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ABSTRACT :

It is known that the interior of the yield surface is a purely elastic domain for the conventional plastic
constitutive equation. So, it is incapable of describing the plastic deformation due to the change of stress inside
the yield surface (Drucker, 1988). Sub-loading surface theory assumes that the sub-loading surface always
passes through the current stress point and also keeps the similar shape to the yield surface (Hashiguchi, 1980),
and it expands/contracts with the plastic deformation. So, it can be extended to the description of cyclic loading
behavior as has been done by Hashiguchi (1989) and by Hashiguchi and Yoshimaru (1995) for metals and by
Topolnicki (1990), by Hashiguchi and Chen (1998) , by L. KONG, Y.R. ZHENG and Y.P. YAO (2003a,b) for
soils. In this paper, based on sub-loading surface theory, an elasto-plastic model for dynamic constitutive
relation of soil is deduced. The model is tested with the dynamic triaxial tests of sand. Then, the model is used
to analyzing soil liquefaction by compiled to an explicit numerical wave method, which is based on soil
mechanic model of fluid-saturated porous media theory and combined with viscous-spring artificial boundary.
Finally, a soil liquefaction example induced earthquake is analyzed.

Sub-loading surface theory, Soil dynamic constitutive relation, Explicit numerical
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1. INTRODUCTION

It is well known that earthquake maybe cause severe damage to country economy and life security. For
example, the 1995 Hyogo-ken Nanbu (Kobe) earthquake brought about enormous damage to structures in the
Hanshin and Awaji areas; the 1999 Kocaeli earthquake caused extensive liquefaction-induced ground
deformations along the coasts of Sapanca Lake; the 1999 Chi-Chi, Taiwan earthquake caused great destruction
to buildigs, bridges, and other facilities, and a death toll of more than 2400. In these earthquakes, a major cause
for the damages is the foundation’s invalidation. Under a dynamic loading (such as earthquake), the
characteristics of soils can be changed. So, it is very important that the characterization of soil behavior is
simulated accurately.

The purpose of a constitutive model is to simulate the soil behavior with sufficient accuracy under all loading
conditions. There are many constitutive models describing soil’s properties, such as Duncan-Chang elastic
model, Prandtl-Reuss plastic model, Drucker-Prager model, Mohr-Coulomb model, Cam clay model,
Lade-Duncan model, and Dafalias-Herrmann bounding surface model, and so on. And the elasto-plastic
constitutive model is important in using. But, the interior of the yield surface is a purely elastic domain for the
conventional plastic constitutive equation, it is incapable of describing the plastic deformation due to the
change of stress inside the yield surface (Drucker, 1988). Then, it cannot describe the unloading properties of
soils accurately.

Sub-loading surface theory assumes that the Sub-loading surface always passes through the current stress
point and also keeps the similar shape to the yield surface (Hashiguchi, 1980), and it expands/contracts with the
plastic deformation. So, it can be extended to the description of cyclic dynamic loading behavior as has been
done by Hashiguchi (1988, 1989) and by Hashiguchi and Yoshimaru (1995) for metals and by Topolnicki
(1990), by Hashiguchi (1998,2002,2003) , by L. KONG, Y.R. ZHENG and Y.P. YAO (2003a,b) for soils. In
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this paper, based on sub-loading surface theory, an elasto-plastic model for dynamic constitutive relation of soil
is deduced. And the model is tested with the dynamic triaxial tests of sands. Then, the model is used to
analyzing soil liquefaction by compiled to an explicit numerical wave method (LI., 2007), which is based on
soil mechanic model of fluid-saturated porous media theory and combined with viscous-spring artificial
boundary (Du and Li., 2008). Finally, a soil liquefaction example induced by earthquake is analyzed.

2. AN ELASTO-PLASTIC DYNAMIC CONSTITUTIVE MODEL BASED ON SUB-LOADING
SURFACE THEORY

2.1. Formulation of dynamic constitutive model

From Hashiguchi’s works (Hashiguchi, 1980, 1989), we know that the Sub-loading surface theory can describe
the plastic strain rate due to the rate of stress inside the yield surface. It is assumed that the plastic strain rate
progresses as the ratio of the size of the Sub-loading surface to that of the yield surface increases, so, it is used
to simulate cyclic loading behavior of soils.

In Sub-loading surface theory, the yield surface in the conventional sense is renamed the normal-yield
surface in order to express its physical meaning clearly, and there is a Sub-loading surface which
expands/contracts existing inside the normal-yield surface, passing always through a current stress point in not
only a loading but also an unloading process and keeping a similarity to the normal-yield surface (Figure 1).
Now, in this section, an elasto-plastic dynamic constitutive model based on Sub-loading surface theory is
formulated concretely for soils incorporating the modified elliptic-hyperbolic yield surfaces model (M.Y.
ZHANG, 1994; Z.Z YIN, 1996).

subloading surface

normal-yield surface
Figure 1 Normal-yield surface and Sub-loading surface (Hashiguchi, 1989)

The modified elliptic-hyperbolic yield surfaces model (Z.Z. YIN, 1996) assumes that the strain of soil
include three parts, i.e. elastic stain, the plastic strain related to shear contraction, the plastic strain related to
shear dilatation, and the strain which doesn’t effect the volume change during shearing.

{dg}={dge}+{d5p1}+{d8p2}+{d8p3} (2.1)
where, de®represents the elastic strain; de” represents the plastic strain related to shear contraction, and

reflected with elliptic yield surface; de® represents the plastic stain related to shear dilatation, reflected with

hyperbolic yield surface; de® represents the plastic strain which doesn’t effect the volume change during
shearing, submit to the generalized Hooke’s law.
The first yield rule f; to reflect de™ is written as:
2 p
he,
Py = py = F(e,") =
Ml (p+pr) 1_tgv

P (2.2)
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where, p=(o,+0,+0;)/3=(c,+0,+0.)I3;
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QZE\/(‘H_O}) +(O'2_‘73) +(O'3_O'1)
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X

:%\/(O_x _O-y)z +(Gy _02)2 +(O-z _O-x)z +6Txy2 +6Ty22 +67

p,and M are the intercept and slope coefficient of the failure line g; — pon the axis p, respectively,
p, =ccotp, M =6sing/(3—sing); M, isa parameter larger than M , which has relation to the shape of
stress-strain curve; candgare the parameters of Duncan-Chang elastic model; # and ¢ are the hardening
parameters; &’ is plastic volume strain.
The second yield rule £, modified by M.Y. ZHANG (1994) to reflect de™ is:
2

q =F ‘p — ‘p 23
G0, (prp) - )T &)

where,

e’ = Jdgsp = J‘g\/(da‘lp ~de,")? +(de,” —de,”)? + (de)” —de")?

= J'g\/(dgf —deP)? +(de? —de?)? +(de? —de?)? +3x (dys,” +dy?, +dyP) 12

M, =M/R,, R,is the failure ratio of Duncan-Chang elastic model; G = E/(2+2v), E=(1.2~3.0)E,,
and E,is the initial elastic modular.

The third plastic strain submits to the generalized Hooke’s law, then, it is integrated with the elastic strain
during calculation, and expressing:

{dg'}: {dge}+ {d5p3} (2.9)

(2.5)

a

where, the elastic modular is changed as
n . 2
E = 2kp, ERR 0.8(1—sin p)(o, .—63)
2cCOSp+20,SIn@
k and n are also the parameters of Duncan-Chang elastic model.
The third plastic strain will be initiated while the stresses satisfy the second yield rule and g > g, which

q, is the maximal shear stress in history.
Then, the Normal-yield surface is expressed as
2
he P

=\ q Py Vv
o)=p+—3=2 F(eP)=
file)=p M) (e)) =17 5 P
2
£,8) = 4 Fy(e)=¢"

3G[M,(p+p.)—4l
where,6 = 6 — 0., the second-order tensora is the kinematic hardening variable, and o is the current stress
oint.
P According to Hashiguchi’s works, there are the following relations
6=6-a=6—-(1-R)s—Ra, 6=6/R=s—a+(c-s)/R, a=s—R(s—a) (2.6)

where, R is the normal-subloading ratio, which is the ratio of the size of the sub-loading surface to that of the
normal-yield surface, 0< R <1. R =0corresponds to the most elastic state where o coincides with a,
and R =1 corresponds to the normal-yield state where o lies on the normal-yield surface; s is the
similarity-center that exists for the specified configuration of the normal-yield and the sub-loading surfaces.
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For the first two vyield surface, we suppose that the coordinate of the similarity-center are
(s,”,s,")and(s,”,s,”), respectively; and the center point lie in the origin of the p —gcoordinate system.
The following relations hold:

p,=p-WU-R)s,", q,=q-(-R)s,", p,=p-(-R)s,", q,=qg-(1-R)s’
and the R and R_are obtained respectively from

— 2

_ q, g
Pot—5———=Rp,=RF(e”)=R,——p, 2.7)

Mlz(ﬁv—i_pr) 1_tgv
and

— 2
9 — (2.8)
3G[M2(ps +pr)_qs]

_ —b++/b* —4ac

The expressions are

R, > 2.9)
where, a= Mlzsvp2 +sf2 — M p,s?
bz—(ZMlzsf2 +2532 —2M12psv” —Mlzprsvp —2gs! —Mlzposvp +M12pop+M12p0pr)
c=M12sf2 +S:]2 —2M12psv” —Mlzprsv” —2gs! +M12prp+q2 +M7p®
R - -b +\/§'2‘ —da'c (2.10)
a

where, a =3Ge’s! +s!° —3GM ,&"s”
b =2gs’ — 259" —3GM,(p+ p,)e® +3GM ,&"s” +3Gqe® —3Ge’s"
c = q2 +s;’2 —2¢gs! = (q—ss")2

Based on the two yield rules, the evolvements of the two similarity-centers and normal-subloading ratios are
formulated, which are

ds drF,

St

dr’
vi T VSvi"‘c_vdgvp(o-i_sw‘)' ds, =
F R ‘

v v N A

dR, =-u,de,"InR,, dR, =-ude"InR,

c
Si +R_Sdgsp(0i _Ssi)

E :Fi(gvp)’ F; :F;(gsp)’ dFv :Ld‘c"vp’ dFs = dgsp
(1-1e,%)’

where, ¢ -+ c, . u,. wu, arethe material constants; R and R are the volume normal-subloading ratio and the

shear normal-subloading ratio.
Finally, the relations are formulated as

de’ d
dé‘sp Bs B dg
where, the expressions of 3, 3, , ;. 3, can be seen in references( Li, 2007).
The loading criterion is

de? = 0: tr(NDdg) > o}
(2.12)

de” =0:tr(NDdg) <0
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where, N =

af (o) / Haf ()| _

SECAC) / Hf?f (o)

2.2. Test verification by Dynamic triaxial test

Dynamic triaxial tests of sands were carried through in the soil mechanic laboratory of Beijing University of
Technology. They are un-drained dynamic triaxial test, under several concretion pressures. The typical dynamic
triaxial test records are shown in Figure 2, and Figure 3 is the simulation result of the axial strain history with
the proposed model, with the axial stress and pore pressure are independent variable of calculating. From the
result, we can see that it is good agreement between experiment and simulation result.

100 0.04 -

Numerical Result
0 0.02 - - —Test Result

-0.02 H

-0.04

Pore Pressure /kPa Axial Srain  Axial Stress /kPa
o o
S 8

- J .
Axial Strain

% -0.06 ’
-20
-40 T T T T T T T 1 T T T T 1
0 1 2 3 4 5 6 7 8 0 2 4 6 8 10
Time /s Time /s
Figure 2 The history of the dynamic triaxial test Figure 3 The axial strain history from the test and

simulation result with the model

3. NONLINEAR EXPLICIT FEM TO ANALYZE THE WAVE PROPAGATION IN SATURATED
POROUS MEDIA

The formulations of the soil mechanics model to analyze the wave propagation in saturated porous media
include
o, +U=n)ol +5,(V, ~U, )+ A-n)p.g = A-n)pU
no-fl _bi(Vi,t _Ui,t)+npfgi = nps Vi,tt
o; =(de+ ac’ )6, +2Ge; (3.1)

(L-n)divU + ndivW — 5" =0
E.
b» — nzpfg
] Ki
Using the finite element reduction and decoupling technique, the dynamic equilibrium equations of one nodal
point are written as

8(4) 8
M dU, +ZZ( Cli AUt =Clh 0V + Ky AU Y + K ) AV )= MG, =dP, (3.2)
L=1 j=1
7 W L 1L L 7L L L L L
MV, + Y3 (=Cly oy, dUT + Cy @V F + K dUT + K dV ) =dP, (3.3)
L=1 j=1

where, M, , M, and M, are the solid mass, fluid mass, and total mass of the nodal point i ;
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Caryy+ Cstriinyr Crsery » Cﬁk(l)j are damp matrix of element L, and K ,» Ky Ky, Kengy, are
stiffness matrix of element L;de and de are the displacement increment vectors; Gj is the gravity

vector; dst and dej are the loading increment vectors.
Employing an explicit time integration proposed by J.T. WANG(2001), the following formulations are gained
dUﬁ4=dUP+dUPAz

M’lzzcssk(l)][Z(de)LAt +(durh)t —(dur)‘]

ZZ bek(l)j [2(d\/jp ) At + (dep‘l)L - (de”)L] (3.4a)

Mﬁlzszskon (duy)*

o v ) At? MAMG At?
M ZZstk(,),(V_/) +T MG, +—— >

M dP?
dv/? =dVv/ + dV.pAt
ijlzz Cffk(,)/ [2(dV]P )L At + (dVJ,p_l)L _ (dvjp )L]

+£Mglchgk(i)j [2(dU7)* A+ (dU 74" — (dU )" ] (3.4b)

ijlz Z Kffk(l)/ (dv.ip )L
M\‘:lzszsk(z)](dUp) TijldPnp
de“:——M‘lzZCsLsk(l)/[(dU””)L (du )]

+3 M_lzz Csfk(z)J [(dV‘,-pﬂ)L — (de”)L ]—
(3.4¢)

M_lzszsk(l)] (dU p+1 M_lzszfk(z)/(dV p+l

i A?MS-}MUGI + Ai[du l'p+1 - dUip ]+ EM;ldPSf-‘—l
t



th
The 14 World Conference on Earthquake Engineering
October 12-17, 2008, Beijing, China

dvip+1 = __Mf:lz Z Cffk(l)/ [(dv./P+l)L - (dv./p )L ]

+5Malzchék<,«>, [y - @uy’]

(3.4d)

M{IZZKWC(!)/ (dV p+l ijlzszsk(t)/(deH)L

At

s L avrr —dve]e A tap e
At 2

Combining with a viscous-spring artificial boundary in near-field wave propagation analysis of saturated
porous media (DU & LI, 2008), the formula (3.2) to (3.3) are changed as

M dU, +ZZ(C§k(,)jduL Clui,AV/ )+ZZ(Kssk(,)]du + K 5, AV )

L L L L L L
- Mt[Gi + ZSk( )KSSk(l)k(l)dU k(i) + ; Sk(z)CSSk(t)k(t)dU k(i) (35)

— — F

= df; (t)+sz(z) ssk(z)k(z)dUkL(z) +ZSkL(i)Cs§k(i)k(z)dUkL(z)

MV, +ZZ( Cfik(z)ldU +Cfok(z)/dV )+ZZ(Kfsk(z)1dUL+Kﬁk()/dVL)
+ Z S Ko deL( ) T Z St CrtnannydViy (3.6)

F L L L L ~L L F
= dffi (t) + Z Sk(t)Kffk(l)k(l)de(l) + sz(l) Cffk(l)k(l) Vk(l)
L

where, Kssk(i)k(i) ' stk(i)k(i) ' Cssk(i)k(i) , C

S

wre are the solid phase spring or damp parameters,

and Kfsk(i)k(i) ' Kffk(i)k(i) ' Cfsk(i)k(i) '
artificial boundary; The superscript F represents the free site.

And then, the calculation formulations of boundary nodal point are gained which are similar to the formula
(3.4a) to (3.4d).

Eﬁk(i)k(i) are the fluid phase spring or damp parameters in the viscous-spring

4.ANALYSIS ON SOIL LIQUEFACTION

4.1. Amethod to distinguish soil liquefaction

There is a relation in soil mechanics T= (a - u)tan ® (4.1)
So, the criterion of soil liquefaction is u=0o (4.2)
In three stress-space, there is following relation 7., = (aoct - u)tan ) (4.3)

In the three dimension complex stress state, the earthquake force can be disintegrated into hydrostatic stress
and deviatoric stress carried by pore water and soil skeleton in saturated soil, respectively. (Figure 4)

Total dynamic stress Hydrostatic stress Deviatoric stress
Figure 4 Analysis of the dynamic stress
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There are the following octahedral dynamic normal stress and octahedral dynamic shear stress
1 1
d d 2 2 2
Ooct = g(o-ld + 0, + 0y ) , Toct = 5\/(0'101 — 0Oy ) + (O-Zd Y ) + (0-311 — 0y )
Then, there exist the following criterion
o +75, <7l noliquefaction
8 41, > 1! there are liquefaction trendency (4.4)
rl . =0,ie o =u, liquefaction take place
The pore pressure ratio can be induced
u u
a, =g = ; (45)

sd
O-OCt Goct +u

if, =1.0, liquefaction will take place, and ifa, <1.0, there isn’t liquefaction, but its value indicates the

degree of liquefaction.
So, combining the above criterion to the FEM program, the soil liquefaction will be distinguished according
the calculated stresses.

4.2 Soil liquefaction example
There is a free site, its layer is composed of top clay ( Thickness d=2m, Shear modulus G=1.0x10"Pa, Density

P, =2.0x10%g/m®, Poisson’s ratio v =0.3, the strength index M=1.55, M;=15, M,=1.48, p,=2100.0kPa,
c=1642.0kPa, ¢=38.0°, R=0.96, #=899.0, +=53.0, and parameters of sub-loading surface model c, =4.0,
¢, =4.0, u,=50.0, u, =30.0), middle saturated sand (Thickness d=8m, Compression modulus of Solid
E_ =3.6x10°Pa , Shear modulus G=1.0x10'Pa, Density of solid grain p, =2.0x10°kg/m®, Poisson’s ratio
v =0.3, Porosity »=0.367, Density of fluid p =1.0x10%kg/m®, Volume compression modulus of
fluid £, =2.0x10°Pa , Coefficient of permeability k,=k,=8.0x10"m/s, the strength index M=1.68, M;=1.93,

M,=1.84, p=6.373kPa, ¢=5.44kPa, ¢p=41.0°, R=0.96, 1=4400, /=1.88.0, and parameters of sub-loading surface
model ¢, =15.0. ¢, =155. u,=50.0. u, =30.0), and bottom clay (Thickness 4=8m, Shear modulus

G=1.5x10"Pa, Density p, =2.0x10°%kg/m®, Poisson’s ratio v =0.3, the strength index M=1.55, M;=1.5,

M,=1.48, p,=2100.0kPa, ¢=1642.0kPa, ¢=38.0°, R=0.96, #=899.0, /=53.0, and parameters of sub-loading
surface model ¢, =4.0, ¢,=4.0, u,=50.0, u =30.0).

The calculated area is a rectangle area whose size is 20.0mx18.0m, the element type is quadrilateral
isoparametric element whose size is 2.0m. The input load is horizontal earthquake motion in plane which is
inputted from the bottom of the area, whose time history of displacement, velocity and acceleration are showed
in Figure 5 to 7. Figure 8 is the Fourier Spectrum of the input earthquake acceleration.

0.06 0.20
0.05 0.15
0.04 0.10
0.03 0.05
0.02 0.00

g'g; -0.05
. -0.10

-0.01
0,02 -0.15
0084 T T T T T T T T T Y 0207

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time /s

Displacement /m
Velocity /(m/s)

Time /s

Figure 5 Displacement history of the input earthquake motion Figure 6 Displacement history of the input earthquake motion
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Input earthquake
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s
N
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Fourier Spectrum /m.s !
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0 2 4 6 8 10 12 14 16 18 20 0 4 8 12 16 20

Time /s Frequency /Hz

Figure7 Acceleration history of the input earthquake motion  Figure 8 Fourier Spectrum of the input earthquake acceleration

The following figures are the calculated results. Figure 9 to 10 are the Solids horizontal displacements
history and the Fluid horizontal displacements history in different depth, respectively. Figure 11 to 12 are the
Solids horizontal velocity history and the Fluid horizontal velocity history in different depth, respectively. From
the two former figures, we can see that the displacement amplitude of shallow layer is great than that of deep
layer. From the two latter figures, it is known that the velocity amplitude also submits the same law.

Solids Horizontal Displacements /m
Fluid Horizontal Displacements /m

Time /s
Time /s

Figure 9 Solids horizontal displacements history in different depth  Figure 10 Fluid horizontal displacements history in different depth
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o
~
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£
©
=
5
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-
N
-
5
-
5
N
8

Time /s

Time /s

Figure 11 Solids Horizontal velocity history in different depth  Figure 12 Fluid Horizontal velocity history in different depth

Compare the calculated Solids horizontal acceleration and its Fourier spectrum of the surface to the input
horizontal acceleration and its Fourier spectrum (Figure 8 to 9, Figure 13 to 14), we know that the frequency
component changes from wide to narrow, and the major frequency component of the surface is low frequency.
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Figure 13 Solid Horizontal acceleration on surface ~ Figure 14 Fourier Spectrum of Solid Horizontal acceleration on surface

In order to analyze soil liquefaction of the site, the Pore Pressures and their corresponding Pore Pressure
Ratio history are also studied (Figure 15 tol16). From these results, it is concluded that (1) the pore pressure
ratio history curves enlarge step by step and then keep gentle; (2) Pore pressure ratio of the shallow sand layer
is greater than that of the deep layer, it indicates that the shallow sand layer’s resistivity of liquefaction is small
than the deep sand layer’s.
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Fig.16 Pore Pressure Ratio history

5. CONCLUSION

In this paper, based on the sub-loading surface theory, an elasto-plastic model for dynamic constitutive relation
of soil is deduced, and it is compiled to an explicit numerical wave method, which is based on soil mechanic
model of fluid-saturated porous media theory and combined with viscous-spring artificial boundary. Then,
integrating the suggested criterion of soil liquefaction, a method to analyze soil liquefaction is proposed.
Finally, a soil liquefaction example under earthquake is analyzed.
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