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SUMMARY:

The underground structure is assumed to be horizontalddgethe spatial auto-correlation method (SPAC), which
confines the accuracy of estimation. Hence, we propose aochetimbining the conventional SPAC method and
the concept of Green’s function, which is known as seismierferometry. In this theory, we use the ratio of
imaginary part of Green’s function at two sites as indicatfathe difference of ground structure at corresponding
site. SPAC method can provide a rough model of layered mefiigtty and the structure is modified to satisfy
the ratio of the imaginary part of Green’s function. This methat more detailed information of ground structure
such as inclination can be obtained by intrducing Greemigtion to SPAC method. We confirm the validity of
this method numerically.
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1. INTRODUCTION

Since Aki (1957) proposed a new approach to estimate phdeeities of surface waves, spatial
auto-correlation (SPAC) method has been a very useful tbestimate ground structure because of its
simple post-process. After that, many reseachers bothdroahof Japan continued to publish papers
on practical adaption of Aki’s theory to microtremor exg@ltion. For example, Chavez-Garcia et al.
(2006) discussed the validity of performing the SPAC methdt a linear array. Morikawa et al. (2004)
pointed out that the statistical properties of the spatiébeorrelation function will be independant of
the time schedule of the observation at each pair of the witésh improves the application of SPAC
method.

However, in all those improved methods, the layers undéaseican only be assumed to be horizontal
through the SPAC method while in fact, the layers are likelype¢ inclined slightly with certain angle.
Hence, it is expected to obtain more detailed informatiorgraiund structure such as inclination by
making better use of the records.

In recent years, the seismic interferometry theory (Wapen2006) has also been widely used to
estimate ground structure. It is proved that in an elastidiome the Fourier transform of azimuthal
average of the cross correlation of motion between two sitggoportional to the imaginary part of
the exact Green’s function between these sites (SancheaS&906 and 2007). Hence, it becomes
possible to calculate the ratio of imaginary part of difféaré&reen’s function by taking the ratio of
corresponding cross correlation to analyze ground streichwore particularly because Green's function
indicates intrinsic property of the medium. In fact, the Hggectral ratio method has been proved
equivalent to the ratio of imaginary part of Green’s funetio the horizontal and vertical direction,
which confirms the feasibility of applying seismic intederetry in frequency domain to microtremor
methods. Moreover, seismic interferometry is conditignabnsistent with the SPAC method (Yokoai,
2008) which offers the base of introducing seismic intenfeetry to SPAC method.

SPAC method requires the product calculation of Fouriersi@mation of records at two sites of cen-
ter of an array and a one site on the circular array. By takiegatio of power spectral, we can obtain the
ratio of imaginary part of Green’s function, respectivelpd analyze the difference of ground structure
through the ratio. Fig.2.2 shows the image of improvemerhefestimation. As for the outline of this
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Figure2.2. An example describing how the new method is
Figure2.1. The equilateral-triangle array expected to raise the accuracy of estimating ground streictu

article, we introduce the necessary fundamental knowledigeit SPAC method and seismic interfer-
ometry before the new method which combines SPAC method esthie interferometry is proposed.

Then, we confirms the validity of the new method through satiah using finite difference method and
discuss its practical significance.

2. THEORETICAL BACKGROUND

In this section2, the necessary fundamental knowledgéebeilhtroduced including SPAC method and
seismic interferometry. It is impossible to demonstratetthio methods very particularly. Only the part,
which is applied to the new method, will be explained.

2.1. SPAC Method

Given an equilateral-triangle array and vertical timeeseriecords at four sites as Fig.2.1 shows, the
azimuthal-average of spatial auto-correlation coeffisigric, r) (Aki, 1957) can be calculated as:
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wherew andr are the angular frequency and radius of the circular arespactively.Sj(w) andSy;(w)
are the power spectra of vertical component of microtrerabsitej (j =0, 1,2,3) and the cross spectra
of the vertical records between sifeand 0. The site 0 is center of the array and sites 1, 2, and 3 are
located on the circle.
Practically,Sjk(w) is obtained by the product of Fourier transformation of rdsat two sites as

Sik(w) = F(w,Xj)F*(w, X), (2.2)

whereX; is a location of sitgj and* stands for the complex conjugate. Afterwards, a dispersione
can be obtained and the property of under-surface layersstiraated using the curve.

2.2. Green'sFunction from Correlation

It has been demonstrated that in an elastic medium, thegag@oss correlation of motions at sites
1 and 2, whose locations aXg andX,, can be written as:

< Fo(w, X1)Fp (@, Xp) >= —21EK30[Gym(Xe, X2, )], (2.3)

wherel andmindicate one of three directions, (X,y,HandEs are wave number of shear wave and the
averaged energy density of shear wave, respectively. > stands for an expectation ant] - | for the
imaginary part.



Similar with the SPAC method, many other researchers alsahisten reports about the retrieval of
Green'’s function by different methods. For example, Wapeaad Fokkema (2006) has also duduced
out the same result as Eqn.2.3 under the different assumphi@rmally, it is considered that the as-
sumption of equipatrtition, i.e., “in the phase space thdavie energy is equally distributed with a fixed
average amount among all the possible states” is necesséahefretrieval of the elastodynamic Green'’s
function from the diffusive wavefield (SanchezSesma, 20B@wever, according to the work of Wape-
naar and Fokkema (2006), the assumption of uncorrelated pources with the same power spectra is
enough to deduce out Eqn.2.3. The relationship betweemth@ssumptions remains to be discussed.
However, it is beyond the scope of this paper. In this arti@dadomly distributed impulsive sources are
used to create diffusive wave field to satisfy Eqn.2.3. M@tk are interpreted in the next section.

3. ANEW METHOD TO IMPROVE AND ITSVALIDITY

3.1. Combination of SPAC Method and Seismic I nterferometry

For the assumed case using an equilateral-triangle afraiyd m are both set as vertical direction,
which isz, and sites 1 and 2 as the same sites. Hence, Eqn.2.3 yields

< Fw, X1)Ff (w,X1) > (3.1)
= —2nEk30[Gx(Xy, X1, )] '

Therefore, let us take the ratio of the power spectra at cefithe array and an azimuthal site so that
the corresponding ratio of imaginary part of Green’s fumeitan be obtained as
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and it is expected to analyze the difference of ground stradtetween every two sites.

In the simplist equilateral-triangle case, three ra@%, %Eg; %ggﬁ% according to Egn.3.2 can be
obtained to analyze the difference between the correspgridio sites. Moreover, it is convenient and
efficient to calculate this ratio because the power spestjast the intermediate result in the process
of SPAC method. In order to conform the appropriateness@ptoposed method, it is required to see
whether Eqn.3.2 works well. Hence, we introduce a model ofigd structure and set seismic sources
to create certain wavefield numerically and compare theevafueft-hand side of Eqn.3.2 with one of
right-side. The left-hand side will be calculated usingghmulated data and the right-hand side obtained

from certain theoretical method.

(3.2)

3.2. Sensitivity analysisfor ratio of imaginary part of Green’sfunction

The thickness of each layer is used as the main indicatorislgaive difference of ground structure at
two different sites. If this difference can be identitiedngsthe ratio in Eqn.3.2, the estimation of ground
structure will be improved as Fig.2.2 shows. Hence, it isimgl to examine the sensitivity of ratio of
imaginary part of Green’s function with respect to the difece of thickness.

To confirm it, the right hand side of Eqn.3.2 is calculatedtkécally using the method proposed by
Hisada (1994 and 1995) for a simple model of ground strucinréhe basis of the model used in section
3.1. In Hisada’s program, we set the delta time to be 0.07sjen of time to be 512 and the maximum
frequency to be 5Hz.

We calculate 6 groups of data as shown in Table.3.1. For eaxipgthe ratio of imaginary part of
Green’s function between Model i (i=2,3,4,5,6,7) and Motlé$ calculated in the frequency domain.
For example, in Group 1, the thickness of the first layer fod&la until Model7 is 40,41,42,45,50,55,60
respectively. We calculate out the Green’s function of treame by one and take the ratio of that of
41 and 40, 42 and 40, 44 and 40 until 60 and 40. Hence 6 ratiosbtmened for each group to see the
variation of ratio with the difference of thickness. For Gpdl,2 and 3, the difference of thickness among



Table3.1. Two-layered models of ground structure

P-wave | S-wave | Density Thickness [m]
Group | Layer | velocity | velocity Models
[m/s] [m/is] | [t/m3] 1] 2[3]4]5[][6]7
1 1 400 70 1.2 40|41|42|45|50|55|60
2 2000 1000 25 00
2 1 400 70 1.2 80 | 81 | 82 | 85 | 90 | 95 | 100
2 2000 1000 25 00
3 1 400 70 1.2 120 | 121 | 122 | 125 | 130 | 135 | 140
2 2000 1000 25 00
4 1 800 400 1.5 40 | 41 | 42 | 45 | 50 | 55 | 60
2 1800 1200 2.0 00
5 1 800 400 1.5 80 | 81 | 82 | 85 | 90 | 95 | 100
2 1800 1200 2.0 00
6 1 800 400 1.5 120 | 121 | 122 | 125 | 130 | 135 | 140
2 1800 1200 2.0 00

models is the same but the starting thickness is differém(80m and 120m) so that the dependance of
ratio on the thickness itself can be seen. The group 4,5,6rater total different model but the setting
of thickness is the same as group 1,2,3 so that we can seerthaoeof the ratio with respect to the
property of ground structure. Fig.3.1 shows the ratio ofgmary part of Green’s function in frequency
domain from group 1 to group 6.

There are totally 6 groups of data. In order to analyze thie satriation with the thickness more
particularly, we take the difference of thickness as onéalsée AD and the frequency which gives the
peak value as the function of the varialfle Hence, for six groups of data, we can draw six curves in
one figure as shown in Fig.3.2.

For each curve of Fig.3.2, thk, decreases with thAD increasing. Hence, for a normal observa-
tion of equilateral-triangle array, the thickness diffeze between each pair of sites can be duduced by
comparing thef,. Comparing among group 1,2,3 or group 4,5,6, it is found tiratdeeper the second
layer is, the smaller the slope will be. It means the seritsitof ratio with respect to the difference of
thickness becomes lower with the depth of the second lagesasing. Hence the new method proposed
in this article is more useful to calculate shallow groumdicure. Another conclusion is that with the
depth of second layer increasing, the ratio becomes smé&llemparing group 1,2,3 with group 4,5,6,
the magnitude of ratio and thig depends on factors including the S-wave velocity, P-walecity, the
average of the layer’s thickness of two sites and the differof the thickness between two sites.

To conform whether there is any relationship betwé@and% in which D is defined as the average
thickness of 2 models:

Dmodei1 + Dmodel j

D=
2

(J :27374757677) (33)

Another figure is drawn as Fig.3.3 shows. It is almost the sasifeig.3.2. Hence, the ratio is not simply
dependant oA2.

Anyway, the ratio of imaginary part of Green’s function dege on many elements. It is hard to
estimate properties of ground structure once from the.r&limwvever, after obtaining a rough structure
by SPAC method which means the S-wave velocity, P-wave itgland average thickness are known, it
becomes easy to estimate more details Akeaccording to thé\D — f,, relationships.

3.3. Numerical Simulation for an Inclined L ayered Medium

3.3.1. Procedure of the numerical ssimulation

In this section, the main object is to examine whether th® @it power spectra and the ratio of
imaginary part of Green’s function are equal in practice.nfake the examination simple, the layered
medium is assumed to be 2-layered medium which is lineadyusii-directionally inclined with a small
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angle.

In this case for simplicity, we only observe the verticaltpafrresponse wave. In order to simulate
proper microtremor wavefield, we also use an impulse for@smirce. In order to make the wavefield
a diffusive one, random sources with random magnitudesedratsandom positions at each timestep.
The detailed procedure is shown as below:



Table3.2. Two-layered models of ground structure (inclined)

Layer | P-wave velocity| S-wave velocity| Density | Thickness
[m/s] [m/s] [t/m°] [m]

X1 | X2 [ X3

1 400 70 12 |44 46] 50
2 2000 1000 2.5 0

80m 2

Real Theoretical Result-.-
2m Simulated Result—
- Theoretical Result---

80m

50m 56m

] 40m  44m 46

Layer 1 .0,50 n 1
z | Layer 21 ) Frequency
| | |
Figure3.4.  Plan and section profile of the Figure3.5. One example of comparison among theo-

layered medium-groupl retical ratio, simulated ratio and real theoretical ratio

(1) Generating a random number for number of sources at #ispeue.
(2) Generating random position (X,Y,Z) and magnitude farhesource.
(3) Exerting the sources to the field.

(4) Update the wavefield for the next time step.

(5) Repeat step (1)-(4) until over.

According to Yokoi and Margaryan (2008), under these uratated sources, the seismic interferom-
etry is available. This wavefield may not be composed of pu@atmemor. However, here the main
object is to test the Eqn.3.2.

For each time of calculation, the duration is 120s and the fincrement is 0.0008s. Afterwards,
we use trapezoidal integration method to transfer the iugloata into displacement data and use FFT
method to transform the records in time domain into frequetamain and calculate the power spectra
using and take the ratio between some 2 observation sitesripare with the theoretical ratio obtained
using Hisada’s propram.

In order to examine the practical significance of Egn.3.2carduct 6 simple examinations. Similar
with the examinations in section 3.2, group 1,2,3 are urtteesame properties of ground structure. Only
the starting thickness is different. Group 4,5,6 are undeurd structure with different property. For
each group, there are 3 observation sites X1, X2 and X3 whasthtlie different underground structure,
namely, the layer’s thickness. The spectral ratio betwe2and X1 and the ratio between X3 and X1 is
calculated to compare with the theoretical ratio of imaginzart of Green'’s function.

While all the 6 examinations has been done, Table.3.2 an®.Bighows the property of layered
medium, the plan, the section plan for one examination axamgle.

Before discussing the error, it claims attention that icekating the theoretical Green’s function using
Hisada’s program, we assume the ground structure to bedmbaily layered. However, the real ground
structure is inclined. This causes the main bias which ipkimalled assumption bias.

As a simple case to show this bias, we takeandX2 in group 1 as example. Instead of calculating
Green’s function assuming the horizontal layers, we cateulhe Green’s function of the real inclined
layers by exerting the impulsive body force on X1 and cakeuthe displacement response of X1 ac-
cording to the definiton of Green’s function. Then do the sémgy to X3 and take the ratio of them to
obtain the real theoretical ratio of imaginary part of Gredéunction. The result is shown in Fig.3.5. We



Table3.3. Comparison of Theoretical and Simulatggdfor group 1,2,3

X2-X1 (or X3-X1) | 46-44 | 50-44 | 92-88 | 100-88| 132-128| 140-128
Theoreticalf, (Hz) | 0.76 | 0.70 | 0.39 | 0.37 0.25 0.25
Simulatedf, (Hz) | 0.80 | 0.79 | 0.40 | 0.27 0.23 0.23
Error 0.04 | 0.09 | 0.01 0.1 0.02 0.02
Slope 0.011| 0.011| 0.003| 0.003 | 0.0015 | 0.0015
Normalised error | 1.82 | 1.36 | 0.83 2.78 3.33 1.11

Table3.4. Comparison of Theoretical and Simulatggdfor group 4,5,6

X2-X1 (or X3-X1) | 46-44 | 50-44 | 92-88 | 100-88| 132-128| 140-128
Theoreticalf, (Hz) | 3.62 | 3.42 | 1.81 | 171 1.26 1.21
Simulatedf, (Hz) | 3.33 | 3.34 | 2.05 | 2.04 0.96 0.65
Error 0.29 | 0.08 | 0.24 | 0.33 0.30 0.56
Slope 0.058| 0.058| 0.016| 0.016 | 0.005 0.005
Normalised error | 2.5 0.83 | 3.75 1.72 15.00 9.33

can see that though the real theoretical ratio matches st @& simulation better, the error déf is no
much difference for the theoretical one. In practice, itngyavailable to calculate the theoretical one.

We use thef, as the indicator of comparison. There are totally 12 consparbetween simulated ratio
and theoretical ratio. The result is shown in Table.3.3 aainlé3.4.

Except for all the bias, the simulated data at least satibthe@conclusions drawn in Chapter 3.2: (1)
The ratio becomes smaller as the average thickness of tem Iséicomes bigger. Seeing Table.3.3, the
simulatedfp varies from 0.80 to 0.23 as the thickness increases framtd34.34m. This trend also works
in Table.3.4. (2) The ratio becomes smaller as the diffexeichickness becomes bigger. Comparing
46— 44 and 50- 44, 92— 88 and 100- 88, 132— 128 and 1406- 128, this conclusion can be confirmed.
(3) The sensitivity of ratio with respect to the differendetlickness becomes lower with the depth of
the second layer increasing.

It is a very good property because using these property, weatéeast judge between site 1 and 2
about whose layer is deeper though not knowing the abso&gthd

3.3.2. Error analysis
Though the error can be calculated simply by:

E = |Theoretical value— Smulated val ue| (3.4)

, It cannot demonstrate the real accuracy of simulated catiopared with theoretical one because as
Fig.3.2 shows, for different average depth, the slopADf- f, function is different which means that
even if for two situation€; = E,, different slope will cause different error AD. Besides, théD is
different from each other in the examinations and the erstrbe compared under the safrigbecause

of course biggeAD would cause bigger error. Hence we calculate the normadised:

E
E,— 5 (3.5)
as the final indicator of accuracy in which Slopes simply calculated from Fig.3.2 using
s Firg f,—Last fp 3.6
~ Last AD — Firgt AD (3.6)
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The normalised errors are shown in Table.3.3 and TableT3idn we see how the new error varies with
the average thickness of the first layer by Fig.3.6. Eithghengroup 1,2,3 or in the group 4,5,6, the
error obviously becomes bigger as the second layer becoesged Hence in 2 layered case, the error
of the method would be quite big when the depth of second lsylarge while the error is small when
the depth is small. Hence this method is available in estimgathallow ground structure.

4. CONCLUSIONS

In this article, we discuss the possibility of combining BBAC method and seismic interferometry
to improve the accuracy of estimating layered medium. Adicgly, we try to use the ratio of the power
spectra between two different sites to identify the diffexe of layers’ thickness between them. Through
theoretical analysis and simulation examination, we dramclusions as below.

o fydecreases asD increasesf, decreases when the second layer becomes deeper. Thevggnsiti
of f, becomes lower when the second layer becomes deeper. Heaogstically, the proposed
method is not suitable for deep ground structure.

e As the second layer becomes deeper, the accuracy of simhuiatie becomes worse quickly.
Besides, because of the assumption bias, the accuracytdammonfirmed when the layers are
steeply inclined.

e The proposed method is most valid in estimating shallogh8ly-inclined layered medium.
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