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ABSTRACT :

Accurate estimation of the seismic response of structures is an important issue in aseismic design. Under
earthquake excitations, the deformation and internal force distributions of structures are quite complex. This is
particularly true for irregular structures under multiple directional seismic loads. In most current engineering
practice, only those response quantities which are linear combinations of the nodal displacements are
considered to be critical for design. However, this may not always be the case, especially for those systems
enhanced with high damping devices. For example, the relative nodal velocities are important for the design of
the dampers and the nodal absolute accelerations determine the strength demand of the nonstructural
components. This paper presents a time-history-based formulation of the responses for generally damped linear
systems excited by multiple directional seismic loads through modal analysis. Solutions to the structural nodal
displacements, the nodal velocity and absolute acceleration responses are derived. It is shown that the modal
response quantities required in the nodal velocity and absolute acceleration are identical to those that are
required in the structural displacement responses. Moreover, most response quantities of interest for seismic
evaluation and design can be obtained through the linear transformation of the structural displacement, velocity
or absolution acceleration as long as the structure remains in the elastic range (e.g. inter-story drift, story shear,
nodal relative velocity, floor acceleration, etc.). A unified form capable of representing these response
quantities is therefore established.
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1. INTRODUCTION

Generally damped linear systems are those dynamic linear systems with non-classical damping mechanism
and/or with over-damped modes. This type of systems is often seen when structures are enhanced with added
damping devices. At present, most modal design and analysis approaches for structures with added damping
devices subjected to seismic excitation are performed by using two-dimensional (2D) model with
uni-directional loading (Trall-Nash 1981, Veletsos and Ventura 1986, Zhou et al. 2004 and Song et al.
2008a,b). The 2D models with uni-directional excitation cannot deal with the spatially coupling effects between
motions in perpendicular directions and the torsional responses. Also, the correlations between ground motion
components are not considered, yet they may be of significance to structural responses. In current codes (e.g.
Caltrans 2004 and IBC 2003), in order to allow the extra responses resulting from the multiple excitations, a
30% or 40% rule arising from the orthogonal effects is applied. The safety margin of the percentage rule has not
been examined through careful studies. It is used simply because the required computational effort is rather
prohibitive and, at the same time, there has been a lack of knowledge necessary to formulate a simple, rational
approach. Also, the discussion of the response quantity is generally limited to the structural nodal
displacements. As complex structural systems become more popular, it is necessary to design and analyze the
structures using three-dimensional (3D) model subjected to multi-components earthquake excitations and
consider more response quantities, in addition to displacement in order to achieve safer design. As a result, the
applicability and feasibility of the currently used modal analysis approach need to be further examined.
Stemmed from the previous study of the authors (Song et al. 2008a,b) on 2D generally damped structures
subjected to uni-direction ground excitation, this paper is specially engaged in establishing the theoretical base
of modal analysis approach for 3D generally damped linear structures subjected to multiple excitations, from
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which a unified form able to represent most structural response quantities of interest is derived.
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X, Y, Z = Assumed structures reference axes
1,2, 3 = Principal directions of ground motion

Figure 1 3D MDOF structure subjected to 3-component ground motion

2. FEATURES OF 3D GENERALLY DAMPED SYSTEMS

For a 3-Dimensional (3D) discrete generally damped linear structure with N degrees-of-freedom (DOF)
subjected to a three-component i () (e R’ -- belongs to 3-dimension vector in real field) as shown in Fig. 1,

the motion of the structure is governed by
Mii(t) + Ca(t) + Ku(t) = f(t) eR" (1)

in which MeRY™, CeR"™ and KeR™™ are the mass, viscous damping and stiffness matrices,
respectively. u(t)=[ug () uj(t) wu;(t) wu, (1) uOTy () uy (D]" €R" is a generalized displacement vector
representing  the translational and rotational DOFs for each node. f(t)=-MJTi,(t)e R" and

J=[J% J® J?1eR" is the influence matrix, which contains three resultant displacement vectors of the
mass to a static application of a unit ground displacement along three structure reference axes X, Y and Z,
respectively. i, (t) =[U, (t) Uy, (1) l'J'gS('[)]T is the acceleration vector consisting of three orthogonal

components along reference axes 1, 2 and 3, respectively. T eR’ is a transformation matrix and has the from
of

cosf —sinf 0
T=|sind cosf 0 2)
0 0 1

When the structure is generally damped, it cannot be decoupled in the N dimensional physical space. As a
result, it is necessary to use the 2N dimensional state space to perform the eigen analysis. Namely, Eq. (1) can
be cast into a set of first-order linear equation as given by

Av()+Bv(t) =f, (1) R 3)

whereAz(lel I\C/I) e R*N, B:(_(l;/[ 12) e R*VN V(t)={3g8} eR™, fs(t)z{f?t)} eR™ (4

It can be shown that A and B are non-singular matrices for a completely constrained structure with non-zero
nodal masses; that is, both A™ and B™' exist (Song et al. 2008a). Let A €C be an admissible eigenvalue.
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Associated with each eigenvalue A is an admissible eigenvector y e C*" . The associated eigenvalue problem
of Eq. (3) is given by

(M +B)y=0 ®)

From the theory of linear algebra, the solution to the above eigenvalue problem leads to a set of 2N eigenvalues
A; and 2N associated complex eigenvectors ;. Normally, A, and w, appear in complex conjugated pairs,

which will correspond to under-damped vibration modes. However, A, and w, can also appear in real value,
which correspond to over-damped modes. Suppose that there are N, complex modes (simply termed as
modes) and N, over-damped modes in the system (2N, + N, =2N ). As a result, the following eigenvalue (or
spectral) matrix and eigenvector matrix can be formed

AZdiag(/lniz"'lNCJ’MZ--%LC,if’Jﬁ---lﬁp) c Q2N ©6)

I, DA .
‘PZ(%wz-'-\vNcawpwz'-'\vNc,wf,wi'-'wﬂp)=( o ) e g o

in which (I):((pl,(Pz...(PNC’(pj’(p;...q)):\‘c’(pll),(pl;---(pf;\jp)E(CNsz’ /’Li:—é‘ia)i—i-ja)di,/lli):—a)rand J:\/__lls

the imaginary unit. @,€R and &, e R are the ith modal frequency and modal damping ratio, respectively,

@, =+J1-E w,eR is the ith modal damped frequency and @, is defined as ith over-damped natural circular
frequency. The ith mode shape @; can be represented as ¢, =[@;, @, @, @ Pio, Pio, ', from

which it can be observed that the modal motion is not limited to only one global reference direction. This
explains the spatial coupling phenomenon in the physical space. It can also be shown that the eigenvector
matrix W can diagonalize the two system matrices A and B (Chu 2008), leading to following two
diagonal square matrices

zi:\IJTA\P:diag(al,az---aNC,af,aZ---a’;,c,af,aﬁ---aﬁp) eC?N ®)
b =¥"BY = diag(l,.b, b _,b;,b; by b b} bl ) eCN 9)
where & =y/Ay,, b=y/By, =-al;, &’ =(y{) Ay; and b =(y{)'By; =-a’1; (10)

2.1 Modal coordinate transformation

Let the response vector V(t) e R*" be represented in the following transformation

v(t)={383}=‘l’w(t) (11)

where  w(t)=[w, (), W, (1), W, (1), W/ (1), W,(0)- Wi, (1), W (), i (t)-w), ()] eC (12)

is the complex modal coordinate vector in the time domain. Using Eq. (11), the state space Eq. (3) can be
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decoupled into a set of uncoupled 2N independent modal equations as

Vi (1) — AW, (t)_""f(t) eC (i=12..N,.) (13)
W)~ AW (t)—""a(t) eC  (i=12..N.) (14)
and v'v}’(t)—ﬂ}’wf(t):% eR  (i=1,2-N,) (15)

In Eq. (14), the superscript “H” denotes Hermitian transpose. After substituting the solutions of Egs. (13) to
(15) into Eq. (11), the structural displacement and velocity response vector can be expressed as

u®) =Y [ O+0W 1) ]+ Yo w ®) (16)
i)=Y [ 40w+ 20w )]+ Alolw! (1) (17)

2.2 Structural residual matrices

By taking the derivative with respect to time of both sides of Eq. (16), together with the use of Egs. (13) to (15),
and equating the resulting form to Eq. (17), the following expression results

Z{(P 0! <pa<r>. }HMZ{(P (;p h)” }f(t) e 18)

i=1 & i=1 i

Since f(t) is arbitrary, it implies that

ool 00" ] o (en
Z|:(P|(P| +(p|q:| j|+Z|:(p|(qI))|) :|:(Dﬁ_1(DT:0 G(CNXN (19)
a il

i 9 a;

Further, denote

T
Ri=RiR+jRiI=—(p;pi eC"™ | R =R'-jR! = "’a"" eC™  (i=1,2--N.) (20)

T
and R.":‘pi;# eR™ (i=1,2---N,) 1)

1
i
R,, R and R] are referred to as the residual matrices corresponding to the eigenvalues A,, A; and A,

respectively. Eq. (19) shows an important property for a linear system, that is, the summation of all residual
matrices equal to the null matrix. Note that all residual matrices only depend on the structural system
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parameters and are independent of the normalization manner of the modes.
2.3 Expansion of the inverse of the mass matrix
Considering Eq. (4) and (7) in Eq. (9),

. ®A) (-M  0)( DA . . .
YBY = = —A®'MPA+P'KOP=bh=-4A (22)
o)l 0 K/lo

If the masses at all N structural DOFs are non-zero, M is a positive-definite matrix and M exists. From
Egs, (19) and (22), M™" can be expanded in terms of the system parameters as (Song et al. 2008a)

Nc Np
M =0 'AD" =23 (éoRY +o,R])- Y of R} (23)
i=1 i=1

3. DEVELOPMENT OF THE UNIFIED FORM

The seismic displacement and velocity responses have been given by Egs. (16) and (17), respectively. However,
it is noted that the modal responses W (t), w'(t) and W' (t) are complex-valued and have no physical

interpretations. In addition, the computation efforts for solving Egs. (16) and (17) are demanding since they are
complex-valued. Thus, responses expressed by the form shown in Egs. (16) and (17) are not preferred. In the
following, a unified formulation in terms of real numbers for most response quantities is developed.

3.1 Displacement response

With the help of the Laplace transform applied to Egs. (11) to (15) and with certain simple manipulation of the
resulting expressions, Eq. (16) in Laplacian form can be represented as

U(s) NZ ApiS By, TU,(s) i Ap, TU (s) eC"  (24)
S)=- + s)—- )y —>— S) €
T\ s’ +2lws+0] SS+2805+0] ¢ s+l ¢

in which A, =2R'MJeR", B, = 2a)i(§iRiR —y1- §i2RiI)MJ eR", A}, =R'MJ eR" . Further denote
Q(s)=H,(s)U,(s) eC’ and Qy(s)=H,;(5)U,(s) C’ (25a,b)

1 S
52+2§<a)45+a).2 eCand HVi(S):_32+2§a)45+a).2 eC (26a’b)

where H,(s)=-

are displacement and velocity transfer function of a under-damped SDOF system with the ith modal damping
ratio & and the ith modal natural frequency ;, respectively. In fact, Egs. (25a) and (25b) can be considered

I
as the Laplace transformation of the displacement vector and the velocity vector governed by the following
differential equation set expressed in the time domain with zero initial conditions, respectively

4, (0 +250,q,(D)+wiq, (1) = —i, (t) (27)
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where q;(t)=L" [Q. (S)] =[0;; (1) A (1) G5 (V)] "eR’ . Also, denote
Q'(s)=H/(s)U,(s) eC’ (28)

1

in which HP(5) = ——
S+ o,

eC (29)

Similarly, Eq. (29) is the Laplace transformation of the following first-order differential equation with zero initial
condition.

q; () + o/ q; (1) =i, (V) (30)
where q/ (t)=L" [Qip(s)] = (4 () gk (1) qf (t)]" R’ is the ith over-damped modal response vector.

As a result, the inverse Laplace transform of Eq. (24) which is the displacement vector u(t,d) can be
expressed as (Chu 2008).

u(t,0)= Y[ A, Td, () + By, Tq, 0]+ AL Tq (1) 31)

i=l i=1

The variable € is included in the expression to show that the response vector is also dependent on the seismic
incident angle &, considered through the transformation matrix T . Unlike Eq. (11), it may be observed that
the displacement responses can be expressed in terms of real-valued quantities. It is a linear combination of the
modal displacement and velocity responses of a set of under-damped SDOF systems as well as those of a set of
over-damped first order system subjected to three orthogonal ground motions. Also, from Eq. (31), it is clear
that the modal structural response vector (including modal responses of all structural DOFs) for each mode
consists of two terms which are related to the modal velocity response, A, Tq;(t) and modal displacement

response, B, Tq,(t) , respectively. Comparing Eq. (31) with the corresponding formula used for

classically-damped system (Clough and Penzien 1993), the former term is introduced due to the non-classical
damping effect. Since the corresponding elements in the coefficient vectors A, and B, for each mode may

not be equal, the combined result of these two terms may shift the modal response phase along structural DOFs.
Thus, it can be concluded that when the structure is non-classically damped, the modal structural responses for
all DOFs may not vibrate in phase or out of phase, which is different from the behavior appearing in a

classically-damped system. In Eq. (31), the last term related to the over-damped modal response A} Tq; (1)

are used to compute the modal responses contributed from the over-damped modes when they are present.
3.2 Velocity response

Intuitively, the structural velocity response vector can be obtained directly by taking derivative of Eq. (31) with
respect to time variable t as

a(t.0) = Y[ Ay Tij (1) + B, T, (0 ]+ AL TG (D) (32)

i=1 i=1

However, this formulation requires the incorporation of two additional modal responses ¢, (t) and ¢;(t) in
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the expression. A different approach to derive the expression of the relative velocity vector is given as follows.
First, let us rearrange Egs. (27) and (30), respectively, as

i (1) =-28@,4,(t) - 07q, (1) — i, (1) (33)

47 () =-w/q; () —ii, (1) (34

After substituting Egs. (33) and (34) into Eq. (31), one will have

Np

i(t,0) = 2[(13[” ~250,A0, ) T4, () - @' Ay Tq,(1) | + (- A, ) Ta] (1)

Ne N,
{ZADi + ZAEi}Tﬁg
i=1 i=1

i=1

(35)

in which the last term vanishes after considering the summation of the residual matrices shown in Eq. (19), i.e.
Nc Np Ne Np
{ZAN +ZA‘[’)i}Tﬁg ={22R? +ZR}’}MJTﬁg =0 (36)
i=l i=l i=1 i=1
Therefore, the velocity vector u(t,0) can be expressed as

u(t,0) = ZC:[AWT(L () +B,Tq; (t)]+i Ay Tq; (t) (37

i=1 i=1
where A, =B, —2&w;A,;, By =-w'A,, and Ay, z_a)iPAll;i'

Noted that Egs. (32) and (37) are equivalent. However, Eq. (37) is preferred since the two additional modal
responses §;(t) and q;(t) do not appear in the expression and it has a consistent expression with the
displacement vector u(t,d) shown by Eq. (31). It is worthwhile to point out that Eq. (37) can also be derived
directly from Eq. (17) following the similar procedure for deriving Eq. (31). The final results including the
coefficient vectors, A,;, By, and A}, are exactly same as Eq. (37), which is understandable because Eq.

(19) is derived based on Egs. (16) and (17). However, the currently adopted approach can bring out an extra
important property of the generally damped structural system that is shown by Eq. (36).

3.3 Absolute acceleration response

To derive the absolute acceleration vector, let us start from the relative acceleration, which can be obtained by
taking derivative of the velocity vector u(t,d) with respect to time. As a result, we have

u(t,0) = i [ATd; (1) +B,Tq, (D] + iAiinlf () eR" (3%)

Substituting Eq. (33) and (34) into Eq. (38) leads to
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i(1.0)= AL Ta 0+ B, Ta, )]+ 3 AL Ta’ (1) —[ZA FYAL }Tﬁg(t) (39)

where A, =B, -2&wA,,, B, =-&’A, and A} =-a'Al,.

Vi» Al

Making use of the modal expansion of the inverse of the mass M~ shown by Eq. (23), the last term in Eq.
(39) becomes

{iAVi * iAl‘)’i }Tﬁg(t) = {_zi(giwiRiR + wdiRiI ) - ia)iPRiP}MJTﬁg ®

=M 'MJTii, (t) = JTii, (t)

(40)

Substituting the result of Eq. (40) into Eq. (39) and denoting the structural absolute acceleration vector as
ii, (t,0), which can be expressed as i, (t,60) =1i(t,0) + JTii (t) , one obtains

i, (1.0)= Y[ A, T4, 0+ By Tq, (0 ]+ X AL Tq © @41)

It is noted that the modal relative acceleration vector q;(t) and the ground acceleration vector ii,(t) are not

included explicitly in the expression of the absolute acceleration vector ii, (t,6).

3.4 A unified form for response expressions

Comparing the expressions of the relative displacement, the relative velocity and the absolute acceleration
vectors shown in Egs. (31), (37) and (41), respectively, it may be observed that these three response quantities

are the linear combination of the modal response q;(t), q,(t) and q; (t). They only differ in their respective

coefficient vectors. Thus, it is convenient to represent these three response vectors in a similar manner as
follow.

u,(1.6) = [ A TG, () + B, Ta () ]+ Y AL Tl () “2)

In general, most response quantities, denoted as r,(t,d), are either deformation-related, such as bending
moments, inter-story drifts, shear forces etc., velocity-related, such as the inter-story velocity or absolute
acceleration-related , such as the floor acceleration. As a result, most response quantities within the structure
can be expressed by a linear combination of the response vector u,(t,f) through appropriate transformation.
That is,

B(00) =d"u,(1.0) = Y[ d7A, T, (0 + "B, Ta ()] + 3" AL T’ (1) (43)

i=1 i=1

where d is a transformation vector. This form is helpful in the formulation of a modal combination rule for
response spectrum method.
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4. SUMMARY AND CONCLUSION

A modal response history analysis approach for generally damped 3D linear structures subjected to multiple
ground motion excitations is developed. In this approach, over-damped modes, if exist in the system, are taken
into account for accurately evaluating the structural complete responses. In addition, the modal response
combination formulation and the decoupled modal differential equations with first order and second order are
expressed in real field and have clear physical interpretations. Also, a unified form capable of describing most
response quantities of interest is established for multicomponent seismic analysis via the modal properties
identified in this study. This unified form can be further used for the development of the
response-spectrum-based analysis method for generally damped 3D linear structures, which has been performed
by the authors (Song et al. 2008a and Chu 2008).
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