ELECTRICAL ANATOG FOR EARTHQUAKE SHEAR STRESSES

IN A MULTI-STCREY BUILDING

M. J, Murphy, G.N, Bycroft, L,W, Harrison®

1. ABSTRACT

An electrical analog for the solution of the motion of a multi-
degree of freedom resonator when subjected to irregular impulses of the
nature of an eerthqueke is described, The frequency band is swept very
closely and the spectra produced show that vibrations other than the
fundamental have, in generel, little significance.

2, INTRODUCTTON

The enalysis of the effects of an earthquake on a building is very
complex, in that a building has infinite degrees of freedom, Bending,
shear and torsion will exist in all the components., The full solution
of such a problem is not practical., It is reasonable then to consider
a much simplified model, The ground motion of an earthqueke is substa-
ntially horizontal and the motion of meny types of buildings, especially
steel frame construction, mey be taken as that of a compound oscillator
consisting of rigid masses comnected by shear springs., The rigid masses
correspond to the mass of each floor and the shesr springs to the shear
stiffness between storeys, The analog represents electrically this model,

In other types of building construction, such as the bearing wall
type, bending of the wells between storeys is more significent than
shearing and a different analog circuit would be necessary,

Much work hes been done previously on preparing spectra of single
storey structures, Assuming reasonsble velues for the damping of a
structure these spectra indicate a great magnification of the earthquake
scceleration due to the partial resonance built up., Biot (1941) used a
mechanical torsional pendulum and Housner (1951) an electronic computer
to prepare spectra of many American earthquekes, The indicated acceler-
ations which may appeer to arise from these spectra, even with 10% damping,
are so large that failure would appesr certain, Damping has a large ef-
fect on the maximum accelerations produced and the authors considered it
a possibility that pertisl yielding of metal frames and slight cracking
of concrete might well dissipate sufficient energy to keep relative dis-
placements reasonable.

* Engineering Seismology Section of the Dominion Physical Laboratory,
Lower Hutt, New Zealand,
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With this view in mind the analog was constructed to incorporate
yield characteristiocs. However preliminery runs without yield indicated
that the harmonics do not build up as anticipated and this paper is con-
cerned with the problem without yield.

The analyticel solution is perfectly straightforward but the compu-
tation involved for a series of building types and a range of earthquskes
is laborious and an analog solution is more practical.

3 THE ANALOGY

The mechanical system assumed is shown in Fig, 1, Both viscous
damping between storeys and also between the storey and fixed space is in-
corporated. It has been found from tests on buildings (Alford, Housner,
1953) that the percentage damping of the modes of a building is approxi-
mately the same and it is shown later that a certain combination of both the
dampings mentioned above will roughly fulfil this condition. The analogy
is now established for a three-~storied building but obviously relates to any
number of storeys.

mass of the h'"' storey,

+h
l = stiffness between the n'" and (h-1) ' storey,
damping coefficient between N and (h—l)ﬂ’storey.

3
p
1]

&

>\n = damping coefficient between hﬂ’ storey and absolute space,
X, = horizontal displacement of the n“’ storey from the base ar
ground,
Y() = velocity of the base.

acceleration of the base.

u

oLy

The following may be derived easily from the equations of motion of
the system.

0 A gy by (%y=%) + myFy g (B + X (34 U) = 0
@ — A& (x,~x) 4, (%5-%) + K, (xg=x) +.4, (5,2,

+m,, + A (X+) + My L) =0
(3 -—Ag__z (nca-x,) —-,11(3’:1—5:,) +,£, x, +,€:i:,

+ m,x, + A, (i,&-‘tf,) + m, o(.(/l‘) =0

Fig., 2 shows the analogous electrical circuit with resistances in both
the inductive and capacitive arms,
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r\
3
1]

inductance of each coil,

C,,, = capacity in bridging arm.

Rn = resistance of bridging amm.

Th = resistance of inductive arm,
I Ct) = dinput current.

Ay = circulating currents. .
?h = charge corresponding to current A, .

A loop anelysis of the circuit yields the following equations.

@ (G- B b dp LL3 o d 6

H(E ) =

| do, _ o

& R(H - )¢
0
Cl

With a suitable choice of coefficients the two sets of equations are
analogous; charge in the electrical circuit representing displacement rela-
tive to the base in the mechanical system. It is necessary, however, to
work at a much higher frequency in the electrical circuitb. Change the time

base of equations (4), (5) and (6) by putting,

(7) A =pT

Equetion (4) tekes the form,
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+__L-(‘l""l) ’f; 0(7?‘_,_00(_(72_, =0

It is necessary for the analogy then that the following hold:-

(9) Re o 4,

(/) /): < m,
(/I) .._é-. < ln

Tn o A,
2 Ve

These rélations mean that the resonant frequencies are increased by
the same ratio as the increase in speed of passing the earthquake rscord.

The percentage damping remainsg the same in both systems, It is
shown later that the earthqueke record is fitted to a drum which is allowed
to run down in speed. This run down in speed effectively changes the
factor /’ and thus analyses a set of buildings. The ratios between the
masses, between the stiffnegses and between the demping factors, are the
same for each member of the set but the frequencies go through a range as
the wheel decreases in speed, Each run down of the wheel thus allows a
spectrua to be drawn of a particular type of structure.

It is seen from equations (1), (2), (3) end (8) that the following
equations hold.

d2Q(T)
(’ 3) d«Ta

d (T
dT

(I 5) gn (T)

=, (%)

n

v, (£)

i

(14)
x, (¥
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Equation (13) if written in terms of asps and seconds becomes

) 2420(M) | o2 AL = ¢ (#
prERL = pTEE = X,
i,e, the current fed in is to be such that equation {16) holds, However

it was found more convenient to integrate the voltage ordinate corresponding

to the accelogram ordinate and feed in a current proportional 4o this
integrated voltage, This means that insteal of equation {16) we have

AT _ 2
(17) 7 = (%)

Consequently, instead of equation (15) we have,

e ————————

(v x, O = 2,,(47)

(19)

/O

We wish to obtain finally the spectrum in the formm of the equivalent
static acceleration of the building which would wroduce the seme stress at
the various storeys, i,e. the force at each storsy divided by the total
mass above it, This follows simply from equations (10), (11), (18) as

S = /lgh (xh— xh-,)
n (mh + mh” + —+ mp)
- _Prym-9..)
Ch /*"2([_“4- [h” + o+ [‘P)

= [qh (T)_ an(?j]
C, (L, +4,, +. .+ + +[P>

This result is independent of the factor /< and thus the spectrum,
as defined above, may be measured directly, with suitable calibration,
from the voltages appearing on the condensers,
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b DAMPING

The nature of the damping of a structure is not really known.
However, indications are that the first few modes have approzimately the
same percentage damping. This may be arranged by the combination of the
two dampings already mentioned, It mey be easily showm that the percent-
age damping of any mode is equel to the ratio of the energy loss in that
mode to the maximum potential energy of the mode, The following esti~
mation is general in principle for any relation between the masses and
stiffnesses but is illustrated here for the case of a uniform building,
i.e, all the storeys identical.

(20 P
(x1) b
(a2) A

(a3) ﬂ

th
angulsr frequency of the m mode,
individual storey frequency.

+h < .
ratio of the damping in the pn  mode to the demping in an
individual storey.

]

L]

A

+h +h
(1 4-) I’n,n" displacement of the N storey in the pn mode.

A congideration of the energy loss and the potential energy of the

system shows that, nap Q

.xh—-,n )
69 o = _bull tiE mm )T ]
" Th ()

This result iz plotted in Fig. 3 for a uniform building and it is
noticed that if /3 is chosen to be four, the damping in the first few
harmonics is approximately the same,

The shape of the modes are determined experimentally but in the uni-
form case may be determined theoretically as shovm in the -appendix.

5e DESCRIPTION OF THE ANALOG

(a) HMethod of Excitation

From the sharply~-peaked response curves which have been published
from results on simple one-storey torsionzl pendulum enalysers it appeared
that a large number of readings would have to be taken to define these peaks
on the response curves of a multi-storey resonator, To teke the required
nurber of points by a point-by-point method, i,e., using a fixed wheel speed
for the application of the earthquake impulse, would have taken a very con-
sidereble time, It was decided, therefore, to fix the earthqueke record
to a wheel which could be motored up to some required top speed and then
take recordings as the wheel slowed down exponentially wunder the influence
of an eddy cwrrent brake,
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It cen be seen from equation (19) above that if the condenser voltage
is recorded and plotted against building period, then no correction for p
is required,

A suitable wheel exists in this Laboratory as part of the Admiralty
Hermonic Analyser and is shown in Fig, 6. It is aprroximately 30 inches
in diemeter with a 5 inch widé rim and can be driven up to 600 r,p.m. 4n
adjustable eddy-current brake will bring it to rest in times ranging from
50 minutes to about 15 minutes., TFor our purposes the brake was left in
its least effective position taking about 50 minutes to rwn down from 600
r,p.m. to 3 r.p.m

The earthquake records are enlarged so that their meximum double
amplitude is about 3 inches end their length about 30 inches, i,e,, not
longer than one-third of the circumference of the wheel. The remaining
two-thirds of the wheel is used for timing pulses and allows tims for relays
end camera to operate before the next application of the earthquake impulse.
It also allows the networks to become quiescent,

(b) Display and Recording Method

The method of display and recording are arranged to give the response
curves ready plotted to ordinates of length suitable for publication without
further re-plotting, This is done by displaying the required voltage on a
Cossor Type 1049 cathode ray oscilloscope with the time base switched off
and by recording on a Cossor Type 1428 camera suitably modified, The mod-
ifications are to the film transport mechanism, A standard Post Office
wniselector switch replaces the normal motor on the side of the camera and
transports the film through appropriate gearing, the uniselector being
pulsed by means of a valve-operated relsy from a mark on the wheel,

Thus the £ilm is moved 0,002 inch for each revolution of the wheel,
the movement of the film taking place very shortly after the end of the
earthquake impulse to the building networks. One bank-of the uniselector
switch contacts are connected to the beam-brightening terminals of the
oscilloscope so that the film is exposed once every fide revolution of the
wheel. Time marks are also put onto the film at one minute intervals by
brightening the spot for a short period and thus drawing black lines across
the trace. These timing marks, together with the number of revolutions of
the wheel, plainly visible on the film, enable A to be evaluated, and the
equivalent building period to be calculated and printed on the film as a
time base., The wheel speed and therefore the film speed decsys exponenti-
ally end consequently this time base is linear, A typical record is shown
in FPig, 5.

(¢) Driving Amplifier (Fig. 4)

The earthquake record after being enlarged and fixed to the wheel is
blacked-in on one side, This is scanned through an illuminated slit by
two photo-cells mounted in the box shown on the right of the photograph
(Pig. 6). Also mounted in the box are two amplifier stages and a cathode
follower feeding into the connecting cable. The signals from this cable
are then amplified in three fairly low-gain stages and then integrated.for
the reasons given in pera.(/7) above, This integrator has a comparatively
short time constant of 0.1 seconds, in order that slight unbalance of the
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black and white sides of the earthquake record due to wuncertainty of the
base~line position, is not added up. The integrated signal is then ampli-
fied in two stages and fed to the grid of the 6AG7 driving velve. The
impedance of this valve is high compared with the variations of load
impedance and hence the current flowing into the networks is always pro-
portional to the integral of the earthquske acceleration as required in
Equation {17) above,

(d) Networks

The ten networks are arranged in the same marmer as in the basic
circuit (Fig, 2) with the sddition only of switched tappings on the in-
ductances and switched capacity values at each condenser point.

The inductances are air-cored, having a maximm inductance of 3
Henries and are tapped at ten points. They are mounted in line with the
axis of each alternate coil at right angles to its neighbours to minimise
pick-up. Below the coils are mounted the condensers, switches and resis-
tors on two-storey unit chassis, All the necessary measuring points are
brought out to sockets at the front of these panels.

The switching is arranged so that any number of stories up to ten can
be selected readily, and also it is possible to open-circuit all the con-
densers to-produce an infinitely stiff building for calibration purposes.

. Provision is also made for biased diodes to be connected across the
condensers to simulate plastic yield in the springs.

6. RESULTS

At the present time only one earthqueke (Cook Strait, 13 Jenuary 1950,
North and South). has been used and this has been applied to two types of
building. The first building knovm as the Unif'orm Type is of ten storeys,
each storey being equal in mass, stiffness and damping.

The second building knovm as the Graded Type comprises ten storeys,
each being equal in mass and damping, but the inter-storey stiffnesses
varying in proportion to the total mass above, i,e, under the influence of
a static acceleration it deflects in a straight line.

Both buildings have been checked at two damping values, C/C = 4% and
104. °

The buildings were set up by selection of the appropriate inductance,
condenser and resistence settings, the latter being found from the curves
shown in Fig. 3. Practical tests were carried out on the networks to
check the theoretical dsmping ratios. This was done by exciting the net-
vorks with an audio oscillator, the frequency of which was slowly raised
through the range of the harmonics, while the voltage across condenser No,1
was noted, The input current was mainteined constant. The damping at
each harmonic was then calculated using the relationship

c/c,, = %,-;—{
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where

e,
af

o = resonant frequency.

n

damping ratio,

width of resonance peack at 907 of maximum emplitude,

Good agreement with the theoretical values was obtained,

The shal_aes of the modes of oscillation had previously been noted,
using the audio oscillator, in order that these computations could be carried
out,

Before each spectrum was recorded a calibration run was mede by open-
circuiting all the condenser arms, i,e, meking the building infinitely stiff,
running the wheel up to 300 r.p.m,, and making a short recording of the
response, This calibration can be seen on the right of Fig, 5.

The amplitude of the left-hand trace represents the ratio

max, inter-storey shear force
total mass above

as explained by Equation (19), whereas the right-hand calibration trace rep-
resents the seme ratio when the building is infinitely stiff, TIf the res-
ponse value at any particular period is divided by the calibration value,
the emplification factor plotted in Figs. 7, 8, 9 and 10 is obtained,

This value is essentially a design factor, in that the equivalent static
acceleration to give the same stresses at any storey is obtained by multi-
plying the meximun velue of the earthquake accelerogram by the emplification
factor.

7o CONCLUSIONS

Drawing conclusions from the results obtained is somewhat difficult
unless the difference between stiffness and strength is kept clearly in mind,

It is seen that for a uniformly stiff structure the upper storeys
require a larger design "g" velue than the lower, particularly when oscil-
lating predominantly in the second harmonic (1.1 sec period). For the
"graded type no, 1" structure the upper storeys require an even further
incresse in design "g" values relative to the lower, both for resonance in
the fundamental as well as in the second harmonic mode (0,2 sec and O.4 sec
fundamental, and 0,9 sec for the second harmonic). The influence of the
second harmonic is not so pronounced in this case,

If we make the assumption that for practicel reasons stiffness and -
strength are proportional, it follows that for the wniform structure if the
bottom storey is just strong enough the upper storeys are umnecessarily
strong. TFor the graded structure, if the bottom storey is just gtrong
enough, the upper storeys have inadequate strength, On this basis the
second harmonic has very little influence, except in the upper storeys of

the graded structure,
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It would appear that the ideal structure which gives a uniform
stress distribution throughout, lies somewhere between these two fypes,
The authors suspect that most actual structures also lie between these
two types, This is regarded as being extremely fortuitous.

It is intended that in future work all available earthquakes will
be fed through 10 storey structures of three types (the two already chosen
and a third intermediate itype) and an attempt made to define a grading of
design "g" value up the building and to relate this to the fundamental
period of the structure, The absolute value of "g" to be catered for will
remain an open question until the demping of actual structures and their
possible yield has been thoroughly assessed. It would appear however
that a tall structure being as it is relatively free from harmonic exci-
tations has quite a bit to recommend it if the fundemental period is long
enough to place it on the reduced part of the simple spectrum.
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%  NOMENCLATURE

th
mass of the h storey.

m, =
+h th .
/& n = stiffness between the ;7 and (n-l) storey.
A4 - +h h
n = damping coefficient between the #) and (h-l) storey,
+th
An = demping coefficient between the ¥1 storey and sbsolute space.
+h
:x,., = horizontal displacement of the p» storey from the base,

V() = velocity of the base.

o(°(f) = acceleration of the base.,
+

Lh = inductance of the N hcoil.

th
C n = cepacitence of the N coil.
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]

resistance of the bridging arms,
resistance of iqdmtive arm.

circulating current in the 1 circuit.
charge corresponding to current /(. n
spectrum magnitude.

angular frequency of the h—,fhmode.

snguler frequency of an individusl storey.

h
ratic of the percentage demping in the rn" mode to that in an
individual storey.

4

—

A

+h +h
displacement of the p  storey in the h» mode,
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APPENDIX

The case of an undamped uniform building yields relatively simply to
analysis, In this case the equations of motion assume the form,

(1) m in = /4 erwl—xo—) ""A th-, -xh), h=o0,1, '-(P~I)_

(2) g i:P = /4 (x —I-xp)

where Jr1 is the mess of each floor, j is the stiffness between floors,
X, is the absolute displacement of the p™ floor, the coordinate =€,
is the ground displacement, and p is the number of storeys. A Laplace
transformaticn of these equations gives,

(3) f/,., = A ({n+, * {i,-,)
(&) {P = :B’ﬂ--l

/
(5) A = 21‘ mwa ) 3 2

B3 e

and " is the Laplace transform of xh .

This difference equation may be solved to give,

() 'fn _ e (b-n+ /)6
- cos (n+ /a)6

. m
(7 R Sn 'g" = — A\ &
It Fo- (w)ls the transform of X o(f)then;

@ ,{ - m(b-h*/ﬂs Fo(w)
" c_n(b,'__aL)g w-?

The coriticel frequencies follow from,

. “ al
) e (br4)6, = 0, 2 s %:-,Lwh I
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By an application of the convolution theorem and a contour integration

the displacements become, /t-
2\/ o Sn “'M ~(n4) @ms‘; W (t-1) AT

/>+--) Wil )

(10) JC x -+

where,

(11) — AW, =W

We wish to compare the maximum relative displecements that occwr in
the dynamic case with those which would occur if a static acceleration were
applied to the structure, If the static displecements are denoted by
dashes then, '

(12) A [/%(,,_,)] P:édo )

(@] he}

The ratio we sare interested in is then,
X, ~ X,
(13) xnlh Xyo , ) x
’Z Spfsen b —ainlbodb ), e
4 65.,4)(19 n#l) s Om < (2)

0

The coefficients,
o On [3inn g ~ a6, )
2

mr b (b Ja)(br+l) 2?2

represent the "weighting factors" to be given to each harmonic at the
various storeys. The rest of the expression is the spectrum of the
earthquake divided by the static acceleration, The same coefficients
hold approximately if the undamped spectrum is replaced by the damped one,
The following table gives these coefficients for three positions on a
ten~storey structure for the first few haxrmonics,
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a=1 n=28 n =10

Dm,1 Dm,8 Dm,‘IO
9 0, 840 1,120 0, 008
2 0,09 0,320 0,588
3 0, 030 0,08) 0,220
I 0,014 0,000 0,144
5 0,008 0,025 0,092
6 0, 004 0.020 0,062

Fig, 11 shows the experimental and theoretical spectra  for the
eighth storey of a four per centum damped uniform building, The theo-
retical curve is computed from the coefficients in the above table but
no allowance was made for phasing of the components and consequently the
computed values should everywhere be slightly higher than the experimental
ones,
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Fig., 7 Spectra: Uniform Building /Co = 4%
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Fig, 8 Spectra: Uniform Building %o = 10%
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Fige 9 Spectra: Graded No. 1 Type Building c/c = 4%
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Fig, 10 Spectra: Graded No, 1 Type Building c/c = 10%
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Fig, 11 Experimentel and theorstical response on the eighth
storey of a uniform building,

9-19



