactions on Automatic Control 47, 793-797.

Olgac, N. and Sipahi, R. (2004). A practical method for analyzing the stability of neutral type LTI-time delayed
systems. Automatica 40, 847-853.

Mercan, O. and Ricles, J. M. (2007). Stability and accuracy analysis of outer loops dynamics in real-time
pseudodynamic testing of SDOF systems, Earthquake Engng Struct. Dyn. 36, 1523-1543.

Ozturk, B. and Ayasun, S. (2010). Evaluation of Time Delay Margin for Actively Controlled Linear SDOF
Systems under Seismic Excitation. 7 4™ European Conference on Earthquake Engineering, Ohrid,
Macedonia.

Ayasun, S. (2009). Computation of time delay margin for power system small-signal stability, European
Transactions on Electrical Power 19, 949-968.

Ayasun, S. and Gelen, A. (2010). Stability analysis of a generator excitation control system with time delays,
Electrical Engineering 91, 347-355.

SIMULINK, (2000). Model-Based and System-Based Design, Using Simulink, MathWorks Inc., Natick, MA,



