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SYNOPSIS

The nonstationary, nonlinear response of hysteretic structural systems
to stochastic earthquake-like excitations is studied in relation to the
assessment of the structural reliability. An analytical procedure to be
available for the stochastic response analysis of hysteretic systems with
strong nonlinearity is developed without recourse to the equivalent lineari-
zation technique. The ultimate anti-seismic safety of structures subjected
to destructive earthquakes is discussed mainly from a random low-cycle
fatigue viewpoint. Numerical example is given for the typical bilinear hys-
teretic system, and the present results are compared with those of the Monte

Carlo simulation.
INTRODUCTION

In relation to the ultimate anti~seismic design procedure which guaran-
tees the safety of structures to intense earthquakes in their ultimate state,
the probabilistic determination of the seismic response and reliability of
severely nonlinear hysteretic system are essentially important. In the pre-
sent study, an approximate method for the stochastic response analysis of
hysteretic systems with strong nonlinearity is presented without recourse to
the equivalent linearization technique. The piecewise hysteretic character-
istics considered here can be expressed in the forms of appropriate first-
order quasi-linear differential equations which make the Fokker-Planck for-
mulation possible. The time-dependent statistics of responses, including
cumulative plastic deformation and low-cycle fatigue damage, are obtained as
solutions to a set of nonlinear first-order differential equations.

Under the anti-seismic design philosophy which permits inelastic re-
sponse during a intense earthquake, there is the possibility of some repeated
plastic deformations. Hence, it is important to evaluate the safety of
structures from the point of view considering the so-called low-cycle fatigue
phenomenon (1,2). The problem of random low-cycle fatigue is complex and a
universally available theory for fatigue failure does not seem to exist to
date. In this study, the statistics of fatigue damage and the reliability
function (the probability of survival) for such failure measure are exsmined
according to a linear cumulative damage theory. Thevanalytical method is
illustrated by an example for bilinear hysteretic systems to nonstationary
Gaussian white noise, and the analytical results are compared and checked by
the results of the Monte Carlo simulation.

HYSTERETIC SYSTEM
The restoring force in a structural system may be modeled by hysteretic

characteristics which depend on the past time history of response. The hys-
teretic system considered here is mainly the well-known bilinear hyster-
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etic type as shown in Fig. 1. The bilinear hysteretic characteristic P(x.x),
nondimensionalized to have unit rigidity for the first branch and a rigidity
I for the second branch, is expressed as

Bx,3)= Xx~U-F) POGX) , =4 (1)
vwhere x is the nondimensional displacement with reference to the elastic
limit deformation, and @(x,%x) represents the backlash characteristic as shown
in Fig. 2. Introducing the new state variable Z defined on the range [-1,
1], the backlash characteristic ¢ and its time derivative ¢ are given by
the following forms (3,4): LU ; E=1

@P=x-z vhere IZEIZI, 4983(1,3)'-" 0 . 5 IEl<t (21
xVU(=x) ; Z=~|
where |J(+) is the Heaviside unit step function.
Furthermore, the above expressions can be easily extended to the polylinear
hysteretic characteristics as follows:

P4 .
Byx) = X - B (G=50 F60) ) §=x-55 5 15158, §i=h=I (3)
where ¢; is the backlash characteristic with a clearance 2§; of dead zone and

wnit slope, and ¥ and 9; are the rigidity ratio of the j-th branch and the
deformation at the end of j~the branch in the virgin curve, respectively.

STOCHASTIC RESPONSE OF HYSTERETIC SYSTEM

The dimensionless equation of motion of a single-degree-of-freedom
bilinear hysteretic system is expressed as

Z+2hx+ Bor)=-§0), f=dB)E) | MaxldO] . (%)

where h is the critical damping ratio, &it) represents a deterministic
envelope function, and ¥{t) is the white noise with zero mean and the
spectral density So. The jJoint probability demsity function Pp(x,Y,Z;t) of
x s Y (=x) and 2 1is governed by the Fokker-Planck equation

- -g%;lr%{[zhg+rx+(l—r)3]ﬂ+-a?-z{[glg,2)-—y] P+ 52 %’: 5 SH)=2XSeot€) (5)

No exact.solution to.Eq. 5 is obtained up to date. However, an infinite set
of the first-order differential equations for moments M,mn;t) of the re-
sponses can be derived from Eq. 5, namely

Mib,m,n)= 0 Me-1,m+1,m )= m{zh M(Lm,n)+rMel,m—,n) +(1-F) ML, m-[, 410 } (6)
+"I‘? mim=1) M (4,m-2,n) +n {M(I, M+, n-1) = N(o,m,n)} , tmm=o0,1,2, ...

VheTe  Mig,mn3t) = fﬁ Xy"e" pex, g, 25t) dxdyde

N(&,M7;t) = IB Xy g1y, Py, 2 t) dx dy dE

Here, the unknown probability density function PpP(X,¥,Z5t) is expressed in
series of multi-dimensional Hermite polynomials. In usual cases, attention

is focused on the covariance between responses which are of primary interest.
Therefore, an approximate analysis may be effectively performed by introducing
a simplified probebility density function derived from the normal probability
density function. By taking account of the non-Gaussian distribution of 2
which is evident from its definition, the probability density function may be
assumed to be spproximately given by the truncated form -1

00 ’ v ’
plx.yg,2it)= [UIW)—UG—DJWIM,M)-&&li-l)'Swu.g,z;t)dzu(zn)l wriny,ast)de’ (8)
- 00
vwhere Wi(x,4,2;t) is the normal density function with the covariance matrix k.

(7)
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By making use of Eqs. 6 to 8, the covariance matrix WK of responses can be
numerically obtained (4). Note that in general K # e .

The above mentioned method can be applied to the. evaluation of cumulative
plastic deformation which has attracted interest in relation to the anti- .
seismic safety of hysteretic structures (5). Although the plastic deformation
process is naturally discrete process in time, the cumulative plastic defor-
mation can be expressed as the continuous integral with respect to time

+ t, . - t, .
mplt)l=(l—r)5 lew)ldt’ | q;'(ﬂ:u-nj pyUl@Idt | qpmz(l-r)f’ QY UC-)dt (9)

where |fplt)] is the absolute accumulation of plastic deformation, and Np )
represents the accumulation of plastic deformation with positive (negative)
velocity. The mean value of cumulative plastic deformation can be obtalned

by using Eqs. 2, 8 and 9.
LOW-CYCLE FATIGUE DAMAGE AND RELIABILITY

Before going into the main argument, consider the following two failure
criteria: 1) The failure occurring when the instantaneous displacement response
exceeds its limiting value, 2) The failure occurring when cumulative hys-
teretic energy exceeds its capacity. The reliability functions, for the two
failure criteria, obtained through the Monte Carlo simulation to a bilinear
hysteretic system subjected to the stationary white noise excitation are
plotted in Fig. 8. Here, Ng is the ductility ratio of static fracture
deformation. By comparing the two reliability functions for the same value
of Mg, quite large difference is observed. It is suggested from results of
experimental studies of structural members and frames that the failure of
structures with relatively stable hysteresis may occur according to the low-
cycle fatigue criterion rather than the above two extreme criteria, because
the instantaneous deformation criterion is too conservative, while the cumu-
lative energy criterion is too unconservative (1,2).

To apply the low-cycle fatigue damage criterion to the continuous random
response process (6), the cumulative damage function Wit) is defined by the
following integral of the continuous damage rate function \iﬁ(f) (7):

Yit)= g:\i(t')dt' , b=k A 1x1%" x| (10)

where @ is the parameter representing the type of low-cycle fatigue.
By considering the cumulative damage as one of the state variables, the
Fokker-Planck equation for Pp(x,Y,2,¢;t) is given by

% = -y3f+ gy {hyrrartmn 2le+ Fifau v-g1ph+ fLuid g1 28+ s;*’g‘;; (11)

Similarly as in the preceding section, from moment equations and a simplified
probability density function by taking account of the range where W&0, the
statistics of cumulative damage can be obtained. Under the assumption that
the llgltlng value of cumulat:l.ve damage is unity, the reliability function is
given by

Rt)=Prob [¥t<1] = _gdxjgajgzgdw P(x,y,2,45¢) (12)

NUMERICAL RESULTS

To verify the results obtained by the present approximate method, a
numerical simulation based on the Monte Carlo technique has been ca.rrled out .
Analytical and simulated results are presented for both stationary and non-
stationary Gaussian white noise excitations.
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Under stationary excitation, i.e., ol(t) = Ult), the variance Kxx of
displacement, the variance Kgy of velocity and the average cumulative plastic
deformation E[Mpl] are shown in Figs. 3(a), (b) and 6(a). For a nonstation-
ary excitation with the envelope function shown in Fig. 4, the results of Kxx
and E(Mpl] are shown in Figs. 5 and 6(b). The abscissas of these figures
show the nondimensionsl time with reference to the natural period +to (=2m)
of the associated linear system. In these figures, the simulation results
indicated by dots are also plotted. The agreement between the present analy-
tical results and the simulation results is satisfactorily good except for
the case of nonpositive rigidity ratio. It is shown that the response charac-
teristics of bilinear hysteretic systems are quite sensitive to the rigidity
ratio, and there exists the rigitity ratio minimized the displacement response.
For the case where F <0, both the displacement response and the cumulative
plastic deformation increase rapidly within the short time-duration.

The mean demage EW(t) and the reliasbility function R{t) obtained by the
analytical and simulation methods based on Eq. 10 are shown in Fig. 8.
Choosing Nf and @ as parameters,E¥it) and RIt) under stationary and non-
stationary excitations are shown in Figs. 9 and 10, respectively. From these
figures, it is shown that the reliability function tends to decrease abruptly
after EY +3 0y reaches the critical value of cumulative damage, where oy is
the standard deviation of ¥ . It is also found that the relisbility function
is significantly influenced by the values of NF and & , which depend on the
structurel materials, member compositions and geometry, as well as by the pro-
perties of earthquakes, such as the nonstationarity and the duration-time.

CONCLUDING REMARKS

An anslytical procedure to determine the stochastic response and the
religbility according to low-cycle fatigue failure criterion of hysteretic
structures to earthquake-like excitations has been developed. The method is
basically the Fokker-Planck approach which is based on the differential rep-
resentations of polylinear hysteretic characteristics and cumulative fatigue
damage. It is emphasized that the method is applicable to the nonstationary
stochastic response analysis of hysteretic systems even if the response pro-
cess is broad band. The cumulative plastic deformation can be also evaluated
by using the differential representation of hysteretic characteristics.

Numerical examples show the results of the present analytical method
are compared satisfactorily with the results of the Monte Carlo simulation.
The general remark found from the numerical results is that because the
fatigue failure criterion prevails over the instantaneous deformation cri-
terion, the consideration of the meximum displacement response alone is not
sufficient for thé evaluation of the anti-seismic safety of hysteretic
structures, while, for the hysteretic structures with nonpositive rigidity
ratio, careful attention must be paid to the unstable increase of plastic
deformation due to one-sided drift of the center of hysteresis.
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Fig. 6 Average cumulative plastic deformation
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Fig. 9 Mean damage and reliability under stationary excitation
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Fig. 10 Mean demage and reliability under nonstationary excitation
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