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ABSTRACT  

Based on the three-dimensional elastic inclusion model proposed by Dobrovolskii, we developed a 
rheological inclusion model to study earthquake preparation processes. By using the Corresponding Principle in 
the theory of rheologic mechanics, we derived the analytic expressions of viscoelastic displacement, normal 
strains, the shear strains，the bulk-strain, the ground tilt , the increment of underground water level, the variation 
of resistivity at an arbitrary point (x,y,z) in three directions of X-axis, Y-axis and Z-axis  produced by a 
three-dimensional inclusion in the semi-infinite rheologic medium defined by the standard linear rheologic 
model. After the spatial-temporal variation of bulk-strain being computed on the ground produced by such a 
spherical rheologic inclusion, some interesting results are obtained, suggesting that the bulk-strain  produced 
by a hard inclusion change with time according to three stages (α,β,γ) with different characteristics, similar to 
that of geodetic deformation observations, but different with the results of a soft inclusion. These theoretical 
results can be used to explain the characteristics of spatial-temporal evolution, patterns, quadrant-distribution of 
earthquake precursors, the changeability, spontaneity and complexity of short-term and imminent-term 
precursors. It offers a theoretical base to build physical models for earthquake precursors and to predict the 
earthquakes. 
KEYWORDS: three-dimensional elastic inclusion mode, rheologic inclusion model , analytic expressions.  
 
Introduction 

 
Studies on the inclusion model started in the 1950s. Eshelby (1957) gave the analytical solution of the 

elliptic sphere inclusion model in the elastic medium. Aki and Richards (1980) applied the Eshelby’s inclusion 
theory to analyze the dynamics of seismic wave. Brady (1974) brought forward the soft inclusion model. 
Dobrovolskii (1991) advanced the elastic analytical solutions of the hard inclusion model. Mei (1994) set up the 
hard-body earthquake-preparation model. In order to study the earthquake generating process, it is not enough to 
consider the elastic inclusion theory. We must take into account the time factor. 

So we extend Dobrovolskii’s the elastic theory of hard inclusion to the theory of rheologic medium 
inclusion (Song, 1996), and analyze preliminarily the spatio-temporal evolution process of bulk-strain field 
based on a rheologic inclusion model (Song et al., 2000). In this paper, we will give the displacement field and 
the strain field of the rheologic inclusion theory (Song et al, 2003; Song et al. 2004). 

There are a lot of precursors related to bulk-strain, such as electrical resistivity and underground water level. 
Therefore, the viscoelastic analytical expressions of these precursor parameters can be derived by the elastic 
analytic expression of bulk-strain (Song et al, 2006).  
 
1  Basic theory 
 

There exists an inclusion in the semi-infinite medium (Figure 1a). S0 is the surface of the Earth where the 
action of the atmosphere pressure is not considered. S1 is a hypothetical surface in the Earth and its boundary 
condition may be displacement, stress or other physical parameters. To the first-order approximation, the outside 
force for shallow focus earthquake may include the body force, whereas the gravity and the tidal force may be 
neglected. In careful analysis and discussion, although the tidal disturbing effect is small, it may be significant 
due to its long and circulatory action. 
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In a rectangular coordinate system, the plane XOY is in the surface of the Earth. The Z-axis directs to the 
center of the Earth. The center of the inclusion is placed at the point (0, 0, H). As for the boundary conditions, 
only τσσ −== ∞∞

yxxy  (Fig. 1), and all other components are zero. That is, the infinitude is acted by uniform 
shear stress and the bottom is free surface. If the boundary condition is a function of time, it is expressed as 

)(tHτ , in which )(tH  is a unit jump function. We have carefully analyzed the typicality of rheologic medium 
models and legibility of theoretical derivation (Yin et al., 1982). Therefore, we choose the standard linear solid 
model (series connection between a spring and a Kelvin body or parallel connection between a spring and a 
Maxwell body) as the medium model in and outside the three-dimension inclusion respectively in Fig.1b and 
Fig.1c (Song et al., 2003). 

Based on Dobrovolskii’s hard inclusion elastic theory and the Correspondence Principle of rheologic 
mechanics (Yin, 1985), we derived the viscoelastic expression of displacement produced by the inclusion in the 
rheologic medium. 

  Based on the analytic expression )(rU e
i  of displacement of an elastic inclusion, using the Laplace 

Transform, we can derive the solution ),( srU e
i  of elastic displacement in the image-plane. Then substituting 

the elastic parameters μ  and K  with )(sμ  and )(sK  of the image-plane, we can derive the solution 
),( srU v

i  of visco-elastic displacement in the image-plane. At last, using the Inverse Laplace Transform, we 

can derive the viscoelastic expression ),( trU v
i .  

Our previous work extended Dobrovolskii’s the elastic theory of hard inclusion model into  rheologic 
inclusion model (Song, 1996). We analyzed preliminarily the spatial and temporal evolution process of 
bulk-strain field for this model (Song et al., 2000). In this paper, we give the displacement field, the strain field 
and precursor field of the rheologic inclusion model, and try to discuss the characteristics of spatial-temporal 
evolution, patterns, quadrant-distribution of earthquake precursors. Further and detailed derivations can be 
found in two papers (Song et al, 2003; Song et al. 2004; Song et al. 2006). 
 
2  Displacement field 
 

The analytic solution of visco-elactic displacement ),( trU  in the X-axis， ),( trV  in the Y-axis and 
),( trW  in the Z-axis has been obtained in Song et al. (2003). For example，the analytic solution of 

 
Figure 1  Three-dimension inclusion and its rheologic medium model 

(a) Three-dimension inclusion model; (b) Rheologic medium model outside the inclusion; 
(c) Rheologic medium model inside the inclusion 
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visco-elactic displacement ),( trU  in the X-axis of a point (x,y,z) is as follows : 
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The parameters uiG  in equation (1) are  
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where         
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where 222 zyxr ++= , 222

1 )( zHyxr −++= , 222
2 )( zHyxr +++= . The center of inclusion is at (0, 

0, H). The coordinate of the resolved point is (x, y, z), while other parameters were given by SONG et al (2003). 
When t=0, the displacement )0,(rU  in the X-axis is 
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3  Strain field 
 

The normal strain ),( trxxε  in X-axis, ),( tryyε  in Y-axis , ),( trzzε  in Z-axis and then the bulk-strain 

),( trθ   has been obtained by Song (1996). The viscoelastic analytic expression of the bulk-strainθ(r，t) at a 
point (x,y,z) is (Song, et al, 2004). 
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Where, the parameters 0θM , 1θM , 2θM , 3θM  and 4θM  are as follows 
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where the universal function of bulk-strain )(TSθ  is given by 
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where the parameters 1θP  and 2θP  which related to the coordinate system are 
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When t=0, the bulk-strain )0,(rθ  is 
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4 Ground tilt field of three-dimensional rheologic model  
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4.1 x-direction tilt γx(r, t) 

In the theory of three-dimensional elastic inclusion, the x-direction tilt rx(r) at a point (x, y, z) is equal to the 
x-direction partial differential of the z-direction displacement w(r). Dobrovolskii (1991) gave the elastic solution 
of x-direction tilt at a point (x, y, z), γx(r)=∂w/∂x, as follows: 
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where V denotes the inclusion volume, μ and ν the elastic coefficients of medium, K the elastic modulus of 
medium, α the increment of the ratio of the shear modulus inside the inclusion to that outside the inclusion, 
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The γx(r) in equation (13) can be transformed into 
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According to the Corresponding Principle, γx(r) in equation (15) undergoes Laplace transform to obtain the 
viscoelastic solution on the image-plane: 
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Using the inverse Laplace transform for ),()v( srxγ  in equation (17), the x-direction tilt γx(r, t) can be obtained: 
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where Nxi (i=0, 1, 2, 3, 4) in equations (17) and (18) are expressed as follows: 
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Where, Pγ xi (i=1, 2, 3) are same as those in equation (16), and Sγ x(T) can be written as: 
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When t =0, the x-direction tilt γx(r, t) is 
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π
=

τγ                  (21) 

4.2 y-direction tilt γy(r, t) 
In the theory of three-dimensional elastic inclusion, the y-direction tilt γy(r) at a point (x, y, z) is the 

y-direction partial differential of the z-direction displacement w(r). Dobrovolskii (1991) gave the elastic solution 
of y-direction tilt at a point (x, y, z), γy(r)=∂w/∂y, as follows:  
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−π
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ταγ                                   (22) 

Where, F7 and F13 are same as those in equation (14). The γy(r) in equation (22) can be transformed as 
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Where, Pγ yi (i=1, 2, 3) are 
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According to the Corresponding Principle, the equation (23) undergoes Laplace transform to obtain the 
y-direction tilt as follows: 
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Where, the parameters Nyi (i=0, 1, 2, 3, 4) can be written by substituting Pγ xi in (19) with Pγ
 
yi in (24). When t =0, 

y-direction tilt is 
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)(
8

)0,( 432110 yyyyyyy NNNNNNxVr +++′′++
π

=
τγ                   (26) 

When t→∞, y-direction tilt is 

08
),( yy NxVr

π
=∞

τγ                                            (27) 

 
5 Viscoelastic solution for underground water level of three-dimensional rheologic model 
 

The elevation and subsidence of well water level is the indirect effect of bulk-strain in the aquifer system 
(Rhoabs and Robinson, 1979; HOU, 1984). The water level variation Δh is related to bulk-strain θ, porosity of 
medium, density of water, etc. It can be written as (HOU, 1984) 

sS
h θ
=Δ       (28) 

Where the unit storage coefficient Ss=ρ g[(1−ϕ)/kr+ϕ/kw], ρ denotes the density of water, g the gravity 
acceleration, ϕ  the porosity, kr the rock modulus of compression, kw the water modulus of compression, 
respectively. The unit storage coefficient Ss is different from place to place. Rhoabs and Robinson (1979) 
showed Ss is in order of 10−8 resulted from the calculation of the wells in USA. HOU (1984) showed 
Ss=5.0×10−9/cm after studying the water levels of ten wells in Jiangsu Province of China. 

In order to study the effect of bulk-strain θ on the water level variation Δh, we refer to the bulk-strain 
expression of rheologic inclusion model given by the equation (8) in this paper. Then, the viscoelastic solution 
of water-level at a point (x, y, z), the Δh (r, t), can be given by 
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where 
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When t =0, water level becomes 

( )43210
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6 Viscoelastic solution for electrical resistivity of three-dimensional rheologic model 

 
Archie’s Law is one of the important theoretical bases to study the micro-mechanism of earth resistivity 

precursor (QIAN, 1985; MEI et al, 1993). It is shown that the earth resistivity is related to deformation, fluid 
and the humidity of rocks. Here, the resistivity of humid rock follows the Archie law and is given by  

nmS −= ϕαρρ 0  (32) 
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where α is a constant and ρ0 denotes the porous-liquid resistivity, ϕ the porosity respectively. The porous-liquid 
saturation level S=Vliq/V, m and n are the structure indexes. Usually, m=1.3~1.95, n=2. ZHOU et al (1994) 
showed the porosity of sandstone being usually 0.45%~2.21%. Under the action of stress, the porosity ϕ and the 
liquid-in-hole saturation will change, and the variation of resistivity Δρ /ρ is given by 

V
Vmmn Δ
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+

−
=

Δ
ϕρ

ρ
 (33) 

Here, ΔV/V is the bulk-strain θ. In order to study the effect of bulk-strain θ on the resistivity, we refer to the 
bulk-strain of rheologic inclusion model given by the equation (8) in this paper. Then, the viscoelastic solution 
of the variation of resistivity at a point (x, y, z), Δρ /ρ (r, t) is given by 
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When t =0, the viscoelastic solution of resistivity variation is as follows: 

( )432104
3)0,( θθθθθϕ
τ

ρ
ρ MMMMMmmnyxVr ++++⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−
π

=
Δ

 (35) 

 
7  Characteristics of bulk-strain on the ground surface 

 
In order to test the correctness of the derived results and computed programs, Song et al. (2000) analyzed 

comparatively the bulk-strain produced by a hard-inclusion and a soft-inclusion. 
7.1  Quadrant of bulk-strain produced by a hard inclusion and a soft one 

The characteristics of the bulk-strain spatial field of the hard inclusion and the soft one are similar in that both 
have quadrant distribution and the distribution inside the region with the size two times the extension of seismic 
source is contrary to the one outside this region. The dissimilarity is that the bulk-strain high-value regions 
produced by the hard inclusion correspond rightly to the low-value regions of the soft inclusion. 
7.2  Pattern features of the bulk-strain versus time 

Pattern features of the bulk-strain versus time produced by a hard-inclusion are as follows: (1) The bulk-strain 
pattern varies with the distance to the epicenter. The bulk-strain in the source region goes through a process of 
“increasing → maximum → decreasing → tend towards a stable value” and seems like an upward protruding 
(Fig. 2). For the points around the region with its distance to seismic foci about two times the extension of 
seismic source, their bulk-strains go down firstly, then ascend and show the characteristics of “N”. The 
bulk-strains at the points outside the region with the size two times the extension of seismic source show the 
characteristics of downward protruding. The patterns at points far away from the epicenter are basically similar 
to the seismic source, yet their variation values are comparatively smaller. (2) The variation value of bulk-strain 
decreases as the distance increases.  

It is meaningful that the pattern of bulk-strain produced in the soft inclusion is different from that in the hard 
inclusion. The bulk-strain values produced in the soft inclusion are all increase gradually with the different 
epicenter distances and then tend towards a stable value, but there is no decreasing process after the maximum 
value. 
7.3  Three-stage characteristics of the bulk-strain produced in a hard-inclusion 

The bulk-strain in the hard-inclusion possesses three-stage characteristics of “increasing → maximum → 
decreasing to a stable value”. That is, during the stage α, the bulk-strain value increases gradually with the 
passage of time and the bulk-strains in the near-source region and the far-source region all show outward 
extension. During the stage β, the bulk-strain value and its range all vary a little with the time and reach to 
extreme state. Other relevant physical parameters should be extreme too, then earthquake precursors during the 
stage β should be most significant and occur almost at the same time in the near-source region and the far-source 
region. During the stage γ, the bulk-strain value weakens as time goes on, and the corresponding spatial 
characteristics are that the bulk-strain of the far-source region shows contraction to the epicenter and the 
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bulk-strain of the near-source area migrates outwards. 
7.4  Characteristics of bulk-strain produced in a soft-inclusion 

The study shows that the bulk-strains in the near-source region and the far-source area produced in the soft 
inclusion all diffuse outwards and their diffusing directions are conjugate. If a soft inclusion is regarded as an 
earthquake preparation model, the spatial-temporal evolution of precursors should diffuse outwards in the whole 
seismic preparation process. 

 
8  Application of theoretical result to earthquake precursors 

 
There exist three stages (namely α,β and γ) in the process of bulk-strain versus time in the near-source region 

caused by the hard inclusion (Figure 2). Having studied abundant observation data of crust deformation, 
Mesherikov (1968) and Fujii (1974) found that the deformation curves have characteristics of three stages in the 
earthquake preparation process, namely, α,β and γ (Figure 3). Though our theoretical curves cannot give the 
relative proportion of the three stages, the similarity of basic patterns of the theoretical and empirical curves 
supports the scientific reliability of the theoretical curves. This also supports the rationality of the strong-body 
earthquake preparation model.  

The bulk-strain curve pattern of the hard inclusion in the near-source region is “small → big → maximum → 
decreasing to stability” and shows a upward protruding variation. At points around the region with its distance 
to foci about two times the extension of seismic source, the pattern of bulk-strain curves is “descending → 
ascending” and shows the characteristic of “ N” type. The bulk-strain types at points near the region of three 
times the extension of seismic source show downward protruding variation. The bulk-strain at points far away 
the inclusion has little variation. These are similar to phenomena in the earthquake observation that the 
bulk-strain abnormal types vary with the increase of the distance (Mei, et al, 1993). In other words, this 
phenomenon does not occur occasionally, but possesses physical basis. 

Li (1981) found that the water-radon anomalies show the development pattern outward half a year before 
the Tangshan earthquake. Zheng (1979) had studied filtered water-level data and found that the water-level 
descending anomalies develop outwards in the directions of north-east and north-west half year before the 
Tangshan earthquake. There also exist the characteristics about half year before the Longling earthquake and the 
Songpan shock (Mei, et al, 1993). Song’s studies (Song,2000; Song et al.,2006) show that the three stages (α,β 
and γ) are very evident. Especially, there all exist the sub-phase γ1 of precursors contracting from the periphery 
to the epicenter region and the sub-phase γ2 of precursors diffusing from the epicenter area to the periphery 
during the γ-stage (corresponding to earthquake short-term and imminent-term stage). It can be seen that the 
existence of α-,β- and γ-stage and the spatial-temporal migration of precursors may be controlled by the 
earthquake preparation body. It may be a usual phenomenon and should be an important base to predict 
earthquakes. 

Quadrant distribution is one of the common characteristics of the spatial distribution of bulk-strain on the 

     
Figure 2  Bulk-strain curve versus time in             Figure 3  The three stages (α,β and γ) of deformation 
the near-source region of the hard inclusion             (Mesherikov, 1968; Fujii, 1974) 
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ground with differences in some details associated with the earthquake preparation. The spatial range and the 
values of the anomaly in bulk-strain all increase with time and decrease after reaching the maximum value in the 
model of hard inclusion. For the soft model there is only trend variation, however. Experimental results (Xu et 
al., 1997) show compatible quadrant distribution. In earthquake precursors, there exist some consistent quadrant 
distribution of anomalies in the deformation and geo-resistivity before the cases of Datong earthquake, 
Zhangbei earthquake and Baotou earthquake etc (Song, et al., 2001). This feature would be useful for predicting 
the location of a strong earthquake. 
 
9  Conclusions 

 
So far we have described the derivation of the bulk-strain and ground deformation and the preliminary 

application based on the theory of rheologic inclusion model in the seismogenic process. The results are as 
follows: 

Applying the theoretical expression of the three-dimension rheologic inclusion model, we computed in detail 
the spatial-temporal evolution process of bulk-strain on the ground produced by a spherical rheologic inclusion 
in semi-infinite rheologic medium. The results show that spatial-temporal evolution of bulk-strain produced by a 
hard inclusion has three stages of different characteristics, which are similar to most of the geodetic deformation 
curves, but not for the case of soft inclusion. The α-stage characteristic is a long stage in which the precursors in 
both the near-field and the far-field develop from the focal region to the periphery. The β-stage shows a very 
rapid propagation of the precursors, which they almost appear everywhere. During the γ-stage, the precursors in 
the far-field converge from the periphery, and the precursors in the near-field develop outwards. 

The theoretical results have been applied to explain tentatively the stage-variation of the spatial-temporal 
evolution, the pattern-feature and quadrant-distribution characteristics of earthquake precursors. It is a 
theoretical base to found the physical model of earthquake precursors and a reference to predict physically 
earthquakes. 

There are still some questions to be studied, for example, the viscoelastic expression of geo-electricity, 
geo-magnetism and wave velocity and so on. 
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