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SUMMARY

The objective of this study is to develop a theory for the estimation of
the spectra of the ground strain and the relative displacement between two
points on the ground's surface during earthquakes when not only propagation but
also distortion of seismic waves is considered. The power spectral density
function of the seismic wave at each place is assumed to be the same. However,
the correlation between the waves is assumed to decrease with an increase in the
separation distance. It is then shown that the spectrum of the ground strain
displays the predominance of lower frequencies than that of the ground velocity
when the distortion is considered.

INTRODUCTION

In the case of structures with a great horizontal extent, such as bridges,
tunnels and pipelines, the spatial variation of seismic ground motion
significantly affects their earthquake responses. Therefore, in the earthquake-
resistant design of these structures, consideration shall be given to the
difference in seismic ground motion between each place along the structure. Such
a difference is represented by the ground relative displacement or by the ground
strain., And it is important to estimate precisely such values during future
earthquakes. Although the problem of estimating the ground strain from the
earthquake record has been studied by several investigators, most previous
studies are based on the assumption that the wave form is not modified during
the passage of the wave; i.e., the ground displacement in the x direction at a
point x on the soil surface and at time t is assumed to be written as

u(x,t)=f(x-ct) (1)
in which the structure is considered to be lying along the x axis, and ¢ is the
apparent velocity of the wave as observed on the free-surface and along the x
direction. Partial differentiation of this equation with respect to x or t
yields the longitudinal strain as

e = V/e (2)
in which V is the velocity of a soil particle. This equation is often used in
earthquake-resistant design of underground structures. However, it should be
noted that this equation is accurate only when the seismic waves propagate
without distortion. The actual seismic wave, however, is modified as it
propagates, and then the wave forms at different points should be considered to
be different from each other.
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Meanwhile, several investigators (Ref.1) estimated the value of the
apparent velocity, ¢, from the ratio of the maximum recorded amplitude of the
ground velocity to that of the strain in the underground pipelines by making
use of Eq.(2). However, it should be noticed that this apparent velocity has the
same meaning as that described above only when the wave propagates without
distortion.

Distortion of seismic waves is considered to be caused by several reasons,
however, they may be classified into the following three types:

1. Power spectra of seismic waves at different places are different from
each other (Ref.2).

2. Even though such power spectra are equal, the correlation coefficients
between motions at different places are not unity, and such processes are
somewhat independent from each other.

3. Even though the power spectra are equal, and the correlation
coefficients are unity, the phase velocity is a function of frequency, and then
the waves are dispersive, as is the case of the surface wave.

In this paper, only the effects of distortion of type 2 are studied. And
the ground relative displacement and the ground strain obtained when the
distortion of the wave 1is considered are compared with those when it is
neglected.

In what follows the seismic wave form is assumed to be of a stationary
random process, and to be expressed as a function of both time and place. And
the power spectral density function of the seismic wave at each place is assumed
to be the same. However, the correlation between the waves is assumed to
decrease with an increase in the separation distance between the two points, and
to be given in terms of the cross-spectral function characterized by the
associated parameter o . The spectra of the relative displacement and the
average strain are then formulated, and their characteristics such as the
predominant frequency are examined.

DEFINITION OF CORRELATION AND SPECTRAL DENSITY FUNCTIONS

Let the ground displacement at a point x on the ground surface and at time
t be expressed as u(x,t). The autocorrelation function is defined by

Re(t)= Efu(x,t)u(x,t+r)] (3)
in which t is the time lag, and E[] is the mean value over time t and place x.
Another autocorrelation function can be defined by

Ry(xg)= E[u(x,t)u(x+xqg,t)] (%)
in which x3 1is the separation distance between the two places. The displacement
cross-correlation function is defined by

Ryr(xg,T)= E[u(x,t)ulx+xg,t+r)] (5)

The frequency spectrum St(w ) and the wave number spectrum Sy(k) can be
derived from the functions, Rr(7r ) and Ry(xg), respectively, by Fourier
transformation. And the cross-spectral density function is defined by

Syt (Xgsw)= E;;-}im S & Ryp(xg, 1) e=i¥T at (6)

" Taw

Each of these three spectra is developed in terms of the two-sided forms.
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HORIZONTALLY PROPAGATING WAVES WITH DISTORTION

When the seismic waves recorded at two places are compared, larger
differences between the two wave forms are, in general, observed for larger
separations and at higher frequencies (Ref.3). Therefore, the degree of wave
distortion is assumed to be represented by a function of the product of the
circular frequency, |w|, and the time of wave propagation between the separation
distance, |xg|/c. And by making use of such a function A(lw||xg|/c), which is
frequently called the coherence function, the cross-spectral density function
Syr(xg, w ) is expressed as

Syt (Xg,w)= Sy(w)exp(~iw xg/c)A(w|xg|/c) (N
To simplify the mathematical development, the coherence function is assumed in
this study to be given by the following expression based on the latest relevant
research results (Ref.3).

A(JWxo| /)= expl-ajw|xg| /(27 e)] (8)
in which o is a parameter pertaining to the degree of distortion, and,
hereafter, it will be referred to as the "distortion constant." Ishii (Ref.3)
showed that this value ranges between 1.3 and 2.5 by analyzing recorded strong
earthquake ground motions. An inverse Fourier transformation of Eq.(7) gives the
cross-~correlation function as follows.

Rer (0,002, sp()a(alzal)et® (T =xo/e) o, (9)

AUTOCORRELATION FUNCTIONS AND POWER SPECTRA OF GROUND STRAIN

The relative displacement is defined by
ug(x,xg,t)= ulx+xg,t)-u(x,t) (10)

in which u(x,t) and u(x+xy,t) are the displacements at time t and at places x
and x+Xx(g, respectively. And the average strain is defined by

s(x,xg,t)= [ulx+xg,t)-u(x,t)1/xp (11)

Then the autocorrelation function of the relative displacement is obtained
by use of Egs.(5) and (10), leading to

RRx‘r(Xo,T): ZRXT(O,T)-RXT(Xo,T)—RXT(-Xo,T) (12)

The power spectrum of the relative displacement is derived from Eq.(12) by
Fourier transformation.

RSxT(%0,sw)= 28y (0w )=Syr (% ,w)=Sxr(~xg,0)= 2{Sp(w )-Re[Sgr(xgw)]} (13)

in which Re[] indicates the real part.

Meanwhile, the autocorrelation function and the power spectrum of the
average strain are, respectively, given by

SRyT(x0,T) = RRyxr(xg,7)/ X2 (14)
sSxr(xg,w) = gSyr(xg,w)/ XQ2 (15)

The root mean square (r.m.s.) values of the relative displacement and the
average strain are, respectively, given by

{E[ug?(x,%0,8)1}"/2 = [gRyr(x0,001"/2 =[7__ gSyr(xgulaw 1172
= [2/ tsp()-Relsgr(xg,0) T}an ] /2 (16)
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Fig. 1 Power Spectral Density Functions of Fig. 2 Cross-correlation Functions
(a) Displacement and (b) Velocity of Displacement
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{E[SZ(X,Xg,t)]}1/2 = [SRXT(XO’O)]1/2 =[f SSXT(Xo,w)dw]1/2

® 1/2
= ;(13-[Zf_m{ST(w)-Re[SXT(xo,w)]}dw] 7

THEORETICAL EXAMINATION OF CHARACTERISTICS OF RELATIVE DISPLACEMENT
AND AVERAGE STRAIN

In order to simplify the mathematical development, the frequency spectrum

of the ground acceleration, ,Sp(w), is assumed to be the following function
proposed by Goto and Kameda (Ref.l4).

ASTW)= wist(w) = §%E (w /wg)uexp(-llpllmg) (18)
Figs.1 (a)(b) show the frequency spectra of the ground displacement and
veloeity, Sp(w) and y¢Sqp(w ), respectively. The predominant frequency of the

ground is assumed to be 1Hz (w g=2m ) in Eq.(18), and the r.m.s. value of the
ground acceleration of 1m/s2 is used for this analysis.

Substitution of Egs.(8) and (18) into Eq.(9) yields
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o
UL
Ryt (X0,T) = 128 - o _ 27 ¢ |20| —
3 wg (—w-g—+ 2nelx0') +H(r-3%) (19)

From Egs.(7),(8),(12),(13) and (15)-(19), the power spectral density funections
and the r.m.s. values of the relative displacement and average strain can be
written as

RSxT (X0 ,w)= %02 sSxT (X w)
= 2385 exp (~4|ults g) [ 1~exp(~ al;llxgl Jcos “’zo 1 (20)
g

{E[ug?(x,%q,t)131/2 = %y {E[s2(x,%q,t)1}1/2

P )

2256 g W *Tws %ol 172
- - 2
3w55 4 (_%Q_)2+(__<Eu_é_ +_2%l}t0|)

(21)

NUMERICAL RESULTS

Calculated values for the correlation functions Ryr(xg, T ) are shown in
Fig.2. The full line curves of Fig.2 are the autocorrelation functions of the
ground displacement (the separation Xp=0m), and the chain and dashed line curves
are the cross-correlation functions for the separations of 2000m and 4000m,
respectively. Fig.2(a) shows the case of waves without distortion (o =0), while
Figs.2(b)(c) the cases with distortion (o =1,2). In the former case the maximum
value of the cross-correlation funection is equal to that of the autocorrelation
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function, while in the latter case it is smaller than that of  the
autocorrelation function. The larger the distortion constant or the separation
distance is, the smaller the peak value becomes.

Fig.3 shows the spectra of the relative displacement for separations xy =
25, 50, 100, 200, 400, 1000m. The full line curves of Fig.3 are the results for
the cases without distortion (o =0), and the chain and dashed line curves for
the cases with distortion ( a=1,2). In the case o =0, the predominant frequency
decreases as the separation is increased. Indeed, the predominant frequencies of
the relative displacement are

w = 3.15, 3.14, 3.12, 3.04, 2.80, 2.01 rad/s,
respectively, for separation distances

xg = 25, 50, 100, 200, 400, 1000m.
In either case of ¢ =0, 1 or 2, the spectrum of the relative displacement
becomes smaller as the separation is decreased. However, the spectrum for the
case ¢ =1 or 2 does not decrease as much as that for the case o =0 particularly
at low frequencies.

Fig.4 shows the spectra of the average strain. In the case o« =0, as the
separation is decreased, the spectrum only becomes slightly larger (attention
should be given to the differences in the scale of the ordinate). However, in
the case o = 1 or 2, it becomes much larger particularly at low frequencies,
and it becomes proportional to that of the displacement (Refs.5,6).

CONCLUSIONS

A theory is developed for estimating the spectra of the ground strain and
the relative displacement between two points on the ground's surface during
earthquakes when not only propagation but also distortion of seismic waves 1is
considered. The power spectral density function of the seismic wave at each
place is assumed to be the same., However, the correlation between the waves is
assumed to decrease with an increase in the separation distance. The effect of
the distortion of the wave form is remarkable for short separations. The
spectrum of the ground strain is proportional to that of the ground velocity
when the distortion is neglected. However, when it is considered, the spectrum
becomes proportional to that of the displacement and displays the predominance
of lower frequencies.
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