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SUMMARY

A finite element analysis procedure for analysis of transient response of saturated elastic-
plastic soils subjected to dynamic excitation is described. A generalization of Biot's equation of
motion is stated in incremental form. Finite element implementation is based on use of one- and
two- dimensional linear, bilinear, and biquadratic interpolation between nodal point values. The
procedure is verified against exact solutions for two cases of one-dimensional wave propagation in
a single material. An illustrative example of application to saturated soils is included.

INTRODUCTION

Biot's (Ref. 1) theory of dynamics of linear elastic saturated soils has been widely used. Sev-
eral investigators have developed analytical (Refs. 2-4) and numerical (Refs. 5-9) solutions of Biot's
equations.

Material non-linearity in two-phase media has been studied by several investigators (Refs.
10-13). Of these, Finn's "engineering approach” was found to be inadequate for dynamic response
studies. The highly non-linear elastic-plastic, path-dependent soil behavior has been modelled by
using incremental stress-strain relations for the solid phase in Biot's equations and relating the
incremental effective stress to the incremental solid strain. Ghaboussi's liquefaction analysis
involved computation of response and liquefaction potential of horizontally layered ground subject-
ed to multi-directional excitation. Zieniewicz and his co-workers also studied layered saturated soils
and compared the results with those obtained by Finn (Ref. 13). These studies were mainly con-
cerned with predicting dynamic response of saturated media to base acceleration and the propaga-
tion characteristics of the stress waves in the two phases of the mixture were not highlighted.

In this paper, Biot's theory has been generalized to allow for non-linear solid stress-strain rela-
tions. The fluid was assumed to be linear elastic moving with small relative velocity so that
d’Arcy’s is applicable. A computer code allowed for bilinear, elastic-plastic as well as a ”Cap” model
for elastic-plastic work-hardening material behavior. Two-dimensional 4- and 8- noded quadrilater-
al elements were used. The code was tested against analytical solution for one-dimensional wave
propagation in an elastic-plastic solid (Ref. 14,15). This specialization to a single material was
accomplished by treating the fluid as a material of zero density and zero stiffness and setting the
”drag” equal to zero.
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GOVERNING EQUATIONS

Biot's Equations of motion for a fluid-solid mixture in a spatial domain of interest R bounded
by S are (Ref. 7):

t,,+ pb, = pii; + (p/n), (1)
7+ Ly =L+ Ly Ky 2
, n n n? k

where t,, b, u, W, are, respectively, components of the total stress, the body force per unit mass
of the saturated soil, the soil displacement, and the mean displacement of the pore-water with
respect to the soil. p, p, n, k, w are, resepectively, the saturated soil mass density, the partial mass
density of the pore-water, the porosity, the permeability and the fluid viscosity. The kinematic
relations are

5 —;—(ui'j+uj’i) ; {=w, . (3)

and the constitutive relations for linear elasticity are

t, = Eijklek! + aMSij(aekk+§) : T = M(aekk+{) (4)

For non-linear materials, Eqs(4) will be written as relations between incremental quantities.
The associated boundary conditions are (Ref. 7,9)

u, = on S x[0,00) ; w =W, on 8, x[0,00)
(5)
tn, =1 on §,x[0,00) ; wn, =T, on S,%[0,00)
U, W, 1, ,are values of u, w, t, m;onS, S, S, S, respectively, and n; are components of

the outward normal to S. §,, S, are complementary subsets of S and so are S,, S,.
The initial conditions for the problem are
v, =u, ; wO®=w, ; z®=z ; w@=w, ; on R ’ (6)

Finite element discretization of the linear problem stated above leads to the matrix set of equations

of the form (Ref. 3,6,7)
u K +K_K P
+ ss ss sf = S|

s ffl s,

M M:f u u

MfSMffw

C_0
ss

o c, Q)

W

where u, w are sets of nodal point values of u, w, The above equations can be symbolically writ-
ten as

My+Cv+EKv+Kv="P on RX[0,) @

Here K, and K_, are, respectively, the effective soil stiffness and the effect of the fluid pressure on
the total soil stiffness. v represents the set of nodal displacements of the soil and the relative dis-
placements of the fluid. M, C, k', K=, P represent matrices in Eq.(7).

II-546



INCREMENTAL FORMULATION

For a nonlinear problem, the dynamic balance equations may be Written in the general form
F &)+ F &) + F®) + F (@) = PQ) (9)

where F;, F are respectively, the inertial and the damping force vectors, F), represents the inter-

nal resisting force corresponding to effective stress in the soil and F, is the force arising as the
interaction of fluid and soil (Quantity M in Eq(4)). P(z) is the load vector representing applied
forces and constraints, including those at the boundaries.

A short time At later the equation would be

F(t+A0) + Ft+A0) + Filt+ M) + Fy(t+ A1) = P(¢+ A (10)
Assuming that
F,=MDUD) ;  F D =00 5 F) = K@DHD an

and using Taylor series expansion about  to approximate Eq.(10), we obtain
M@ AKE) + AMEHE) + COANE) + ACH WD) + K @) Ave) + AK (1) W(e)

+ K7 AVE) + AR W) = P(t+ AL — P(e) (12)

Using equilibrium correction approach and assuming AM, AC, AK linear in AV, Avand Av
respectively,

MO a0 + T A + (K@) + X7 (O] Ave)
= P(t+ AD) — MOWE) — CeD — [K' @) + K O] (13)

M, C, K are not known beforehand. Therefore, an iterative process is required at each step. Stan-
dard time-domain integration procedures can be used to evaluate the incremental quantities.

APPLICATIONS

The procedure was implemented in a finite element code with a modular structure so that
various stress-strain formulations could be introduced with ease. The computer program was used
to solve two problems of one-dimensional wave propagation for which exact solutions are avail-
able. Fig.1 shows the finite element representation of a laterally restrained soil column subjected to
a Heaviside step function load at one end and the bilinear representation of material behavior used
by Belytschko (Ref. 14,15). Fig.2 shows a comparison of stress history obtained using the numerical
procedure with the exact solution. Fig.3 shows the impulse loading used by Wood (Ref. 16). For
Von Mises material the comparison of response is given in Figs4 to 8. The procedure was applied to
a fluid-saturated soil with the soil skeleton behavior following Singh's (Ref. 17) Cap model.
Response to a heaviside step function loading of intensity 2.0 is given in Figs.9 and 10. Fig.9 shows
soil stress profiles at t=1.6, 4.0, and 80. Fig.10 shows the pore-water pressure profile at the same
time steps. ‘
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DISCUSSION

A simple procedure for direct time-integration of equations of motion of saturated soils with
non-linear soil behavior is described. Much further work needs to be done to make the method gen~
eral and applicable to two- and three- dimensional transient response problems.
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