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STMMARY

Uncertainties exist in the use of recorded surface accelerograms as the
forecing function at sub-surface locations for soil response studies. These are
addressed in connectlon with one-dimensional shear wave propagation in this
paper. The merits of the transmitting boundary vs the nontransmitting boundary
are discussed. Inherent in the use of the transmitting boundary is the
decision as to the magnitude of the incident wave and its relationship to the
surface accelerogram. The limitations associated with the use of fifty per
cent of the recorded motion as the incident wave are presented.

INTRODUCTION

One set of traditional boundary conditions used in the computation of
one~dimensional dynamic soll behavior during selsmic events is a prescribed
total velocicy at the goll hase and a prescribed shear stress at the soil
surface; then computations produce the response in the intermediate soil
layers. If the total velocity prescribed at the soil base was obtained from a
measured selsmograph at that level in the substrata, there would be no
uncertainty about the correctness of the imposed boundary conditions. However,
measurements are seldom made at the desired soil base level; therefore rock
surface selsmographs, elither recorded in the vicinity of the soil mass or
transposed from other locations, are often imposed as the actual total velocity
at the soll base. The name of nontransmitting boundary (NTR) is given to this
type of beoundary, i.e., the case in which a prescribed total velocity is
applied at the soll base. Another set of boundary conditions for
one-dimensional studies lnvolves the use of a prescribed incident velocity at
the soil base and a prescribed shear stress at the soll surface, Joyner and
Chen (Ref. 1). fThe incident velocity is either assumed to be one-half of
the recorded surface velocity, or it 1s obtained by ilnverting the surface
velocity and then decomposing the result. Tne name of transmitting boundary
(TR) is given to this type of boundary, i.e., the situation in which a
preseribed incident velocity is applied.

Although the tople of nontransmitting, partial transmitting, and perfect
transmitting boundaries has received some attention in the literature, it
relates mostly to the representation of a semi-infinite space in the study of
surface foundations. The works of Kuhlemeyer (Ref. 2), lysmer and Wass (Ref.
3), Roeaset and Whitman (Ref. 4), and Kausel and Tassoulas (Ref. 5) are of
particular note. Joyner and Chen (Ref. 1) present the TR boundary in the
context of selsmic shear wave excitation in one-dimensional finite difference
analysis. Tsal, Lam, and Martin (Ref. 6), embrace the superlor qualities of
the TR boundary without expanding on implementation details.
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This presentation begins with a discussion of total, incident, and
reflected waves in layered media, followed by a demonstration of the
differences generated by the two types of boundaries (NTR and TR). 1t is
demonstrated that the transmitting boundary is generally more applicable than
the nontransmitting boundary if the total velocity at soil base is not
available. Then a method is discussed to invert the rock surface velocity to
get the base Lncident velocity. Finally, the usage of one-half of the rock
total surface velocity as the base incident velocity 18 evaluated.

TOTAL, INCIDENT AND REFLECTHED WAVES

The fundamental condition relating the component waves to the total
wave is:

Vp = Vg + Vg 1)

in which, Vp = total velocity, Vp = reflected veloecity and Vi = incident
velocity. Applying the method of characteristics, as described in Refs. 7 and
8, for waves traansmitting across two distinct medlia both in a semi-infinite
domain, the relations amoungst total, incident and reflected velocities, if
energy dissipation is neglected, are:

VD = 2 Vi (2)
L, Pi-l Y841
Py 8y
Vp = 2 Vg )
R
PL Vs,

in which, p = mass density, vg = shear wave velocity, and the indlces 1 and i-]
refer to the bottom and top layer numbers, respectively.

Figure 1 1s a sketch 1llustrating the one-dimensional shearing waves
propagating in the different media in the physical z -x plane. Two parallel
conditions are deplcted: a rock-rock interface and a rock-soil interface.
Since the lower layer 1s homogeneous and subject to the same assumed selsmic
source, points a, b, ¢ and d receive the same incident velocity: thus,

w w Yy = ¥

Vi, = Vit Vi otV (4
Use of Eqs.(2), (3), and (4) shows that the total velocity, Vg , at the
interface of rock and rock is different from the total valacity,b Vp , at the
interface of rock and soll. A logical and important conclusion from 4 thisg
observation is that it is more reasonable, in general, to assume a common
incident velocity at level b~d in the substrata, Fig. l, than to assume a
common total velocity.

DIFFERENCES GENERATED BY THE TWO BOUNDARY CONDITIONS

[t 1is desired to illustrate the differences created by the two base
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boundaries (NTR and TR) as precisely as possible; therefore, it is assumed that
the soll and rock are linear and elastic. This is reasonable for rock behavior
during siesmic events, but it is quite unrealistic for the soil whose response
is of primary concern. The assumption of linear, elastic, and homogeneous
conditions in the soil is not necessary; it is done only as a convenience so
that the differences in results can be properly attributed to the differences
in boundary conditionms.

A subsurface condition is illustrated in Fig. 2 in which the soil response
is desired. Material properties and strata thicknesses are shown and the rock
surface velocity 1s assumed known., Separate studies utilizing NTR and TR
boundaries are performed. Assumed rock surface velocities in the study are
either a sine wave motion with unit amplitude, or the 1940 N-S El Centro
earthquake.

Nontransmitting Boundary. By use of the shear wave compatibility equations
along the characteristic lines shown in Fig. 3, one can obtain (Ref. 8):

Vp =2V =Yy (5)

When the entire domain between the top free surface and the base
nontransnltting boundary, Fig. 3a, is visualized as a one-dimensional
sub—strata system it can be seen that this boundary entirely isolates the
system from the sub—base conditlons. Energy introduced at the base is trapped
in the system. In a non-dissipative system, if the excitation continues at the
base, the amplitude of the surface motion may be expected to reach a high
magnitude. Figure 4 illustrates such a case in which a sine wave is imposed.
The response shows a beat representing the combination of the forcing frequency
and the soill natural frequency. 1In the special case of the natural frequency
of the system matching the frequency of the forcing motion at the base, an
unbounded resonance occurs in this nondissipative system.

Transmitting Boundary. Application of the method of characteristics with the
TR boundary, Fig. 3(b), leads to

Vg = __ 2 vp + 1 Y, (6)
1 Vs P2 Vg
V4L 1+___ 2
P2 Vsz P1 Vs
1

The velocity V, at the surface may be obtained by use of Eq. (5). The
transmitting boundary at the base permlts an interchange of energy between the
substrata system of interest and the underlying medium. Only a portion of the
energy input at the base contributes to the ultimate surface motion as some of
the input that is reflected back to the base is tranmsmitted out of the system
at that level. Even with the nondissipative medium the amplitude of the free
surface motion can be expected to remain small compared with the motion
caleulated with the NTR boundary, Fig., 5. In the special case of matched
frequencies, the amplitude of the free surface motion remains bounded.

Another feature that emphasizes the difference between two boundaries may

be noted when the forced motion at the base stops. With the TR boundary the
soil motion ultimately returns to a static condition, whereas the NIR boundary
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does not allow energy to escape and therefore the computed motion continues
indefinitely. The former effect is illustrated in Fig. 6. With the NTR
boundary, the forcing motion, Vq, is zero when the excitation ceases. 1In Eq.
(5), at any j th step:

vp:j =T vurj 7

This shows that Vp,j will never change magnitude, but will change sign at
each step.

These examples demonstrate differences generated by the two boundaries,
and generally confirm the rationality of the transmitting boundary. However, a
requirement for use of the TR model is knowledge of the actual incident wave at
the base of the soll to be studied. The next section presents equations to
compute the incident velocity at level B »r C, Fig.2.

DETERMINATION OR INCEIDENT VELOCLTY

In this section it 1s assumed that the surface velocity is known at a
seismological station at a rock outcry. The total velocity and shear stress at
the bottom of a layer can be related to that at the top of a layer by use of
the method of characteristics:

Vitl,§ = 2 (Vg g41 + Vi 9) + _2._1___. (tg,441 = 71,1) (8)
2 PivVg
1
) Oivsi
T4,y = L (T3 ot g) + (Vg,541 = V1,3) (9)
2 2

in which, index i represents the layer number measured from top to bottom, and
index J represents increments in the time direction. Computation begins at the
rock free surface where V ig given and © = 0. At the first step V and ¢ are
computed at the interface between layer 1 and 2, with 1 = | and jwl.z,..,zn"l.
By repeating the same procedure, V and t may be determined at the interface of
all layers in the rock. Once the total velocity and shear stross at an
interface are computed, the method of characteristics may be applied to find
the incident velocity at the interface:

\ =1V ! (10)
T,y Ty M g T
i

It may be noted in EBq. (10) that if the rock consists of one homogeneous
material the incident velocity of one~half the surface velocity may be obtained
by inserting t = 0. Flgure 7 does not invert the total rock surface velocity
to get the incident veloclty at the level C, Fig, 2, but simply use one-half
the total rock surface velocity as the incident velocity at level B, Fig. 2.
The soll surface response in Fig. 7 is similar to that in Pig. 5. Due to the
simplification in computation and the similarity in results, recommendations
may be possible to favor this model, rather than use of the more precise
incident wave model. It is thus the final objective of this study to find the
ratioc of rock surface velocity that should be used to represent an actual base
incident velocity.
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FREQUENCY DOMAIN METHOD

The equation that describes the vertical propagation of shearing waves
without dissipation is:

0 32\1 = G 32\1
at? 522

zZ

an

The solution to Eg. (11) for a sinusoidal motion of frequency w is available
in a number of the standard mathematics texts (also Ref. 4) and is:

u (z,t) = (Belkz 4 pe—ikzy it (12)

in which k = (pu)z/G)l/2 The time derivative of Eq. (12) gives the velocity,
V(z,t), and the shear stress is given by, t(z,t) = G 3u/9z. The incident and
reflected waves traveling in the negative (upwards) and positive (downwards)
z-direction may be identified in Eq. (12).

The amplitude of the total veloclty and shear stress at the top of a
layer VU and TU , can be related to that at the bottom of a layer, VD and

cos kph, 1Z, sink h, Vy
n (13)
sink h
m coskphy Ty
m
in which, = w/kmhm, and h, = layer thickness. It is convenient if Eq. (13)
is expressed as
{D}m = {F]m {U} m (14)

The total velocity and shear stress at the bottom of the (m-1) th layer
is the total velocity and shear stress at the top of the m th layer. When the
computation proceeds from layer 1 to layer n, repeated application yields

{D}n"[F}l[F]z ...[F}H{U}l (1%
Since the objective is to find the velocity ratilo, it is convenient to

use a gine wave of unit amplitude as the total surface velocity. Then the
vector U , at the free surface is

{u} '{“é} (16)

If [J] represents the product of the matrices shown in Eq. (15), the
incident wave E, may be obtained:

(17

Once E, is defined, the amplitude of the incldent velocity at the n th layer
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is defined as the modulus of wE,. The velocity ratio, r, between base
incident velocity and total surface velocity is

r = |wEq] (18)

In Eq. (18), w and B, are independent of time; thus, the ratio, r, is also
independent of time. This method provides the layered system response in the
frequency domain instead of the time domain. Among other things it allows one
to investigate the variation of r with frequency and to find the critical
frequencies at which the ratio is maximum or minimum.

Based on the method, several numerical examples were tested with u» in the
range 1-125 rad/sec, G in the range 9(1m8 —7(1m)9 psf and specific gravity in
the range 2.5 -3.5. 7Two types of rocks were investigated: one in which the
properties become weaker towards the surface, and the other in which the
properties become stronger towards the surface. Results show that 0.15 < r <
0.5 for the former. This means that the use of one-half the measured surface
velocity would be the same as using a forcing function always greater than or
equal to the actual incident velocity. In the unlikely situation of the
properties becoming weaker toward the surface 0.5 < r < 1.65. In this case the
ugse of one-half the measured surface velocity would he the same as using a
forcing function always less than or equal to the actual incident velocity.
The ratio, r, is obtained from a sinusoidal velocity with frequency, w, but it
can be extended to a seismic motlon by using Fouriler analysis.

CONCLUSION

Measured surface records of previous earthquakes are often used as the
excitation source for prediction of 301l behavior with numerical methods. With
these selsmological records, the appropriate bhoundary condition for
one-dimensional seilsmic analysis of soil was examined in this study.

l. The use of the actual rock surface veloclty as the prescribed motlon at a
nontransmitting boundary is not recommended. Alternatively, 1f the actual
physical motion (total velocity) at the soll-rock interface were known then
the use of the nontransmitting boundary would be justified.

2. The use of the original incident velocity as the foreing function at a
transmitting boundary 18 most precise., The location of the cransmitting
boundary i1s at an interface in the substrata below which the rock might be
assumed to be homogeneous. The incident veloeity 18 obtained by inverting
the rock surface velocity.

3. If field data shows that the rock property is of the type that becomes
weaker toward the surface, the usage of one-half surface velocity to
represent the actual incldent velocity 18 proper inm the englneering sense,
since the approximation is conservative.

4. If field data shows that the rock property is opposite, the usage of 165% of

the rock surface velocity would provide a conservative computation. It is
noted that rock of this type is very unusual and probably seldom exists.
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Fig.3. Method of characteristics in
z—t plane, free surface with base
boundaries (a) NTR and (b) TR.
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