
The 14
th  

World Conference on Earthquake Engineering 
October 12-17, 2008, Beijing, China  
 
 

NONLINEAR STATIC PROCEDURE FOR REINFORCED CONCRETE 
ASYMMETRIC BUILDINGS WITH LINEAR VISCOUS DAMPERS 

K. Fujii
1
 

1
 Assistant Professor, Dept. of Architecture and Civil Engineering, Faculty of Engineering 

Chiba Institute of Technology, Chiba, Japan 
Email: kenji.fujii@it-chiba.ac.jp 

ABSTRACT : 

In this paper, the Nonlinear Static Procedure (NSP) is extended for reinforced concrete single-story 
asymmetric building with linear viscous dampers. In this procedure, their responses are predicted 
through a nonlinear static analysis of MDOF model considering the contribution of linear viscous 
damper to the fundamental mode shape and an estimation of the nonlinear response of equivalent 
SDOF model using equivalent linearization technique. The peak drift of each frame predicted by the 
proposed procedure are compared with the results obtained by the time-history analysis. The results 
show that nonlinear response of single-story asymmetric buildings with viscous dampers can be 
satisfactory predicted by the procedure discussed in this paper. 
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1. INTRODUCTION 
 
It is well accepted that asymmetric buildings are vulnerable to earthquakes. This is because the 
excessive deformation may occur at the flexible and/or weak side frame due to the unfavorable 
torsional effect. That may lead to the premature failure of brittle members and finally to the collapse of 
whole buildings. In general, the excessive deformation at the flexible and/or weak side frame can be 
reduced by relocation of frames and/or members. However it may not be feasible for existing 
buildings because such relocation may be difficult due to architectural and functional constraints. 
In recent years, the seismic rehabilitation of existing buildings using energy dissipative devices has 
been widely studied, and the seismic behavior of asymmetric buildings with viscous, viscoelastic 
dampers have been investigated by some researchers (Goel, 1998, Lin and Chopra, 2001). However 
few studies concerned about the Nonlinear Static Procedure (NSP) of asymmetric buildings with 
velocity-dependent dampers have been made. 
In this paper, the extended NSP for single-story asymmetric buildings with linear viscous dampers is 
presented and its applicability is discussed. In this procedure, their responses are predicted through a 
pushover analysis of Multi-Degree-Of-Freedom (MDOF) model considering the contribution of linear 
viscous damper to the fundamental mode shape and an estimation of the nonlinear response of 
equivalent Single-Degree-Of-Freedom (SDOF) model using equivalent linearization technique (Otani, 
2000). The results obtained by the proposed procedure are compared with the results obtained by the 
time-history analysis. 
 
 
2. DESCRIPTION OF NSP FOR ASYMMETRIC BUILDINGS WITH VISCOUS DAMPERS 
 
2.1 Definition of First Mode Shape in Nonlinear Stage for Asymmetric Buildings with Linear 

Viscous Dampers 
Buildings investigated in this paper is an idealized single-story reinforced concrete asymmetric 
building model (1-mass 3-DOF model) shown in Figure 2-1(a). In this paper, the same dampers are 
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installed in RC frame, and dampers are modeled as Maxwell model (CD: damping coefficient of 
dashpot, KD: elastic stiffness of spring) as shown in Figure 2-1(b). 
The equivalent stiffness of RC frame KEQF and damper KVD(ω) is defined as the secant stiffness at the 
peak drift dmax as shown in Figure 2-2; KEQF and KVD(ω) are expressed as equation(2.1). 
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Where QMAX and FVD0 are the restoring force of RC frame and resistance force of damper corresponds 
to dmax, respectively, β = KD / CD, and ω is circular frequency of harmonic excitation. Based on the 
equivalent stiffness defined above, the first mode shape in nonlinear stage of asymmetric building 
model is determined. Kasai has proposed an approximation method to determine the mode shape of 
elastic systems with viscoelastic damper (series viscoelastic damper-spring system), assuming that the 
equivalent stiffness of damper KVD(ω) can be determined based on the i-th natural circular frequency 
of system ωi (Kasai et al., 1999). Following this assumption, the first mode vector φ1 and equivalent 
circular frequency of the first mode ω1eq in nonlinear stage is determined from equation(2.2). 
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Where M is mass matrix, KEQF, KVD(ω1eq) are equivalent stiffness matrix of RC frame and damper, 
respectively, m and I are mass and mass moment of inertia, respectively, KEQFXi and KEQFYi are 
equivalent stiffness of i-th RC frame in X- and Y-direction, respectively, lXi and lYi are location of i-th 
frame, nXi and nYi are the number of dampers installed in i-th frame, and r is the radius of gyration of 
floor mass. As shown in equations (2.1) and (2.2), the equivalent stiffness matrix of damper KVD(ω1eq) 
is dependent of equivalent circular frequency of the first mode ω1eq ; therefore iteration process is 
needed to obtain inelastic first mode vector φ1 and ω1eq from equation(2.2). Figure 2-3 shows the flow 
of eigenvalue analysis shown in equation(2.2). Note that ω1eqf in Figure 2-3 is the equivalent circular 
frequency of the first mode without dampers. The principal direction of i-th modal response is defined 
as the direction of incidence that produces the largest i-th equivalent modal mass. Considering a set of 
orthogonal U- and V- axes in X-Y plane, the i-th equivalent modal mass in U- and V-direction, MiU

* 
and MiV

*, respectively, are defined by equation(2.6). 
 

Figure 2-1 Analysis model 

 

Figure 2-2 Definition of equivalent 
stiffness 
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By differentiating MiU

* with respect to ψi and equating to zero, the principal direction of the i-th modal 
response is obtained and its tangent is given by equation(2.9). 
 
 tan i Yi Xiψ φ φ= −  (2.9) 
 
In this paper, the U-axis is taken as the principal axis of the first modal response of single-story 
asymmetric building model in elastic range as shown in Figure 2-4. Considering the first mode 
response and substituting ψ1 into equation(2.6), M1U

* and M1V
* are obtained as equation(2.10). 
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It is interesting to note that equation(2.10) indicates that the ground motion in V-direction has no 
contributions in the first modal response. 
 
2.2 Pushover Analysis for Asymmetric Building with Linear Viscous Dampers Representing the 

Nonlinear First Mode Response 
First, the equation of motion of equivalent SDOF model representing the first mode response is 
formulated according to the previous study by author (Fujii, 2008). The equation of motion of 
asymmetric buildings with linear viscous dampers can be written as equation(2.11), considering the 
bidirectional excitation in U- and V-directions. 
 
 ( )gU gUa a+ + = − +F R U VMd C d f M α α  (2.11) 

 
Where d is the displacement vector, CF is the damping matrix of RC frame, fR is the resistance force 
of whole building (= fRF + fVD, fRF: restoring force of RC frames, fVD: resistance force of dampers) and 
agU and agV is the ground acceleration in U- and V-direction, respectively. 
As is discussed in the previous study (Fujii, 2008), it is assumed that the building oscillates 
predominantly in the first mode under U-directional (unidirectional) excitation, and it oscillates 
predominantly in the second mode under V-directional excitation. Under bi-directional excitation, it is 
assumed that d and fR can be written in the form of equation(2.12), even if the building responses 
beyond the elastic range. 

Figure 2-3 Flow of eigenvalue analysis (equation (2.2)) 
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Where D1U

* and D2V
* are the first and second modal equivalent displacement, A1U

* and A2V
* are the first 

and second modal equivalent acceleration of whole building. It is also assumed that the change of the 
principal direction of the first modal response in nonlinear stage is negligibly small and equation(2.10) 
is still valid in nonlinear stage. By substituting equation (2.12) to equation (2.11) and by multiplying 
Γ1U φ1

T
 from the left side and considering equations (2.14) and (2.15), equation of motions of the 

equivalent SDOF model representing the first mode response can be obtained as equation(2.16). 
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Where C1Uf

* is the first modal damping coefficient. Figure 2-5 shows the equivalent SDOF model for 
the asymmetric buildings. 
The properties of the equivalent SDOF model representing the first mode response are determined 
based on the pushover analysis results described as follows. In the previous study, the pushover 
analysis for asymmetric buildings considering the change of the first mode shape in nonlinear stage 
has been proposed by author (Fujii et al., 2004). In this paper, this procedure is extended for buildings 
with linear viscous dampers. Figure 2-6 shows the flow of proposed pushover analysis. In the 
proposed pushover analysis, the following assumptions are made. 
 

1) The equivalent stiffness of elements can be defined by their secant stiffness at peak drift 
previously experienced in the calculation (Figure 2-2). 

2) The first mode shape at each loading stage can be determined from the equivalent stiffness. 
3) The deformation shape imposed on a model is same as the first mode shape obtained in 2). 

 
From the pushover analysis results, the equivalent acceleration of whole building A1U

* corresponding 
to equivalent displacement D1U

* at each pushover analysis steps can be determined by equation(2.18). 
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Figure 2-4 Principal direction of modal response Figure 2-5 Equivalent SDOF model 
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2.3 Outline of the NSP for Asymmetric Buildings with Linear Viscous Dampers 
The proposed NSP for asymmetric buildings with linear viscous dampers consists of following 5 steps: 

 
STEP 1: Pushover analysis of asymmetric building (first mode) 
STEP 2: Prediction of seismic demand of equivalent SDOF model (first mode) 
STEP 3: Pushover analysis of asymmetric building (second mode) 
STEP 4: Prediction of seismic demand of equivalent SDOF model (second mode) 
STEP 5: Prediction of peak drift in each frame of asymmetric building 

 
The presented NSP is the extended version of the procedure presented in the previous study (Fujii et 
al., 2006). In this presented NSP, as well as that in previous NSP, two independent equivalent SDOF 
models are used to predict the responses of first and second mode (in STEP 2 and 4), and the peak 
drift of each frame in asymmetric building is predicted through the combination of four pushover 
analyses considering of the effect of bi-directional excitation (in STEP 5). Detail of the combination of 
four pushover analyses considering of the effect of bi-directional excitation can be found in (Fujii et 
al., 2006). 
There are three modifications in the previous NSP (Fujii et al., 2006). The first modification is that 
pushover analysis in STEP 1 is carried out according to the procedure prescribed above (Section 2.2). 
The second modification is that the equivalent period T1eq and equivalent damping h1eq of equivalent 
SDOF model at each nonlinear stage is calculated by equations (2.19) through (2.21). 
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Figure 2-6 Flow of proposed pushover analysis 

 



The 14
th  

World Conference on Earthquake Engineering 
October 12-17, 2008, Beijing, China  
 
 
Where heqfi and heqvd are equivalent damping of RC frames and dampers, respectively, Wefi and Wevdj are 
potential energy of RC frames and dampers, respectively, h0 is the initial damping of RC frame and is 
assumed 0.03, KEFi and KEQFi are initial (elastic) and equivalent stiffness of i-th RC frame, respectively, 
μfi is ductility of i-th RC frame, dmaxi, dyi and di are the peak, yield and current drift of i-th RC frame, 
respectively, heqvd0 are equivalent damping dampers based on harmonic excitation. As shown in 
equation(2.21), the equivalent damping heqvd is reduced to 80% of heqvd0, which is based on the research 
by Kasai et al. (Kasai et al., 2004). Note that for the prediction of the seismic demand of second mode 
response (STEP 4), equivalent damping of dampers heqvd is determined based on ω1eq. The third 
modification is that for the pushover analysis using invariant force distribution (in STEP 3 and 5), 
equivalent stiffness of dampers KVD(ω) is assumed constant and is determined based on ω1eq. 
 
 
3 ANALYSIS EXAMPLES 
 
3.1 Building Data 
Building investigated in this paper are idealized single-story asymmetric building models representing 
four-story building as shown in Figure 3-1. The model without damper is referred to as Model-O, 
while the model with dampers is referred to as Model-VD. Their height is assumed 11.16m and the 
total building mass m and moment of inertia I are 1524 ton, 1.075 x 105 ton-m2, respectively. Figure 
3-2 shows the hysteresis model of RC frame, and Table 3-1 shows the properties of the each RC frame 
(elastic stiffness KEF, yield strength Qy, secant stiffness ratio at yield point αy and post-yielding 
stiffness degradation ratio α2), which is determined based on the planer pushover analysis of each 
frame in original building model. The envelopes are assumed symmetric in both positive and negative 
loading directions. Torsional stiffness of member is neglected. No second order effect (ex. P-Δ effects) 
is considered. Muto hysteretic model (Muto et al., 1973) is employed for RC frame with one 
modification as shown Figure 3-2(b); the unloading stiffness after yielding stage is modified as it 
decreases with proportional to μf

-0.5. In Model-VD, there are two linear viscous dampers which have 
the same properties; CD = 1174kNs/m, and KD = 21139kN (β = 18 (1/s)). The properties of dampers 
are determined so that the maximum drift at Frame X6 is with 1% for the ground motion shown in 
section 3.2. The damping matrix is assumed proportional to the instant stiffness matrix of RC frame 
and 3% of the critical damping for the first mode. Figure 3-3 shows the mode shape and natural 
periods of (a) Model-O and (b) Model-VD. In this figure, the principal direction of modal response of 

 

 
Figure 3-1 Model buildings 

Figure 3-2 Hysteresis model for RC frame 

Table 3-1 Properties of RC frame 

Frame KEF 
(MN/m)

Qy 
(kN) αy α2 

Y1 946.9 4661 0.218 0.005 
Y2 569.6 3760 0.231 0.007 
Y3 129.5 1591 0.292 0.022 
Y4 114.1 1472 0.280 0.023 
X1 858.7 3524 0.305 0.004 

X2-X5 80.5 1001 0.287 0.024 
X6 70.7 942 0.261 0.024  
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each mode obtained by equation (2.9) is also shown. As shown in this figure, the differences of the 
principal directions of all modes in two models are negligibly small. 
 
3.2 Ground Motion Data 
In this study, the earthquake excitation is considered bi-directional in X-Y plane, and six sets of 
artificial ground motions are used. The first 60 seconds of two horizontal components (major and 
minor horizontal components) of the following records are used to determine phase angles of the 
ground motion: El Centro 1940(referred to as ELC), Taft 1952(TAF), Hachinohe 1968(HAC), Tohoku 
Univ. 1978(TOH), and JMA Kobe 1995(JKB) and Fukiai 1995(FKI). Target elastic spectrum of 
“major” components with 5% of critical damping SA(T, 0.05) is determined by equation (3.1). 
 

 ( )
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Where T is the natural period of the SDOF model. In this study, the target spectrum of “minor” 
components is reduced by 0.7 of “major” component determined by equation(3.1). Elastic response 
spectra of artificial ground motion with 5% of critical damping are shown in Figure 3-4, and Figure 
3-5 shows the orbit of the set of artificial ground motion obtained from ELC. In this paper, the “major” 
components are applied in the principal direction of the first modal response of Model-O (U-direction), 
while the “minor” components are applied in V-direction. 
 
3.3 Analysis Results 
Figure 3-6 shows the comparisons of the peak drift at each frame obtained from the NSP and the 
nonlinear time-history analysis. As shown in this figure, the procedure presented herein can predict the 
peak drift of Model-VD(with linear viscous dampers) as well as Model-O(without dampers). 
 
 
4 CONCLUSION 
 
In this paper, the extended NSP for single-story asymmetric buildings with linear viscous dampers is 
presented and its applicability is discussed. The procedure presented herein can predict the peak drift 

Figure 3-3 Mode shape of models in elastic range 

Figure 3-4 Elastic response spectra Figure 3-5 Orbit of artificial ground motion (ELC)
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of asymmetric buildings with linear viscous dampers under bi-directional excitation as well as those 
without dampers. The presented NSP may also apply to asymmetric buildings with different linear 
velocity-dependent dampers, such as viscoelastic dampers. The extension of the proposed procedure to 
multi-story asymmetric frame building model is the next phase of this study. 
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Figure 3-6 Prediction of the peak drift at each frame 


