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ABSTRACT :

This study presents the theoretical solution of bond stress distribution along the reinforcement in concrete
structure solving fundamental differential equation on bond problem with modeled bond stress — slippage
relationship by parabolic curve. The modeled relationship has almost the same shape with previously
proposed by the authors considering the equilibrium conditions of bond stress and splitting stress of concrete.
By the theoretical bond stress solution, the bond strength is solved by the integration of the bond stress
distribution. The previously proposed calculation method using the equivalent bond stress block (EBSB) is
verified by the theoretical solution, and the calculated values of bond strength show a good agreement with
theoretical ones. The relationship between bond strength and bond fracture energy can be also led by the
theoretical solution.
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1. INTRODUCTION

Simple differential equation of concerning the bond problem of reinforcement bar and concrete is expressed as the
following. [1]

d’s l+np
_2*tm 1.1
dx’ E, -a, b2y (-1

s: slippage
@y perimeter of reinforcement
ay: cross-sectional area of reinforcement
E,: elastic modulus of reinforcement
7, bond stress
n : elastic modulus ratio of reinforcement to concrete
p : reinforcement ratio

In Eq. (1.1), if the constitutive law of bond is given, where bond stress is expressed as the function of slippage,
solving Eq. (1.1) under the arbitrary boundary condition gives the distribution of slippage, stress distribution of
reinforcement bar and distribution of bond stress. Integrating the distribution of bond stress through arbitrary
region gives the average bond stress by calculating the difference of tensile force of reinforcement bar divided
by the surface area of the reinforcement. In addition, the maximum value of average bond stress gives the bond
strength. However, it is difficult to solve Eq. (1.1) mathematically when bond constitutive law is given in
complicated function form. Until now, the complete theoretical solution can be obtained by the bond
constitutive law of linear function (constant model or bi-linear model with proportional and softening
expression). [2] The authors proposed the constitutive law for the case of bond splitting failure without lateral
reinforcement considering hollow-thick cylinder model subjected to inner pressure. However, it is difficult to
solve Eq. (1.1) mathematically using this constitutive law with complex functional form. The numerical analysis
is the only way to obtain average bond stress or bond strength. The authors have proposed an easier way to
obtain bond strength by introducing Equivalent Bond Stress Block (EBSB) which expresses the equivalent area
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of bond stress distribution at the maximum tensile force. However, bond strength obtained by EBSB is not equal
to the area which is given by mathematical solution.

On the other hand, bond strength is given by Eq. (1.2) using bond fracture energy Gg. Eq. (1.2) can be adopted
for the case of long enough bond length and high stiffness of concrete compared with the stiffness of the

reinforcement material (steel plate). [3]
Pmax:bs'«/z'Gﬂ;'Es'ts (1.2)

P, bond strength

b, : width of plate (bond area per unit length)
Gp: bond fracture energy

E: elastic modulus

t, : thickness of plate

The following equation can be obtained by replacing bond area per unit length to perimeter of reinforcement bar
and cross sectional area of reinforcement material to cross sectional area of reinforcement bar.

P =42-G, E,-a,-¢, (1.3)
From the simple consideration, it can be shown that bond strength led by EBSB is equal to Eq (1.3) when bond
length is long enough,. However, generally bond length in ordinary reinforced concrete member is finite. There
are unclear points on the accuracy of bond strength by EBSB.
In this paper, a bond constitutive law with parabola which has similar shape with previously proposed
constitutive law is proposed, then the theoretical solution is led by solving differential equation. The bond

splitting strength calculated by EBSB method is confirmed by the theoretical solution. In addition, Eq. (1.3) is
also verified theoretically.

2. MODELING OF LOCAL BOND STRESS- SLIPPAGE RELATIONSHIP BY PARABOLA

2.1. Proposed Local Bond Stress — Slippage Relationship

The authors had proposed the local bond stress — slippage relationship as shown in Eq. (2.1). [4]

(ru/db)2 —(ﬂ-s)2
2-0,-f-s- - —-cota (2.1)
(r,/d,) +(B-5)

u

T, =

7, bond stress

o;: splitting strength of concrete

S : relationship between inner crack width and slippage = 10.2 (1/mm)
s : slippage

d,: diameter of reinforcement bar

r.: C+d, /2 (C: concrete cover thickness)

a : angle between splitting force to axial direction = 34 degree

Figure 1 shows local bond stress — slippage curve by Eq. (2.1). Bond stress and slippage is standardized by
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ru

s, =
db'ﬂ

maximum bond stress (7, ,..) and slippage at bond stress equals to 0 (s,), respectively. 7., and s, are given by
Eq. (2.2) and (2.3), respectively.. Slippage at the maximum bond stress (s,..) is given by Eq. (2.4).
(2.2)

Tyomax = ((571}\/(72 -0, -;—“-cota
b
(2.3)

(2.4)

s =v\5-2-5, =0486-s,

2.2. Parabola Model

T,=—a-s-(s—s,)

where, « is defined as follows.

4 ' 2-b,max
a = -5
S

u

3. THEORETICAL SOLUTION

3.1. Solution

follows.

Eq. (1.1) is substituted by Eq. (3.2).

The local bond stress — slippage relationship expressed by Eq. (2.1) is modeled by parabola expressed by Eq. (2.5).
. —— .

The parabola model is also shown in Figure 1. The curve has a similar shape as Eq. (2.1).
(2.5) i

1+
0.8 -
Sosl -
N
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Figure.l1  Local bond stress — slippage

3.1)

Ordinary differential equation of second order expressed by Eq. (1.1) and (2.5) is solved. Firstly, v, is defined as

1+ np
Vv, = 1)
b Eb'ab b
d’s
dx? ~h
ds d*s ds
2— ——=2v,—1,
dx dx dx
d (dsY ds
= =2v,—7,
dx \dx dx

(3.2)
(3.3)

(3.4)
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2
(ﬁj =2v,[r,ds+C,

dx
s _ \J2v,[T,ds + C,
dx
o fdx =] ds
J2v,l7,ds +C,

(3.6)

(3.7)

C, is a constant of integration. C; should be 0 in order to simple calculation. C; will be included in the integral

constant C, mentioned later. Calculation of the right side of Eq. (3.7) is as follows.

ds

\2v,[T,ds

(right side) = |

Substituting Eq. (3.8) into Eq. (2.5) gives

(right side) = | ds = 5 5. | ds -
\ 2v,a
3 2 u

Substitution integration using Eq. (3.10) is as follows.

s—ésu =—s, -cos0
4
1 J0 1 1+sin‘
(right side) = — ) = In
VVpaS, cosg VVoaS, l—sin‘
2

The left side of Eq. (3.7) is given by following equation.

(left side) = x + C,

C, is the constant of integration. Eq. (3.11) and (3.12) give Eq. (3.13).

3 e—(x+C2 )\ Vpas, -1 2
§=—-5 - 1 —
2 u e—(x+C2 W Vpas, +1

Bond stress is given by Eq. (3.14) by substituting Eq. (3.13) into Eq. (2.5).

e—(x+C2 I\ Vpas, (e—Z(erCz I Vpas, _ 46—(X+C2 )\ Vpas, + 1)
(e—(x+C2)«/vbasu + 1)4

_ 2
7,=6-a-s, -

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)



th
The 14 World Conference on Earthquake Engineering

October 12-17, 2008, Beijing, China

C, expresses the position of bond stress distribution along the axial direction depending on the boundary
condition. When bond length is long enough and the force is the maximum at the loaded end, C; is given by Eq.
(3.15).

G = l++3) (3.15)

\V,as,

3.2. Theoretical Solution of Bond Strength

Figure 2 shows theoretical distributions of bond stress, tensile force of reinforcement and slippage for several
bond lengths. These distributions are cases for maximum tensile force described later. The hatched rectangles
indicate EBSB. The shape of distributions do not vary even if the bond length changes. The positions of the
distributions move along the axial direction. This phenomenon can be represented the value of integration
constant C,.

The tensile force of reinforcement can be estimated by integration of Eq. (3.14). The average bond stress at this
time can be determined by the tensile force divided by surface area of reinforcement. So, the bond strength can
be evaluated by solving maximum tensile force. Namely, the bond strength can be obtained by solving Eq.
(3.16). Where, /, expresses the bond length that is equal to the integration bounds. The variable x; represents the
position of bond stress distribution along the axial direction including C,. So, the problem is to determine x;
when tensile force becomes maximum value.

P 2
Loppge=Sos J UL 2 ) LD 02 s )
¢b ] \VVpas, Zz Zz Zz Zl Zl Zl

I, : bond length

P : tensile force of reinforcement
@y perimeter of reinforcement

_ —x;+/Vpas,
Z, =1+e
Z2 — 1 + e_(xl+lb)'\/vha5u

(3.17)

(3.18)
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Bond stress (MPa)
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Therefore, x, is given by following equations.

World Conference on Earthquake Engineering

The theoretical bond strength is given by Eq. (3.22).
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Figure.2 Theoretical distributions of bond stress, tensile force and Slippage
Differentiate equation of Eq. (3.16) for x; is given by Eq. (3.19).
d 1(1 2 1(1 2
dx, | | Z,\ Z, Z, Z\ Z, Z,
1 A=~ A — 4T
X =- In ' (3.20)
'V;,asu 2e—/b‘/vbasu
A =20 1) 443 P 107 1) (3.21)
P 6as: | 1( 1 2 1(1 2
TR SR G I N Y N (R ) (B | (3.22)
Zz Zz Zl Zl

z-co - =
¢, -1, Zb\/VbaSu Z,

7.,: bond strength

Z,
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4. CONFIRMATION OF EBSB METHOD BY THEORETICAL BOND STRENGTH

The bond strength calculated by EBSB method is compared with theoretical one using experimental data
reported in previous studies [5]. The number of experimental data is 56. All data are obtained from the specimen
failed by side splitting mode. In calculating bond strength in reference [5], deformation of concrete is omitted
because that is relatively smaller than reinforcement deformation. So, theoretical bond strength is also
determined without considering concrete deformation, i.e., the value of numerator is to be 1 in Eq. (3.1).

The comparisons of bond strength are shown in Figure 3. The black marks indicate the case of the specimen
which bond length (Ib) is smaller than effective bond length (le). The average ratio of experimental data to
determined bond strength is 1.22 for theoretical strength and 1.21 for calculated strength by EBSB method. The
right figure shows the comparison between theretical strength and calculated strength by EBSB method. The
average ratio and coefficient of variation is 1.01 and 2%, respectively. It is observed that the calculated value by
EBSB is a little smaller than theoretical one for the black marks. In EBSB method, the estimated average bond
stress is determined by the simple formula by regression analysis of numerical solution. It is considered that the
difference for black marks is due to the error of regression analysis.
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Figure.3 Comparison of bond strength
5. Relationship between Bond Strength and Bond Facture Energy
The area of local bond stress — slippage curve expresses the facture energy. There is a relation between bond
facture energy and bond strength. In this chapter, this relation is theoretically led under arbitrary bond
constitutive law. This lead is only for the case that bond length is long enough (mathematically infinity).

Integration of Eq. (1.1) gives Eq. (4.1).

ds _1xmp p v,

- P 4.1)
dc« E, -a, @,

Substituting this to Eq. (3.6) gives Eq. (4.2).

% P =2v,[7,ds+C, (4.2)
b

The maximum tensile force P,,, is given by the next equation assuming that the bond length is long enough.

])max = J(;O z-bdx (43)



th
The 14 World Conference on Earthquake Engineering
October 12-17, 2008, Beijing, China

Bond fracture energy Gy, is;
G, =y 7,ds (4.4)

Considering the corresponding integral range, Eq. (4.2) can be expressed as;

“.p, =/ -G,+C 4.5)
9, ‘

In the case of pullout loading with long bond length, tensile force is equal to 0 when the slippage is 0. This leads

C; is equal to 0. So, Eq. (4.5) is given as;
2:G, 4,
P =\ — 2 % (4.6)
Vi

Substituting Eq. (3.1), P, can be expressed as the following equation by Gy,

» :\/2-Gfb-Eb-ab-¢b @7

e 1+ np

Eq. (4.7) gives bond strength for the case of arbitrary constitutive law. When the stiffness of concrete is large
enough, Eq. (4.7) shows same expression as Eq. (1.3).

6. CONCLUSION

The purpose of this paper is to derive the theoretical solution of bond strength by solving the simple differential
equation about bond problem mathematically using a parabolic constitutive law which has a similar shape with
experimental proposal reported previously. The simple calculation method using EBSB, which had already
proposed by authors, gives almost same bond strength with the theoretical solution.

REFERENCE

[1] H. Muguruma, S. Morita, Fundamental Study on Bond Between Steel and Concrete (Part 1, Basic Laws of
Bond Stress Distribution I), Journal of Structural Construction.Engng., Architectural Institute of Japan,
No.131, pp.1-8, 1967.1

[2] H. Muguruma, S. Morita, Fundamental Study on Bond Between Steel and Concrete (Part 1, Basic Laws of
Bond Stress Distribution II), Journal of Structural Construction Engng., Architectural Institute of Japan,
No.132, pp.1-6, 1967.2

[3] B. Téljsten, Strengthening of Concrete Prisms using the Plate- Debonding Technique, International Journal
of Fracture, Vol.82, pp.253-266, 1996

[4] T. Kanakubo, K. Yonemaru and H. Fukuyama, Study on Bond Splitting Behavior of Reinforced Concrete
Members, Part 1 Local bond stress and slippage without lateral reinforcement, Transactions of Architectural
Institute of Japan, No.492, pp.99-106, 1997.2

[5] A. Yasojima and T. Kanakubo, Study on Bond Splitting Behavior of Reinforced Concrete Members, Part 3
Predicting equation for bond splitting strength without lateral reinforcement, Transactions of Architectural
Institute of Japan, No.567, pp.117-123, 2003.5




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


