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 ܸ = ܸ ൫ܵ( ܶ)݉൯⁄ ≤ 1.0 (2.1)  

where ܵ( ܶ) and ݉ are the spectral acceleration at ܶ and mass of the SDOF system. When ܸ = 1, the 
LRFS, herein referred to as the base frame, remains linear elastic. 

 

Figure 2.1. Idealized backbone curves of systems with a) hysteretic dampers and b) viscous-viscoelastic dampers 

Supplemental hysteretic dampers are idealized as elasto-plastic systems having initial stiffness ܭௗ  and 
activation load ௗܸ. Supplemental viscous and viscoelastic dampers are idealized as Kelvin solids having 
stiffness ܭௗ and viscous constant ܿ, which can be expressed by the supplemental damping factor: 

ߦ   = ܿ ܶ/(4݉ߨ) (2.2)  

The supplemental stiffness is expressed by the stiffness ratio ߙ = ܭ)/ܭ +  ௗ for theߤ ௗ). The ductilityܭ
hysteretic damper and ߤ for the base frame are defined by ݑ/ݑௗ and ݑ/ݑ, respectively. The ductility ߤௗ 
is set to 1.0 for systems with viscous or viscoelastic dampers. The peak damped displacement and force 
response normalized to the peak elastic displacement and force of the base frame with natural period ܶ 
are denoted by ܴௗ and ܴ, respectively. For SDOF systems, the normalized peak force is also equal to the 
normalized peak acceleration. These quantities are defined as: 

 ܴௗ = )ௗௗ/ܵௗܦ ܶ) (2.3)  

 ܴ = ௗܸௗ/൫ܵ( ܶ)݉൯ = )ௗௗ/ܵܣ ܶ) (2.4)  

where ܦௗௗ , ௗܸௗ and ܣௗௗ are the peak displacement, force and acceleration response of the 
nonlinear SDOF system with dampers. ܵௗ( ܶ) is the spectral displacements at ܶ . Using this response 
normalization the base frame ductility is given by: 

ߤ  = ܴௗ/ ܸ ≥ 1.0 (2.5)  

Finally, for systems with residual displacement ܴܦௗௗ, the residual drift ratio ܴ௦ is given by:  

 ܴ௦ = ௗௗܦ/ௗௗܦܴ ≤ 1.0 (2.6)  

3. PERFORMANCE SPECTRA (P-SPECTRA) 

For a given base frame with period ܶ  and strength ܸ , the P-Spectra defines the values of ܴ  and ܴ௦ 
against ܴௗ  for systems with hysteretic, viscous and viscoelastic dampers. P-Spectra can be generated 
using nonlinear time-history analysis (NLA) for an arbitrary ground motion by varying the design 
parameters ߤ ,ߙௗ  and ߦ. For a suite of ground motions, ܵ( ܶ) in equation 2.1 is taken as the average 
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spectral acceleration and the normalized responses are averaged over the set of ground motions. 
Alternatively, P-Spectra can be generated from an equivalent linearization procedure using code-
compatible UHS (Guo and Christopoulos 2012). Figure 3.1 shows sample P-Spectra generated using 
NLA for a system with ܶ = 1s, ܸ = 40% equipped with hysteretic and viscous-viscoelastic dampers. 

 

Figure 3.1. Nonlinear time-history P-Spectra for a) hysteretic dampers and b) viscous-viscoelastic dampers 

In Figure 3.1, the thicker lines in the P-Spectra represent systems with constant ߙ  and dotted lines 
represent systems of constant ߤௗ  for hysteretic dampers and constant ߦ  for viscoelastic dampers. The 
residual ratio ܴ௦ is plotted with grey lines and corresponds to the right vertical axis. The elastic base 
frame response lies at the point defined by ܴ = ܴௗ = 1.0. The inelastic, undamped base frame response 
is given by the point at the bottom right of the hysteretic (ߤௗ → ∞) and the viscous-viscoelastic (ߙ =1, ߦ = 0%) P-Spectrum. For hysteretic dampers, ܴௗ is mainly controlled by ߙ and ܴ is controlled by ߤௗ. 
For viscous-viscoelastic dampers, ܴௗ  is mainly controlled by ߦ  and ܴ  is controlled by ߙ . ܴ௦  in both 
cases correlates with the peak displacement ܴௗ. Finally, equation 2.6 allow direct considerations of the 
frame ductility demand in retrofit situations where limits on ߤ need to be met. Taking advantage of the 
response trends in different damping systems, the required damper properties can be readily selected from 
the P-Spectra knowing ܶ, ܸ and the desired values of normalized responses ܴௗ, ܴ and ܴ௦. 

Response trends of a given system to different ground motions are immediately obvious on the P-Spectra. 
Certain ground motions characterized by high energy content at the high frequency range (relative to the 
natural period of the system) tend to have spectral accelerations that drop off quickly and go into the 
constant displacement region at relatively low period. In this region, hysteretic damping which modifies 
stiffness and period is expected to have less effect on the displacement. Figure 3.2 shows the P-Spectra at ܸ  of 30% and ܶ  of 1 and 2 seconds for eastern Canadian records (Charette 2009) known for high 
frequency content and exhibit a transition between constant velocity to constant displacement at lower 
periods. In such cases, the hysteretic P-Spectrum at 2 seconds shows minor displacement reduction with 
large increase in shear force compared to the P-Spectrum at 1 second, as expected for this type of 
dampers. In such cases, viscous and viscoelastic dampers may be preferred because displacement can be 
controlled by increasing ߦ. However, as shown by the viscous-viscoelastic P-Spectra at 2 seconds, high 
shear forces can develop for these records due to the high sensitivity of the viscous force to high 
frequency contents of the ground motion at large ܶ as discussed in (Guo and Christopoulos 2012). Using 
the P-Spectra for different supplemental damping systems, optimal designs can be chosen to meet specific 
seismic demand characteristics.  

By varying ܶ and ܸ and arranging the P-Spectra in a matrix as shown in Figure 3.3, complementary 
stiffening and strengthening can be considered alongside with supplemental damping, which is useful at  
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the preliminary design stage.  

 

Figure 3.2. Hysteretic and viscous-viscoelastic systems under Eastern Canadian records 

  

Figure 3.3. Hysteretic P-Spectra matrix for stiffening/strengthening and changing seismic hazard 

From equation 2.1, scaling the seismic hazard ܵ( ܶ) up by a given factor scales ܸ down by the same 
factor. Taking advantage of this fact, the response of a particular damping solution can be evaluated at 
multiple hazards by examining the point on the P-Spectra corresponding to the new ܸ having the same 
hazard-invariants, which are damper properties that are constant with respect to the hazard level. For 
systems with hysteretic dampers, the hazard-invariants are ߙ  and the ratio ܴௗ/൫ ܸߤௗ൯ , which is 
proportional to the activation displacement. For systems with viscous-viscoelastic dampers, the hazard-
invariants are ߙ  and ߦ . For instance, consider initially a hysteretic system with ܶ = ݏ2 , ܸ = 40% ߙ , = 0.2 and ߤௗ = 5.0. Scaling the hazard up by 33% reduces ܸ to 30% and the normalized response 
under this new hazard is found by maintaining the hazard-invariant properties as shown in Figure 3.3.  

0 0.2 0.4 0.6 0.8 1 1.2
0

0.5

1.0

1.5

2.0

2.5

3.0

0

0.5

1.0

Tf=2.0
Vf=30%

Ra

Rd

Rs

Tf=1.0
Vf=30%

Tf=2.0
Vf=30%

Tf=1.0
Vf=30%

Viscous-Viscoelastic P-SpectraHysteretic P-Spectra

large 
displacement
reduction

0 0.2 0.4 0.6 0.8 1 1.2
0

0.5

1.0

1.5

2.0

2.5

3.0

0.5

1.0

Ra

Rd

Rs

0 0.2 0.4 0.6 0.8 1 1.2
0

0.5

1.0

1.5

2.0

2.5

3.0

0

0.5

1.0

Ra

Rd

Rs

0 0.2 0.4 0.6 0.8 1 1.2
0

0.5

1.0

1.5

2.0

2.5

3.0

0.5

1.0

Ra

Rd

Rs

small 
displacement
reduction

large 
base shear
increase

large
displacement
reduction

large
base shear
increase

large displacement
reduction and small
base shear increase

ξ=0%5%10%20%30%40% α=1.0
0.75

0.5

α=0.2μd=1

0.4

0.6

2
3
5
10

0 0.2 0.4 0.6 0.8 1 1.2
0

0.2

0.4

0.6

0.8

1

1.2

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2
0

0.2

0.4

0.6

0.8

1

1.2

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2
0

0.2

0.4

0.6

0.8

1

1.2

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2
0

0.2

0.4

0.6

0.8

1

1.2

0

0.2

0.4

0.6

0.8

1

Tf=1.5 Vf=30% Tf=1.5 Vf=40%

Tf=2.0 Vf=30% Tf=2.0 Vf=40%

Ra

Rd

Rs

Ra

Rd

Rs

Ra

Rd

Rs

Ra

Rd

Rs

G
lo

ba
l S

tiff
en

in
g

Global Strengthening

Increase 
Hazard

(α,μd)=(0.2, 8)

(0.2, 5)

Rd/(Vfμd)=0.2 Rd/(Vfμd)=0.2

μd=2

α=0.63

5

10

0.4
0.2



 

4. SDOF-MDOF TRANSFORMATION AND HIGHER MODE CONSIDERATIONS 

The normalized responses for MDOF structures can be related to the SDOF systems on the P-Spectra 
defined by ܶ, ܸ, ߤ ,ߙௗ and ߦ through a transformation procedure that incorporates these parameters, but 
is otherwise similar to procedures based on the equivalent lateral forces (Fu and Cherry 2000, Kasai and 
Ito 2005) and proportional damping (Christopoulos and Filiatraut 2006) suggested previously. Further, for 
dampers with non-zero stiffness, a design mode shape ൛݀ଵൟ can be chosen to modify the elastic first mode 
of the damped system. While the final displaced shape is in general not equal to ൛݀ଵൟ due to inelasticity 
and higher mode effects, it pushes the system to respond more closely to the desired drift profile. 
Idealizing the base frame as a shear structure, the equivalent lateral stiffness ܭ, can be found by:  

,ܭ  = ቆ2ܶߨ ቇଶ ∑ ݉߶ଵୀΔ߶ଵ  ∆߶ଵ = ߶ଵ − ߶ିଵଵ ;  ∆߶ଵଵ = ߶ଵଵ 

(4.1)  

where ܶ and the fundamental mode shape ൛߶ଵൟ can be obtained from an Eigenvalue analysis of the base 

frame. For a chosen first mode design mode shape ൛݀ଵൟ  and initial period ܶ = ܶ√ߙ , supplemental 
damper stiffness can be found by: 

 
ௗ,ܭ = ൬2ܶߨ ൰ଶ ∑ ݉ ݀ଵୀΔ݀ଵ − ,ܭ ≥ 0∆݀ଵ = ݀ଵ − ݀ିଵଵ ; ∆݀ଵଵ = ݀ଵଵ 

(4.2)  

For hysteretic dampers, the damper ductility at each storey is set equal to ߤௗ of the target SDOF. This 
assumption implies simultaneous activation of all the dampers under the assumed first mode 
displacements ∆ௗ, and leads to an activation load given by the following: 

 
ௗܸ, = ∆ௗ, ൬ܭௗ,ߤௗ ൰ ≥ 0; ∆ௗ,= ܴௗΓܵௗ൫ ܶ൯∆݀ଵ߁ = ∑ ݉݀ଵ∑ ݉൫݀ଵ൯ଶ 

(4.3)  

∆ௗ, in equation 4.3 is the first mode design ith storey inter-storey displacement, and ߁ is the first modal 
participation factor under this assumed first mode displacement. For viscoelastic dampers, equating the 
first mode viscous damping ratio at the period ܶ gives:  

 ܿ = ܯߦ2 ൬2ܶߨ ൰ ∑ௗ,ܭ ௗ,൫Δ݀ଵ൯ଶܭ  (4.4)  

where ܯ is the first modal mass computed using ൛݀ଵൟ. For fluid viscous dampers, no stiffness is added 
so ܭௗ, = 0 and ൛݀ଵൟ = ൛߶ଵൟ. The viscous constants can be calculated using equation 4.4 by replacing ܭௗ, with a fictitious stiffness ܭௗ,ప  computed from equation 4.2 using an arbitrary ܶ < ܶ. Note that ܭௗ,ప  
values do not represent real stiffness in viscous dampers, but are numerical tools used to get stiffness 
proportional damping in the system as discussed in Christopoulos and Filiatrault (2006).  

To verify the validity of the SDOF to MDOF transformation, the normalized roof displacement ܴௗ and 
base shear ܴ of idealized 2 to 15 storey shear MDOF designed using equations 4.1 to 4.4 are compared 



 

to the target P-Spectra SDOF responses. The verification analysis has been carried out using 10 records 
from ATC-63 (FEMAP695 2009) scaled to the LA spectrum with ܶ from 0.5 to 3.5 seconds, ܸ from 10% 
to 40%, ߙ from 0.2 to 0.6 for hysteretic dampers, 0.5 to 1.0 for viscoelastic dampers, ߤௗ from 2 to 6 and ߦ 
ranging from 10% to 30%. The shear MDOF’s are assigned storey stiffness computed using equation 4.1 
with the first mode shape having constant inter-storey drift along the height. The base shear strength of 
the shear MDOF’s are computed using equation 2.1 at the assumed ܸ’s. The storey shear strengths are 
assumed to be proportional to the storey stiffness. The application and verification of this design method 
to vertically irregular structures is discussed in Guo and Christopoulos (2011). Figure 4.1 shows sample 
comparisons of ܴௗ  and ܴ  for 9 to 15 storey shear structures with (a) hysteretic and (b) viscous-
viscoelastic dampers against the P-Spectra targets. Similar responses are obtained for shorter structures.   

  

Figure 4.1. Actual vs. target response of shear MDOF with a) hysteretic b) viscous-viscoelastic dampers 

In general, very good agreement on the global drift and force responses are achieved for all cases. As the 
number of storeys increases, the accuracy of the P-Spectra predictions decreases due to complex 
interaction of yielding storeys and higher modes, which can also cause the local storey response to exceed 
the design targets. A number of methods were proposed to predict the local responses of MDOF’s 
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accounting for the inelastic higher modes using modified modal combination techniques (Ramirez et al. 
2001, Chopra and Goel 2004, Priestley et al. 2006, Lago 2011, Kreslin and Fajfar 2011). However, these 
methods involve more elaborate spectral or pushover analysis of the damped MDOF, which is not 
available in the initial design stage. Hence, similar to Kasai and Ito (2005), the maximum storey response 
accounting for inelasticity and higher modes is related to the design performance goals by the factor: 

 ݂௫ = min ቌݔ,/ඨ൫ܴ௫ଵݔଵ൯ଶ +  ൫ܴ௫ݔ൯ଶଶ ቍ ≤ 1 (4.5)  

where ݔ, is the performance goal for storey i, ݔଵand ݔ are the 1st and mth modal response of quantity ݔ 
found using base frame properties. ܴ௫ଵ and ܴ௫ are the 1st and mth modal response modification factors. In 
equation 4.5, ݂௫ represents the smallest ratio of performance goal to the SSRS response considering the 
first ݊ modes. The modal response ݔ can be estimated from elastic spectral analysis using properties 
of the undamped base frame. ܴ௫ଵ is determined from design performance targets discussed later. ܴ௫ is set 
to 1.0 for systems with hysteretic dampers since the effect of hysteretic damping in higher modes is not 
well defined. For viscous damping, setting ܴ௫ to 1.0 is very conservative. Assuming the higher modes 
are linear elastic, the damping in higher modes can be evaluated using: 

ߦ  = ܶ ∑ ൫ܿΔ߶ଶ൯ୀଵ4ߨ ∑ ݉߶ଶୀଵ  (4.6)  

where ܶ  and ߶  are the mth mode period and modal ordinate of the upgraded system. ܴ௫  may be 
obtained using P-Spectra at ܶ, ܸ = 100% and ߦ = ߦ  or computed using: 

 ܴ௫ = exp൫−1.35ߦ .ହଵ൯ (4.7)  

Equation 4.7 has been calibrated to extensive time-history analyses of damped SDOF for the purpose of 
generating P-Spectra using equivalent linearization as discussed in Guo and Christopoulos (2012).  

5. PROPOSED DESIGN PROCEDURE USING P-SPECTRA 

Based on the derivation presented above, a design procedure for buildings with supplemental dampers 
using P-Spectra is proposed: 

1) Set performance targets in terms of drift ߠ௧, shear force ௧ܸ, acceleration ܣ௧ and residual drift ܴߠ௧. 
2) Evaluate the base frame period ܶ  from Eigenvalue analysis and strength ܸ  from either plastic 

analysis or push-over analysis. The influence of ܲ − ∆ should be accounted for. 
3) Torsion and vertical irregularity should be checked and accounted for before applying the proposed 

direct design procedure. Some degree of vertical stiffness/strength irregularity can be tolerated. A 
more detailed discussion of irregular structures is found in Guo and Christopoulos (2011). 

4) Generate P-Spectra using either NLA or a code-compatible equivalent linearization approach 
described in Guo and Christopoulos (2012). Compute first mode normalized targets:  

 ܴௗଵ = /ܪ௧ߠ ቀܵௗ൫ ܶ൯ቁ (5.1)  

 ܴଵ = min ൬ ௧ܸ/ ቀܯܵ൫ ܶ൯ቁ , /௧ܣ ቀ߁߶ଵܵ൫ ܶ൯ቁ൰ (5.2)  



 

 ܴ௦ =   ௧ (5.3)ߠ/௧ߠܴ 

where ܪ and ܯ are the effective height and mass of the base frame. ݂߁ is the base frame first 
modal participation factor and ߶ଵ is the base frame roof ordinate of the first mode. Compute ݂௫ 
using equation 4.5 and multiply ݂௫ by the first mode targets to find the reduced design targets. For 
systems with viscous damping, ݂௫  can be computed by assuming 15-20% higher mode damping, 
which should be verified later. Reduced targets are used to select solution(s) on the P-Spectra. 

5) Perform SDOF to MDOF transformation using equations 4.1 to 4.4. Design mode shape ൛݀ଵൟ can be 
selected for damping systems that add stiffness. A common choice is to use a constant drift profile. 

6) Carry out detailed design of dampers and supporting elements. Check capacity for existing frame. 
7) Verify trial design using nonlinear time-history analysis (NLA). The responses are expected to be 

close to the performance targets. Minor refinements are usually required to fine-tune the design. 

6. EXAMPLE APPLICATION FOR THE UPGRADE OF A 6-STOREY REGULAR MRF 

The proposed procedure is illustrated with the preliminary seismic upgrade design for a 6-storey special 
moment frame designed according to the ASCE-7 (Erochko et al. 2011). Figure 6.1 shows the frame and 
10 recorded ground motions (FEMAP695 2009) for LA along with the LA design spectrum. Due to space 
limitations, this paper only presents the design for the DBE hazard level, which has target drift (ߠ௧), 
acceleration (ܣ௧) and residual drift (ܴߠ௧) of 1%, 0.5g and 0.5%, respectively. No base shear target was set. 
The frame period is 1.61s and ܸ was found to be 54% using a push-over analysis accounting for ܲ − Δ 
effects. The structure has no torsion irregularity and contains very minor vertical irregularity and is hence 
treated as regular. Using equations 4.5, 5.1 to 5.3, reduced targets are computed and several designs with 
hysteretic, viscous and viscoelastic dampers that satisfy these reduced targets are examined. Since viscous 
dampers add damping to higher modes, it was assumed that the 2nd and 3rd mode of the viscous solutions 
has 15% damping, which is verified later. Two designs, R1 with hysteretic dampers (ߙ = 0.2, ௗߤ =8, ܴௗ = 0.52, ܴ = 0.79, ܴ௦ = 0.09, ) and R2 with fluid viscous dampers ( ߙ = 1.0, ߦ = 30% , ܴௗ =0.55, ܴ = 0.69, ܴ௦ = 0.10) were chosen since they are the most efficient. For both solutions ߤ ≈ 1. R1 
is governed by the acceleration limit, which it exceeds by almost 10%. This is accepted at this stage since 
only an approximate solution is being developed. The required damper properties computed from 
equations 4.1 to 4.4 are summarized in Table 1. Since hysteretic dampers add stiffness, a design mode 
shape ݀ு with constant storey drift along the height is assumed for R1. For R2, the design mode shape ݀ is taken as the base frame first mode shape because no stiffness is added. Using equation 4.6, the 2nd 
and 3rd mode of R2 have damping of 73% and 100%, respectively, which greatly exceeds the assumed 
15%. For this example, dampers are installed in the middle bay as diagonal braces. It is assumed that the 
damper can be designed to exactly match the properties given in Table 6.1.  

NLA is carried out using OpenSees for the original structure and the upgraded buildings. Figure 6.2 
shows the average storey responses along with the performance targets and the amplified design targets 
for R1 and R2, which are the maximum storey responses amplified using the modified SRSS rule in 
equation 4.5 with ܴ௫ଵ taken as ܴௗ  and ܴ  of the selected solutions. Residual drift targets are found by 
multiplying the storey drift targets by ܴ௦. It can be seen that the procedure predict well the maximum 
storey response based on the P-Spectra normalized responses. Due to slight vertical stiffness irregularity, 
the drifts are not uniform. Despite this, dampers are distributed as if the system was regular and the SRSS 
procedure used for ݂௫ still correctly anticipates the maximum inter-storey displacement for design. After 
the initial design iteration, the drift targets are satisfied except for storey 2 in both R1 and R2, which were 
slightly exceeded. All acceleration and residual drift targets are satisfied, despite an under-estimation of 
the peak residual drift for R1 from the modified SRSS combination. Since ܴ௦ is only an indicator of the 
global residual drift, large variations can be expected for storey residuals because they are more prone to 
higher mode and local inelasticity that are not accounted for in the SDOF analysis. The same is true  



 

for the predictions of storey accelerations. On-going investigations are being carried out to address these 
issues within the context of the proposed method. Finally, the base shears ܴܯܵ൫ ܶ൯ are computed 
for R1 and R2 to be 3660kN and 3320kN, respectively, which are very close to the actual average peak 
base shears of 3680kN and 3400kN obtained from the NLA.  

Figure 6.1. LA ground motions and description of 6 storey moment frame 

Table 6.1. Summary of properties of base frame and retrofits R1 and R2 
Storey Base Frame R1 R2 ࡴࢊ ઢ(),ࢊࡴ(.) ࢂࢊ ઢ(),ࢊࢂ(.) ࢌࡷ ቀ ࢊࡷ ቁ(4.1)ࡺ ቀ ࢊࢉ (4.3)(ࡺ)ࢊࢂ ቁ(4.2)ࡺ ቀ࢙ࡺቁ(4.4) 

6 1.00 28.5 1.00 19.3 33.6 85.1 303 5.2 
5 0.83 28.5 0.88 26.0 48.2 175.1 624 7.4 
4 0.67 28.5 0.72 29.5 59.4 250.4 892 9.1 
3 0.50 28.5 0.54 33.2 63.9 306.0 1091 9.8 
2 0.33 28.5 0.34 33.4 70.6 340.7 1215 10.9 
1 0.17 28.5 0.14 22.3 110.1 322.2 1148 16.9 

(x) denotes the equation number for which the calculations are based on 
 

 

Figure 6.2. Average storey drift, acceleration and residual drift responses of R1 and R2 under DBE 

7. CONCLUSION 

A direct performance-based procedure for carrying out the retrofit design of low to medium-rise frame 
structures using supplemental dampers is outlined. Contrary to the existing “analysis methods”, the 
procedure enables direct assessment of damping solutions that satisfy a given set of performance targets 
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and system constraints in the beginning of the design cycle with minimal computation using graphical 
tools called P-Spectra. A direct transformation procedure that distributes supplemental dampers to an 
MDOF from the P-Spectra targets is proposed and verified. The use of the design method is illustrated by 
upgrading a 6-storey building in LA with supplemental dampers to enhance its seismic performance. 
Nonlinear time-history results show good agreement of the different response quantities with the 
performance targets. It was found that the predictions for storey accelerations and residual drifts are 
generally less accurate than displacements and forces due to influences of higher modes and local 
inelasticity. Further work is underway to address these issues in the context of the proposed design 
method.  
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