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SUMMARY

A theory is presented for evaluation of the expected and the most pro-
bable amplitudes of response peaks for different levels of multi-story
structure in terms of: (1) root-mean-square amplitude of excitation; (2) a
measure of the frequency "width'" of the response spectrum; and (3) the total
number of peaks of response. The statistical parameters are derived using
a discrete transfer function model of a multi-degree-of-freedom system. Com-
parisons of the expected and most probable values of peaks with SRSS, SUM,
and CQC methods have been presented.

INTRODUCTION

Dynamic response of the multi-level structures to strong earthquake
shaking has been one of the most analyzed topics in earthquake engineering.
Many methods have been introduced to evaluate this response. Some are based
on a theoretical model of a structure and the exact dynamic response to
strong earthquake ground motion; other methods employ response spectrum
technique which permits separation of the characteristics of structures from
those of the earthquake excitation. Several techniques for the response
spectrum superposition have been developed in which an approximation to the
maximum of the total response is obtained by combining the modal maxima.
Some of these methods are the SUM, SRSS, CQC, NRL, GROUPING, TEN PERCENT,
and DOUBLE SUM (Ref. 4, 5, 6, 7, 8, 9, 10). 1In this paper we present a new
method based on a probabilistic technique for evaluation of the response
of multi-degree-of-freedom structures to strong earthquake ground motion
and we compare this method with other available methods.

EXPECTED AND MOST PROBABLE VALUE OF n-TH
LOCAL MAXTMUM OF THE RESPONSE

It can be shown (Ref. 1) that the distribution of amplitudes of a ran-
dom function, f(t), represented by the series

f(t) = g Chcos (Wt + 65) « v v v v v v v e e e e (1)

1
may be characterized by two parameters, moﬁ, and €, where
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represents a measure of the width of the energy spectrum, E(w), of £(t). 1In
equation (1), C, are related to E(w) through

srhdw
D e Y () X T TR )

where w, represents circular frequency; t = time; and ¢, are assumed to be

randomly and uniformly distributed between 0 and 2r. In equation (2)

m, = (% E(w) Wl dw o« = v o & v v v e e e e e e e e s . (&)
o

represents the n-th moment of the energy spectrum E(w).

Figure 1 shows an example of f(t) for small e. It represents relative
displacement of a single-degree-of-freedom system for natural period T,=2.5
sec., and fraction of critical damping ¢ = 0.07, excited by the E1 Centro
earthquake acceleration. The peak labeled a(1) represents the largest dis~
placement during this excitation and corresponds to the relative displacement
spectrum amplitude. The a(?), al®, ..., a represent the ''second larg-
est", the '"third largest', ..., and the N-th or last peak of f(t). Through
generalization of Rice's work (Ref. 2), Longuet-Higgins (Ref. 3), and Cart-
wright and Longuet-Higgins (Ref. 1) it can be shown that the expected value

of a(n) is given by (Ref. 4):

EC®) - ((om (-cH% N% 4y [m(-e?) W7D

-0 = D{[in(l -e2)8N] %+ [in(] - e2) 28] %)
21

D™ [gn(1-e) 2N by [0 (15N 5 . L . . . (5)

In equation (5), a(™ is the n-th largest peak of f£(t). Using
(a-1) [1-(1-¢2)% eV }

o=4n (N(l-az)l/2 {1-
1-[1-(1-e2)% e ~¥

—an - A [1m(=eE e M) L L. . . . L. (6)
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Z?e most probable value of a(n), denoted by u(a(n)) can be shown to be (Ref.

p(a(@) -

a
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In the above equations N is the total number of maxima given by (Ref. 5):

=L omy
271'(.1—11—2— T )

The term vy is the Euler's constant which is approximately equal to 0.5772.
For narrow-band function f£(t) (ez0), = may be closely appreoximated by

1 2

[+ ¢

! a1, . .

rms =

the root mean square of f£(t), as follows

§=v’_2—arms=/7mol/2.........-....... (10)

Computation of a, € and N

To evaluate the expected and most probable values of the n~th local max—
imum of response of a multi-level structure to an earthquake excitation, the
parameters &, € and N need to be evaluated. For this purpose a square of dis-
placement response (fR-(w) ;[ 2D), shear force (}Rj (w) [ zs) and overturning moment
({Rj (w) Iz ) of the j-th level of a multi-level Structure are modeled as follows:

m
(Ref. 5)
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and

!Rj(“)|§ _ hllel(w)ig + h22| Rz(m)IS + oo+ th(Rj(w)|; N ¢ )

In the gbove expressions Ajj is the j-th element of the i-th eigenvector,
oj is the j-th mass participation factor, Z (w;) is the Fourier transform
of ground acceleration at circular frequency w:;. The term M; is the lumped
mass at the j-th level and hj is the height of the j-th levei of the struc-
ture.

To evaluate @, ¢ and N of the response (displacement, shear force or
overturning moment) at the j-th level of structure, equations (11), (12),
or (13) along with equations (4), (10), (2) and (8) are employed. For
example, for the case of displacement the k~th moment of |Rj(w)fD is given
by (Ref. 5):

mik = £m mkIRj(UJ) ]DZ dw
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As an application example, a 7-story shear building is subjected to dif-
ferent ground accelerations. The expected and most probable, as well as the
exact values of the maxima of displacement, shear force and overturning
moment have been evaluated (Ref. 5). TFigure 2 shows the exact (a(®)) the
expected value (E(a{®))) and the most probable value (u(a(n )) of the first
five maxima of displacement at the 7th, 6th, and 5th levels of structure
excited by San Fernando earthquake of 1971. The agreement of the esti~
mated and the exact solutions is quite good. It is noted that the re~
sponse spectrum displacement values, which are routinely available for any
groucd acceleration have not been used in this calculation.

Modified Root-Mean-Square Value

To improve upon the accuracy of the results, a method using the earth-
quake response spectra has also been developed. It is based on the simple
idea that the "correction" for the nonstationarity of excitation and re-
sponse must be contained in the relative response spectrum amplitudes
computed directly from the recorded or assumed input acceleration.

It can be shown (Ref. 5) that az'rms of the total response is the sum
of azrmS values of n corresponding single-degree-of-freedom systems. Hence,
the guestion that may be asked is: what should the azrms for each singlé
degree of freedom be, so that the expected and the most probable values of
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the largest peak (n=1), for the specific mode of vibration, are equal to its
?D (spectral displacement) value. The value of T can then be shown to be
Ref. 5):

(7p) 5 /T(aE)ij.................. (15)

B T N B 6 1)

The terms (aE)- and (a,). for the j-th level of structure are defined as
(Ref. 5): J B

(ag)*jrms = [(ap)®y, o o+ (@) s, me * +-- * (@ jnpms] - - - - - (D)
and
2 _ 2 2
(al-l) jrms ~ [(au)jlfms + (au)erms + ... + (au)zjn rms] e e . (18)
where
@Eg . = .
ji —_— = Z(aF)jims-.......-.---(19)
EE))
k-1 ji
and
SDZ,
.. =
=) 51 " a_l))) Y2 @)5ime s r s e e e e e e (20)
- .
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We are computing two different a's because E(a®)/z is slightly different
from u(a{®))/T Ref. 4). The term SDj& does not always represent the spectral
displacement at frequency w;. The value of SD* is equal to SD; (spectral
displacement) for only those computations of sl&gle-degree-of-freedom sys-
tem response involving estimation of displacement response. For a multi-
degree-of-freedom system SD?i for displacement, shear force and overturning
moment are defined as follows

% -
(SDji )p = AjiuiSDi N 3 )

1l

x 2
(sDj1 Vg = (ML A +MAi+M.A-i)aiwiSDi, R ¢4
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2
+ hj (M1A1i+ MzAzi + ...+ MjAji)]cLimi SDi‘ e e e e e e s (23

The corresponding values of E(a(®)) and p(a(n)) for the modified root mean
square are denoted by f(a(n)) and ﬁ(a(n)) respectively.

The computation of the response of the 7-story structure was repeated
using this modified definition of @, and more accurate results were obtained
(Figure 3). Comparison of Figures 2 and 3 indicates the improvement in the
accuracy of the response estimates (E(a(n)) and W(a'™) with this modified
definition of 7.

COMPARISON OF EXPECTED AND MOST PROBABLE
VALUE METHOD WITH "SRSS", ''SUM', AND '"CQC"

To compare the results obtained here with more traditional modal super-
position techniques, only E(a(l)) and E(a(l ) should be considered, since the
methods such as SRSS, SUM, or CQC compute only the maximum response of each
floor of a structure and do not deal with the evaluation of n~th local peak
of responses. To show this comparison the response of the 7-story shear
building to different earthquake excitations was computed using different
techniques. The results of the displacement response to San Fernando earth~
quake of 1971 for all the floors are shown in Figure 4. The results based
on different methods are in close agreement with the exact solution. The
SUM method gives an overestimation of the results.

The above results represent a typical response. Several other accelero-
grams with long, medium and short duration as well as different responses
(displacement, shear force and overturning moment) were considered (Ref. 5).
The results show excellent accuracy for the method summarized here (Ref. 5).

CONCLUSION

The aim of this paper is not to advocate the use of the new proposed
method when means are available to carry out exact calculations. However,
if spectrum superposition is chosen, the method presented here will give
more detailed and more complete information on the response of an n-degree-
of-freedom system than any other technique available so far. The results on
the distribution of a'™/ amplitudes (Ref. 5) help a designer to consider
the relationship between all response maxima (their number and amplitudes)
and the physical characteristics of the structural system which is designed.
The estimates of the amplitudes of the second a(z), third a'? , etc., largest
peaks of the equivalent linear system should be helpful in understanding the
number of times certain response levels may be exceeded as the structural
system is progressing into nonlinear response. These results may further be
useful for qualitative interpretation of the observed damage of structures
in terms of the number of the equivalent linear excursions beyond the assumed
design strength.
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