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SUMMARY:

In here, we investigate the response of a cantilevered shear building to seismically induced ground motions in
the presence of soil-structure-interaction phenomena. The novelty of the present approach lies in the
representation of the variable stiffness of the structure using a distributed mass model that is exact in terms of
the theory of elastodynamics. The ensuing modal analysis of the shear beam requires recovery of the system
eigenmodes from the governing differential equation with non-constant coefficients in terms of a power series
expansion. Next, the equations of the complete system comprising structure, foundation, surrounding soil plus a
base isolator are combined in the frequency domain, yielding a non-symmetric matrix system. Upon solution in
terms of frequency response spectra, the time response is reconstituted through use of the inverse Fourier
transformation. Finally, a parametric study is conducted to investigate the influence of the surrounding soil and
of the base isolator on the kinematic response of the structure.
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1. INTRODUCTION

Soil-structure-interaction (SSI) occurs when there is a stiffness mismatch between structure and
surrounding soil. In general, SSI comprises structural mechanics, geotechnical engineering and
earthquake engineering (Kausel, 2010). As such, it requires specialized methods of analysis that can be
classified as two major groups (Johnson, 1981): (a) sub-structuring techniques, whereby the problem is
broken into its constituent parts, each solved by numerical and/or analytical methods, and the complete
solution is assembled through use of continuity and equilibrium conditions at the common interfaces; (b)
domain techniques, which invariably invoke use of the finite element method (FEM) to model the
problem in its entirety including superstructure, foundation and surrounding soil (Bathe, 1982). In
addition, the genesis and transmission of seismic signals from their source upwards to the surface where
the structural system is located that has to be accounted for. Here, site effects play a prominent role in
the modifications imparted to the seismic signals as they travel through soil deposits (Dineva et al.,
2008). This in turn raises the open question of how to appropriately select seismic records and
earthquake spectra (recorded or artificial) to be used as input in the analysis (Katsanos, 2010).

In this work, we develop an efficient hybrid technique, whereby the superstructure is modeled by its
eigenproperties (Chopra, 1995), the surrounding soil by frequency dependent spring-dashpot-virtual
mass coefficients (Mylonakis et al., 2002), while the foundation is assumed rigid and only its mass
enters the picture. The advantage of the former representation is that we now use the exact model for the
structural beam exhibiting shearing behavior in the presence of time-dependent loads. Furthermore, we
treat a variable cross-section that implies non-constant material properties with height and allows for
modeling dispersion phenomena as elastic waves travel upwards in the structure (Graff, 1975). We note
here that it is possible to include flexural, axial and torsional modes of deformation that would cover a
fully three-dimensional structural representation of a distributed mass system. Despite their advantage



of yielding exact representations of the dynamic response of continuous systems with obvious economy
in the degree of model refinement required as compared to the FEM, distributed mass models have been
used rather infrequently so far (Pan, 1992; Makris et al., 2010).

Finally, from a mechanics point of view, the presence of the surrounding soil is quite similar to a base-
isolation (BI) system placed between the foundation and the superstructure (Naeim and Kelly, 2000).
This allows for BI system of the lead rubber bearing type to be inserted in the same mechanical model
as before, provided the bearings stiffness is modeled as a viscoelastic material with an equivalent initial
stiffness parameter plus a relaxation constant for the aggregate effects of hysteresis-induced
nonlinearities. This model, although rather simple unless the viscoelastic law involves fractional
derivatives, is fully compatible with a frequency domain analysis (Atanackovic and Spasic, 2004).

The problem described above is now treated in three discrete steps. First, the influence of soft soil on the
behavior of a typical mid-rise building of the shear-beam type is examined in terms of kinematic and
inertia interaction effects. Next, a BI system is added comprising a nonlinear spring and its effect in the
presence of SSI is gauged. Finally, the lack of uniformity with height in the structural stiffness is
investigated for two basic cases, whereby the top story stiffness is 50% more/less than the base
stiffness. Two input signals are used, namely white noise and synthetic ground motions that are
calibrated against EC8 (2003) prescribed design spectra. The essence of this study is to examine the
interplay of material and geometric parameters that influence key structural response variables in the
presence of SSI.

2. DEVELOPMENT OF THE SSI-BI MODEL

As shown in Fig. 2.1(a), the SSI model comprises the superstructure, the rigid foundation, base isolator
and surrounding soil, all modeled separately as discrete parameter systems with the exception of the
superstructure, which for better accuracy is modeled as the distributed mass system of Fig. 2.1(b). We
note that nonlinearities, such as those encountered primarily in the base isolator, are approximately
modeled using viscoelasticity. Also, this shear type of structure is incapable of developing rocking
motion due to base translation, which limits the model to 1D kinematics.

2.1. The Superstructure

The superstructure is modeled as a shear beam with distributed mass whose properties are listed in
Table 3.1. The governing equation of motion in the presence of ground accelerations V. (¢) at the base

is given below, where v(x,?) is the transverse motion of the shear beam:
GA, &v(x,t)/ox* = pA(Vi(x, 1)+, ) 2.1

The eigensolution for this beam with a fixed base and free boundary condition at the top (i.e., cantilever)
is well known provided the beam has a constant cross-section with height. More specifically, the natural
frequencies and the eigenvectors respectively are

o, =B, =((n+D7x/2L)c, ¢ =/G/p, n=0,2,4,6,... 2.2)
@,(x)=sin f,x (2.3)

where ¢, is the speed of the shear wave travelling through the beam. Table 3.2 lists the values of the

first four natural frequencies of the particular beam under consideration.



We now introduce modal decomposition for the superstructure by expressing the displacement in terms
of the generalized coordinates g(¢) and the eigenvectors (Chopra, 1995) as follows:

GA(0)

Vg

——>

(a) (b)

Figure 2.1. (a) The combined SSI mechanical system with (b) the structure as a shear-type cantilevered
beam with a variable cross-section

) =S 0,(x)4,0) 2.4)

Pre-multiplication of Eqn. 2.1 with the m-th eigenvector, integration over the length of the beam and use
of the orthogonality property yields

M, G, ~K, q,(t)=—f, V() 2.5)

as the governing equation for the fixed-base superstructure. The generalized mass, stiffness and forcing
function in Eqn. 2.5 are given below respectively as

M, =p, [ lo,@Fdx. K,=G[ [d(p,@)/dTFdv. f=p,[ [o,dx @6

In the above, p, =p/a, a=A/A,, where a=5/6 is the shear factor correction for a rectangular

cross-section of the beam.
2.2. The Soil-Foundation and Base Isolation Systems

Next, Table 3.3 lists all relevant properties for the soil-foundation system, which is modeled as an
equivalent rigid disc of radius » resting on the elastic half-space (Reissner’s solution) with the

surrounding  soil represented by a spring K, =18.2Gr(1-v*)/(2-v)*, a dashpot

C, =1.08/K, pyr’ and a virtual mass Mg =0.28p,7’ element, which are practically frequency
independent (Mylonakis et al., 2002). Regarding the rigid foundation, all we need is its overall



dimensions and mass density 7,d,p,, so that M, = p,(xr°d). Since the fixed-end boundary
conditions are already included in the eigenvalue problem, assembly of the SSI problem is simple, and
achieved by imposing compatibility and equilibrium at the common interface. We note here that it is
possible to add more degrees-of-freedom to the model so as to account for axial, torsional and flexural
type of behavior, supplemented by the analogous soil elements.

The base isolation system considered is the lead rubber bearing (LRB) design (Naeim and Kelly, 2000).
The constitutive law, for what is essentially a nonlinear spring element, is tri-linear with hysteresis, but
this requires a time-stepping solution approach. In lieu of that, we start with a fractional derivative
constitutive law (Atanackovic and Spasic, 2004), which relate the uniaxial stress and strain rates that
develop in the LRB. This is expressed macroscopically as the following relation between BI restoring
force F, and lateral displacement w :

F () +1. F,'“ () =K, {w@®) +1, w©)), ()Y=d"()/dt" 2.7)

The derivative order appearing above is 0 < a <1, and the material constants must obey 7, — 7, >0.

For the purposes of this work, we use a =1and revert to linear viscoelasticity, whereby the LRB
stiffness is modeled by a real part K, and a frequency-dependent imaginary part K,,,n, , with values

given in Table 3.3.
2.3. Input motion

We first use a white noise type input, as shown in Fig. 3.1 (see also Table 3.4) to investigate the basic
response of the combined SSI-BI system. Next, one could use synthetic ground motion acceleration

input signals V() generated by horizontally polarized shear (SH) waves reaching the soil-foundation

interface. These signals are computed by accessing website Attp.//infoseismo.civil.auth.gr that contains
information developed through collaborative work (Dineva et al., 2008) on the transmission of seismic
waves through complex soil stratigraphy. For instance, the signals reproduced in Fig. 3.2 show how a
(fictitious) normalized, constant acceleration time signal is modified as it is filtered through a three-
layered soil deposit with properties listed in Table 3.5. These types of signals can be further modified to
take into account wave scattering effects caused by the presence of buried cavities and of both interface
and internal geological cracks.

3. SOLUTION PROCEDURE
3.1. Frequency Domain Transformation

We first define the direct and inverse Fourier transforms (FT) as
U@) = [ utyexp(-iot)dt, u(t)=(1/27) [ U(w)exp(+iot)do 3.1)

where @ (rad/sec) is the frequency. One reason for casting the SSI problem in the frequency domain is
to include energy dissipation in the superstructure. This is achieved by using linear viscoelasticity,
whereby complex-valued expressions are introduced for the stiffness parameters, with the imaginary
part reproducing damping. The commonly used Kelvin (or structural damping) model is retained,
yielding a shear modulus of the type G = G,(1.0+iwmn), where 17 the viscoelastic parameter and G,

is the elastic stiffness (see Table 3.1). We note that the same basic type of viscoelastic model is also
used for the base isolator.



Upon solution in the frequency domain, the inverse transformation to the time domain is accomplished
numerically using the well-known fast Fourier transform (FFT) algorithm. Calibration of the algorithm
is done using the white noise input of Fig. 3.1 of amplitude U(w) = 0.01 m , while setting the frequency
and time axes according to the values given in Table 3.4. More specifically, we start with the one-sided
spectrum ((@ = 0) and use Ny=256 samples. The negative part of the spectrum is set equal to zero so

that a total of N=512 sampling points are fed into the FFT algorithm. The inverse function is a point
impulse centered at zero with peak value 7(0)=2.05310m/sec’, which upon multiplication with
2At =2(0.025) sec gives a ii(0)=0.0102655 m /sec” value that is sufficiently accurate (maximum
error is 2.6%). A doubling of the half-sampling rate to N=1024 yields #(0)=0.0102257 m /sec’,
which implies that the algorithm converges.

0.01 - (a) 0.250 4 (b)

0.01 0.200 -
—~ 0.01 A N:\/; 0.150

£

;; 0.01 A ;; 0.100 -

0.00 1 0.050 -

0.00 -

0.00 0.000 ‘ : : ‘

' ‘ ‘ ‘ 0.00 1.00 2.00 3.00 4.00
0.00 50.00 100.00 150.00
t(s)
w (r/s)

Figure 3.1. Incoming signals: (a) White noise amplitude V(o) with (b) time domain real part v (?)

1.50 - (@) 2.00 1 (b)
- 1.50 -
T 1.00 — 1.00 4
£ )
£ <€ 0.50
> 0.50 -| £
> = 0.00 -
0.00 ‘ ‘ ‘ > .0.50 { 1 2 3
0 1 2 3 -1.00
t(s) -1.50 -
t(s)

Figure 3.2. (a) Normalized SH-wave signal v,(?) and (b) filtered signal v,(z) through layered soil
3.2. The combined Structure-Soil-Foundation-Base Isolation Systems

In reference to Fig. 2.1, with v,(#) the motion at the foundation level, the coupled governing equations

of motion for the combined SSI system are

M, G,() =K, q,(t)+ f, ¥y (1) =—f, Vs ()

L . 3.2)

M, (Vo(t)+vG(t))+CHVO(t)+(KH +K,) v (1) = 0(0,7)
where ((0,7) is the base shear. Note that the rigidity of the foundation obviates the introduction of an
additional degree-of-freedom to account for the base isolator. Next, given the uniaxial constitutive law
for the shear stress as 7(x,) = Gov(x,t)/Ox and that Q = A, T, we use the modal representation of



Eqn. 2.4 in the second of Egs. 3.2 to get

M vy(0)+ Cpyvg (D) + (K + Kp) vy () — GATZ(dq)n / dx)| =0 4n () =—-Mvs(t) (3.3)
n=1
The above equation is further processed by pre-multiplication with the m-th eigenvector, integration

over the length of the beam and use of the orthogonality property. Combining this equation with the
superstructure equation yields

[M1i(0)} +[CTH(0)} +IKHu(0)} = ~(F g (0 d" =] 41,6255V | (3.4)

where N is the total number of modes retained in the modal representation. Next, [M ],[C],[K],{F}

are the modal mass, damping and stiffness matrices plus the forcing vector of the SSI system. We note
that these matrices are non-symmetric because of the coupling effect and the off-diagonal terms involved
are of the form

£=p [ o (ldx, £ = Gy 3 [, (0dx}(dep,(x = 0)/ dix) (3.5)

Separate parametric studies have shown that N=3 eigenvalues are sufficiently accurate to represent the
superstructure. The final step is to transform the time-dependent governing matrix equations of motion
to the frequency domain, so as to obtain the following coupled 6x6 system:

(K1- 0’ [M]+io[CYU} = (i) {F V(@)UY =| G 4, G G4» G5 | (3.6)

In the above, overbars in {U} indicate the complex amplitude of the original time-dependent kinematic
variables.

3.3. The Inhomogeneous Superstructure

We now examine the governing equation of motion, Eqn. 2.1, under free-vibration conditions
v(x,t) =V (x)exp(iwt) and introduce a variable stiffness term G(x) = a(x)G, so that

d{a(x)(dV(x)/dx)}/dx+ BV (x)=0, B=w/c,, c53=+G,/p;, (3.7)

with homogeneous boundary conditions V' (0) =0, dV (L) /dx =0. Assuming a linear variation of the

dimensionless inhomogeneity term a(x) =1+ a,x, Eqn. 3.7 becomes
(I+axV"+aV'+ BV =0 (3.8)

where primes indicate derivatives with respect to x. We now seek a power series solution to the above
differential equation as

V(x)= " pex, V'(x)=2 kpex™, V'(x) =) k(k=Dpex*? (3.9

From the first of the boundary conditions, we recover the term p, =0. Subsequent coefficients are

obtained from the recurrence relation



px =—{(k=D/k}yaypy, = (k=2 k'} B’y , (3.10)

for all £ >2 and with p, =1. The eigenvalues f are computed directly from imposition of the second
homogeneous boundary condition, i.e., V'(L)= zzzok p L' =0. Finally, by redefining for each

computed eigenvalue 7 the corresponding power series terms as py = p,(p—1,8”), we have the

final form for the power series expansion

V(x)= ZZZO pext (3.11)

The accuracy of the above power series solution was gauged against the homogeneous case of o, =0.

It was found that a forty terms expansion produces accuracy reaching the fifth decimal place, but this
accuracy is somewhat reduced as higher modes (7 > 4 ) are computed.

3.4. Numerical Details

Given that the eigenvectors are no longer described by the closed form solutions of Eqn. 2.3, it is
imperative to use numerical integration to compute the modal quantities in Eqn. 2.6 and 3.5. To that
end, we employ Gaussian quadrature for the numerical integration of eigenvectors over the beam length
as

J, Fde=[" recemIedn, [ fandn=3 farw, (3.12)

In the above, f(x)is any eigenvector function, while (7,, w,)are Gauss points and weights and
J(n)is the Jacobian determinant of the transformation from the normalized interval (—1<n <+1) to

the beam length (0 <x < L). For further accuracy, the beam length is subdivided into four sub-
elements, while six-point Gaussian integration is performed within each sub-element. There is an
additional complication that arises because the location of the Gauss integration points (a total of 24
points) does not match that of the discrete values for the eigenvector uniform sampling of 100 points.
This problem is circumvented by introducing numerical interpolation by Lagrange's classical formula
involving algebraic polynomials. This method was tested against exact integration of the homogeneous
shear beam eigenvectors (i.e., sine functions) and proved to be extremely accurate.

Table 3.1. Dimensions-material properties of the superstructure with a being the measure of beam variability

L A At Gy m | o o a
(m) (m’) (m’) (kN/m?*) | (tn/m) (%) (m) (m) (m)
20 4 3.33 11.67x10° 48 5 0 +0.0025 -0.0025

Table 3.2. N=4 cigenvalues for fixed-base shear beam superstructure with reference wave speed cs=2205(m/s)

®, (rad/sec) ®, (rad/sec) 3 (rad/sec) o, (rad/sec)
a=0 77.44 232.30 387.20 542.10
a=-0.0025 70.90 199.99 331.86 526.86
a=+0.0025 82.64 257.31 402.45 644.31
Table 3.3. Material properties of the soil-foundation-base isolation sub-systems
1 (KN/m?) v ps (tn/m’) pr (tn/m’) R (m) D (m)
27,000 0.25 2.1 2.4 3 1
Mg M;s Ky Cu Ko N
(tn) (tn) (kKN/m) (kN sec/m) (kKN/m) (%)
67.85 15.87 451,286 5,463 20,000 25




Table 3.4 . Frequency and time domain scales and white noise input signal characteristics

Q (rad/sec) Aw (rad/sec) T (sec) At (sec) Vy(®) (m) v (1) (m/sec?) N

125.664 0.9817 3.2 0.025 0.001 0.00102655 3(t-0) 512

Table 3.5. Three layered soil profile stiffening with increasing depth from surface (overall soil damping is 7%)

Layer height h (m) 10 20 30
Layer wavespeed cg (m/sec) 300 600 900
Layer density p (tn/m’) 2.0 2.1 2.2

Following solution of Eqn. 3.6 that yields the generalized coordinates, the shear beam displacement at
the top v, =v(L,?) can be synthesized according to Eqn. 2.4, and the base shear forces O, = Q(0,1)

can then be computed using elementary beam theory. A final step would be to compute energy measures
from the motion imparted to the superstructure from the base motion, which would give a good
indication of the damages expected, but is the subject of future work.

4. NUMERICAL RESULTS
4.1. Calibration of the Superstructure model

In this section, we first calibrate the distributed parameter model by examining the influence of the
inhomogeneity parameter ¢ in the absence of any SSI effects. More specifically, Table 3.2 completes
the picture by listing the first four eigenvalues when the fixed-base cantilever beam is inhomogeneous,
ie., for cases a =0,0.025,-0.025 that respectively correspond to

G(x)=G,, G(L)=15G,, G(L)=0.5G,. We observe that an increase in stiffness with height is

clearly reflected in higher numerical values for the natural frequencies, and that the spread between
inhomogeneous and homogeneous cases values becomes more pronounced for higher modes.

4.2. Numerical Results for SSI

The numerical results of the parametric SSI study are now collected in Fig. 4.1 and 4.2. More
specifically, both figures plot top story and ground level displacements for an incoming white noise
signal, presented in terms of frequency amplitudes and real parts of the time response. In the presence of
SSI, Fig. 4.1 first examines the effect of structural damping in the superstructure (see Table 3.1) and
also that of a base isolator (see Table 3.3). Similarly, Fig. 4.2 examines the effect of beam
inhomogeneity (see Table 3.2) in the presence of SSI.

In the former case, we observe that structural damping is clearly beneficial in reducing the top story
displacement, but leaves the base displacement virtually unaffected. Base isolation, on the other hand, is
beneficial in both cases as it essentially blocks the transfer of a certain amount of seismic energy to the
entire superstructure block. The amount of motion reduction for BI is, roughly speaking, about 50% in
the frequency plots, but translates to smaller reductions in the transient signals that die out quite rapidly
for this type of seismic input.

Finally, inhomogeneity results in both amplitude changes and natural frequency shifts for the
superstructure in the presence of SSI. As expected, the frequency amplitude plots move to the right as
the cantilever stiffness increases with height, while the opposite is true for the cantilever with decreasing
stiffness. The amplitude itself increases in the former case and decreases in the latter case, indicating
that a top-heavy structure will experience more motion at the top compared to one that is correctly
tapered. This, in turn, is clearly visible in the corresponding time history plots.
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Figure 4.1. SSI response of homogeneous cantilever to white noise input: (a) Top story displacement amplitude
Vi(w) and (b) time domain real part v;(?); (¢) Ground level displacement amplitude V(w) and (d) time domain
real part vy(2) in the presence of structural damping () and BI (K, #.)

1.0E-05 —a=0 05 - —a=0
(@) ——a=-0.025 2.0E-05 (b) ——a=-0.025
8.0E-06 - a=+0.025 a=+0.025
—6.0E-06
E osonnennene——
34.0E-06 - ) ) 3 A
> 0E-06 J
0.0E+00 Y ‘ — ‘
2.0E-06 50 100 150
w (r/s) t(s)
1.0E-04 - (c) —a=0 1.5E-04 - (d) —a=0
——a=-0.025 ——a=-0.025
8.0E-05 - a=+0.025 1.0E-04 - a=+0.025
€ 5.0E-05
£ 6.0E-05 | o~
3 % 0.0E+00 - %&ﬂe\fav«,-a ----------- —
| |
F 40805 < 5.0E-05 9 1 2 3 4
2.0E-05 J > 1.0E-04 | }
0.0E+00 o~ @ @ 1.5E-04
0 50 100 150 -2.0E-04
w (r/s) t (s)

Figure 4.2. SSI response of inhomogeneous cantilever to white noise input: (a) Top story displacement
amplitude V;(w) and (b) time domain real part v;(2); (c) Ground level displacement amplitude Vy(w) and (d)

time domain real part vy(?) when a=0, a=-0.025, a=+0.025




5. CONCLUSIONS

In this work, we investigated the influence of the surrounding soil on the seismic response of a stiff
cantilevered structure of the shear-beam type as a first step in determining the potential for damage, as
a function of incoming seismic signal strength. The relevant comparison was between the fixed-base,
constant-cross section case, and the complete SSI model with base isolation and variable structural
cross-section. The present formulation allowed for economy in the mechanical modeling procedure as
compared to the use of large scale finite element programming, which requires a considerable detail in
the representation of the surrounding soil. Additional items that have to be accounted for is the
introduction of a fully 3D structural behavior that encompasses flexural, torsional and axial modes of
vibration, plus the use of an advanced constitutive law based on fractional derivatives to model the base
isolator.

In sum, a structure in the presence of SSI and with a BI system will perform differently as compared to
the case where the structure is founded on competent soil and/or rock, for two basic reasons: (a) there is
filtering affecting the input ground motion signal at the base of the structure, and (b) the overall
mechanical characteristics of the combined structural system have changed as compared to the original
structure resting on firm ground. Thus, a BI design has to account for SSI in order to have the system
fine-tuned to the particular geological conditions and seismicity of the building site in question.
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