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SYNOPSIS

This paper reports am investigation into the forms that consummste
eonstitutive relationships might assume for a soil subjected to low frequ-
ency cyclic triaxial compressive stress, The investigatiom combined a
study of stress-strain relationships with an examination of energy storage
and dissipation characteristics.

By conducting a series of tests in which the spherical and deviator-
ic components of stress were simultaneously varied it was found possible
to derive comprehensive stress—strain-energy relationships using computer
orientated statistical techmiques. These relationships were derived in
terms of stress and strain invariants and mey represent an advance on
earlier constitutive relatiomships,

INTRODUCTION

A ¥nowledge of the forms that comstitutive relationships may assume
for dynamically loaded soils is an essential prerequisite to the analysis
of foundations subjected to earthquakes and other dynamic loads., Ideally,
a constitutive relationship for a soil should not merely embrace the eff-
ects of changes in the stress magnitude, O, but should also include the
geometry of the problem, x, the stress history, s, and the effects of
stateparameters such as the voids ratio, e, and the degree of saturatiom,
S . Moreover, it is often necessary to consider the effects of such env-
1Fonmental parameters as the temperature, T, Where dynamic loading cond=-
itions are encountered, the effects of time, %, and frequemncy,«’, mugt
also be included., Thus, in general, a comstitutive relationship might be
written as

LeJ ='F(D5],[?x3’{:e]9 £s1,s 9.T; E,o,. .. 0) (1)

The effects of each of the factors listed in eqn.i on the respomse of
soils to cyclic loading have been reviewed elsewhere ( Shackel, 1973a ).
This review includes a critical assessment of vxisting stress-strain rel-
ationships for cyclically stressed soils, ‘

In the past it has been customwary to simplify the problem of defining
constitutive relationships by considering emly a specified combination of
state and environmentsl conditions and just one particular instant in the
stress history experiemced by the soil, This approach is, however, in-
adequate for defining the response of soils to earthquake or dynamic
loadings, Here it is usually necessary to define the soil behaviour thro-
ughout some complex stress history during which the state and environment-
al parameters may sometimes alter.

Currently only two approaches to defining constitutive relationships
are in common use, These are the phenomenological approach employing
some idealised response model and the simulation service approach in
1
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which an attempt is made to simulate, in the laboratory, the stress comd-
itions observed in the prototype soil mass, Of these two approaches the
simulation services techmique has an adventage over the phenomenolegical
approach in that it requires fewer priorassumptions concerning the nature
of the soil respomse., For this reason the simulatiom service approach was
adopted in the work reported here,

Of the various tests that may be employed in the simulation service
approach to defining constitutive relationships, the triaxial compression
test is still the most versatile technique available. Unfortunately this
test cannot simulate the full range of stresses ( or strains ) observed in
prototyps soil masses, Comsequently it is not possible to derive complet-
ely generalised stress-strain relationships from triaxial testing techni-
ques, However, provided that certain simplifying assumptions can be made,
e.8., that the soil behaves isotropically, then the limitatioms of the test

method can be largely overcome by expressing the observed stress-strain
relatienships in terms of invariants of the stress and strain tensors.
Adopting this approach, it is then sometimes possible to wvalidly apply a
constitutive relationship derived for ome particular stress or strain con-
dition to the analysis of some other differemt, and perhaps more complex,
stress and strain systen,

CONSTITUTIVE RELATTIONSHIPS FOR SOILS

As noted above, there are some advantages to be gained by expressing
constitutive relationships for soils in terms of stress and strain invar-
iants., However, it should be recognised that it is usually inadvisable t»
attempt to formulate stress-strain relationships in terms of just single,
arbitrarily selected, stress and strain components. This can best be ill=-
ustrated by referemce to Fig.1. This figure shows data obtained by the
author for the cyclically stressed soil used in the experimental work and
is plotted for the 1st and 10,000th stress cycles. It will be seem that
the relationships between the first and second stress invariants and the
octahedral normal and shear strains cannot be represented by unique curves

n

but depemd on such factors as the principal stress ratio, U, / &> and the
-strain relationships it is necessary to derive the relationships in
verms of all the relevant stress-strain and and stress history parameters.
relatienship between stress and strain, even in the non-linear range, by
expressions of the form
2
: )
and ® P o)+ £ (7..)+ 2% (o 54
normal and shear stresses and £ ..« and ¥,.. are the corresponding octa-
hedral normal and shear strains, Since the octahedral stresses and strai-
strain temsors, they are themselves invariant. The parampters, Fand € ,
are functions of the third stress and strain invariants respectively.

number of stress applications, Thus in order to obtain satisfactory stress
Newmark ( 1960 ) has suggested that it may be possible to define a
sl fadt elEdte g

where £; to g, ard arbitrary functfons, 0o., and® ... are the octahedral

ne are functions of the first and second invariants of the stress and
For the purposes of this paper, the author has assumed that eqns. 2,

3 and 4 may be simplified to the followin%
oce = f1 (O—-o‘c,) + f2 ( Jct) isg
P oce = f3 (Coce) + T4 (Zoce) 6
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The problem of defining comstitutive relations is them resolved into det-
ermining suitable forms of the functions fytof4 . This is now consid-
ered for the particular problem of a soil subjected to cyclic compressive
stress, The method described is, however, applicable to a much wider
range of stress conditioms,

The effects of subjecting a soil to cyclic loading along a stress path
for whick ' /5remains constant are shown in Fig,2, Here the stress
path is represented by OABC and, if the test is repeated at a number of
different stress amplitudes, the pesk stiresses are represemted by A, B,
and ¢, For each particular stress amplitude, the soil will accumulate

strain energy during each loading cycéle such as OA1 ’ DA2 etc, This input

train ener, W, is given by P
° ng,’j(, 3} %.u -( yace + j;‘:a;a:“/é;:e) (7)

where the subscrip"l;s, i and p, refer to the initial and peak stress con-
ditions, Similarly during unloading, part of this gztraig energy will be
recovered, 'l‘hig recoverable strain energy, R, is given by

B=3( J7 Tt ol Dou +j§o:“ AL, (8)
Here the subscrfpt, £ o refers to the conditioms at the conclusion of the
unloading cycle, For most soils, the energy recovered will be less than
the energy loaded into the soil and some energy dissipation or damping
will occur, Using the nomenclature proposed by Lazan ( 1968 ), the Spec-
ific Damping Energy, D, is given by ‘

D= W=R (9)

In order to define the functions £, to f4 in eqns. 5 and 6 it is
necessary to perform a series of cyclic loading tests both over a range of
peak stress conditions, as shown in figure 2, and also over a range of
principal stress ratios, <7 /&3 ( or, alternatively, of confining stress-
es, O3 ), It will then be found that, for some designated number of
stress cycles and at some particular instant in the stress history, such
as that corresponding to pesk stress, the strains represemted, for example,
by points A,, B,, and 01 in figure 2, will each lie on a surface inclined
in three ditensiomal £1L.,( or %..¢Y, Coee » Toue space . Such a
surface will, however, only be umique for the particular instant in the
stress history under study.

In general the strain-stress surfaces will be curved. However, by
either restricting the range of stresses studied, or by replotting the str-
esses and strains on logarithmic or other suitable scales, the surface may
often be represented, to a good approximation, by a flat plane, Then,
by using the well established techniques of multiple linear regression, a
suitable model can be drafted to represent this plane,

One such simple regression model is shown in figure 3, linking some
arbitrary strain component, € , to the applied stresses, This is repres-
ented by the plane EFGH in the figure and can be expressed as

6 = a 2:¢¢ b b O;c_t -+ (¢4 (10)
where a, b, and ¢ are empirical constants.

The selection of a suitable regression model must either be based on
previcusly published relatiomships or must be chosen quite arbitrarily.
However, once a model has been selected, then the linearity and the fit of
the model to the experimental data con be tested using statistical Proce=
dures, The selection of the most suitable models for defining constitutive
relationships must be carried out on a trial-and-error basis and there is
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no guarantee that any of the models examined will be fundamentally correct.
Nevertheless, a model which is a good fit to the data can usually be emplo-
yed with confidence to obtain engineering predictions of the strains res-
ulting from any combination of stresses lying within the domain of the
experimental observatioms.

As well as relating stress and strain, regression methods can also be
used to derive relationships between the input or damping energies and the
applied stresses, Thus, for example, the plane ABCD in figure 3 might rep-
resent a suitable regression model linking the Specific Damping Energy, D,
to the octahedral stresses,

THE EXPERIMENTAL WORK

The purpose of the experimemntal work was to determine whether it might
be possible to characterise the respanse of a cyclically stressed soil in’
terms of a number of simple linear and nom-linear regression models, rel-
ating the atrains and emergies to the applied stresses, and to examine the
effects of a well defined stress history on the constants needed to define
the regression models, The influence of structural changes in the soil are
not considered here but have been described earlier { Shackel, 1972a )e
The work reported here complements previously published stress, strain and
damping studies ( Shackel, 1971; 1972b; 1973b; 1973¢ ).

Soil Characteristics and Testing Procedures

An artificial soil was used in the experimental work which combined
both frictional and cohesive characteristics in roughly equal proportioms.
This comprised a mixture of 60% sand and 40% Kaolin by weight and had a
liquid limit of 637 and a plastic limit of 35%. Specimens of the soil were
prepared by flgating mould compaction ( Shackel, 1970b ) to a dry demsity
of 115.8 1b/ft” at a degree of saturation of 80%,

After curing for three days at 20°C, the specimens were subjected to
10,000 cycles of logding in a special triaxial cell incorporating friction-
less end platens and comprehensive electronic instrumentation, This equip-
ment has been described in detail elsewhere ( Shackel, 1970a ). The tests
were essentially unconsolidated and undrained although the pore air press-—
ures were a‘l)lowed to equalise with atmospheric pressure. The test tempera-
ture was 20 C and the frequency of loading was 2cpm. Bach test involved
10,000 stress applications and ran continuously for about 84 hours,
Measurements of the axial and radial stresses and strains were recorded
automatically, for complete cycles of loading and unloading , at nineteem
predetermined stages during each test.

In order to examine the stress-strain-energy behaviour of the soil an
incomplete, fully randomised factorial experiment witheut replication was
implemented, This comprised 17 tests., The factors studied were the magnit-
ude of the peak octahedral shear stress, C ... , and the octahedral stres§
ratio, Coct ,” Uice . Four levels of Z... renging from 5.66 to 22,6 1b/in
and five levels of Zoce / Toce  ranging from 0,61 to 1.07 were studied.
Thus each test involved a different peak value of the octghedral normal
gtress, T oce . In all the tests, the stress paths followed during loading
and unloading were chosen to maintain the ratio Z-.. /O;., constant, l.e.
the paths were similar to path OABC in Fig, 2.
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Analytical Procedures

The data from the cyclic loading tests were reduced by means of spec~
ially written computer programs, These evaluated the various stress and
strain parameters as well as the integrals needed to define the input and
damping energies, The reduced data were then grouped according to the num-
bers of stress applications at which observations had been recorded, Each
of these data groups served as an input to a multiple regressiom computer
program, This program was used to determine the constants needed to define
the various regression models selected for examinatiom. zThe program also
calculated the coefficients of multiple determination, r~ 3 a measure of
the regression linearity.

RESULTS

It was found that, for the stress paths and stress levels used in the
experimental work, the radial strains were extremely small and that conseq-
-uently the soil was always closeto the K condition; the conditiom of
earth pressure-at-rest, Consequently th® contributions of the radial strain
to the storage and dissipation of strain energy were neglible and the value
of W and D reported here are based on axial strain measurements only.

The first models selected for study were simple linear models of the

form , _ a, Toce + b, Tocs + ¢4 11)
D= 8,00 +b 5, Zoce  * G 12;
E;‘;-"" &30‘oc¢ + b3 z’ace + 63 13
L 8,Coce + b, Coce  + ¢y (14)

These models were studied both with the constants, C, included and with the
canstants suppressed. In gemeral, for the model relating the input energy,
‘W, to the stresses, the coefficients, a5 b, and ¢, did not show any obvious
trénd with incressing numbers of stress cycles. szever, the coefficients
needed to define the models represented by eqns. 12, 13 and 14 all showed
some dependence upon the number of load applications, This is shown in
figure 4, From the figure, it may be seen that, in general, suppressing the
constants, C, had only a minor influence on the coefficients of Zcc. and Joce.
It may also be seen that, after the first load cycles, the coefficients
needed to define the damping-stress model given as eqn. 12 did not apprec-
iably alter., By contrast the coefficients needed to define the stress-—
strain models represented by eqns. 13 and 14 gradually increased as the tests
proceeded,

‘The linear models represented by eqns. 11 and 14 were compared with non-
limear models described elaewhere ( Shackel, 1973b; 1973¢c ), These non~-
linear models took the general form w -

D &, or X, = K .Zo - Ooce (15)
where K, u and V were empirical constants, It was found that, in the case
of stress-strain rglationships, the linear models generally gave distinctly
better values of r~ than the non-linear models, irrespective of whether or
not the constants, C, in the linear models were suppressed. However, in the
case of the damping-stress relationship, the non-linear model was marginally
superior to the linear model. For all the models, the r” values usually
ranged between approximately 0,8 and 0,99.

. It was found that, for a designated number of load applications, there
was & unique relationship between the input energy, W, or the specific
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damping energy, D, and the two octahedral strains, &,..and ¥o.e o This is
shown diagramatically in figure 5 as ABCD, The relationship between the
octahedral shear and normal strains, shown as AGFE in figure 5, could, as
an excellent approximation, be written as

Xoclz = C- EW:?. ' (16)
and values of the comstant C are shown in Fig, 6 as a function of the
number of load applicatioms,

It was then determined that the input and damping emergies, W and D,
could be related to the octahedral shear strains, d.c., by the relation-

ships W= KV che’ 17
and D=K; X o ' 18
The empirical comstants, K and K., and the exponents , n, and Dy

are shown in Fig, 7 as functiond of thg number of load applicationms,

An important inferemce can be drawn from a considerstion of the var-
ious damping-streass, strain-stress and damping-strain relationships given
as eqns, 12, 14 and 18, This is that neither the linear nor the non=linear
damping-stress or strain-stress models discussed in this paper can be regar-
ded as being complete, This is most easily illustrated for the case of the
linear models, Similar comments, however, also apply to the non-linear
models of the form given in eqn, 15, If the octahedral stresses are varied
along a path, such as NP in fig., 3, so as to maintain the damping, D,
constant, then, unless the ratio of the coefficients a 5 is equal to the
ratio a4/b ( eqns. 12 and 14 ). the octahedral sheer gtrain, Yoce, will
very as thé stresses change l.e,.,with reference to Fig. 3, JK will not be
parallel to LM, This is not compatible with eqn 18.

It is therefore probable that any full constitutive relationship for
the so0il should at least include stress, strain and strain energy para-
meters. Two such relationships were arbitrarily selected for study. These
could be written as
and Xocz"’ a Ooce « + bt:é + cD + d (1 )

)/oct: K 2::_& . :Dv- o-oc-ew (20
vhere a, b, ¢, d, u, V and W were empirical constants, Regression analyses
revealed that the linear model represented by eqn. 19 gave a marginally
better fit to the data than the non-linear model given as eqn, 20. The
coefficients neededto define the linear strain-stress-damping model are
given in Fig.8 as functions of the number of,load applications, Values of
the coefficient of multiple determination, r , generally ranged between
0,83 and 0,97,

CONCLUSIONS

The work reported in this paper demonstrated that, by using regression
techmiques, it was possible to derive both linear and non-linear stress-
strain, damplng-stress and damping-strain relationships in more rigorous
forms than most relationships reported hithertoo, The various models were
derived in terms of invariant parameters. Consequently the models are not
merely limited to describing the triaxial stress conditions under which they
were derived , but, subject to certain assumptions ( e.g. isotropy ), may
be applied to the analysis of more complex stress situatioms,

For the relatively simple models selected for study here, it was shown
that it was necessary to incorporate parameters reflecting energy changes
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into the stress-strain relationships, However, it is not suggested that
the stress-strain-damping model described here is, itself, complete.
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