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Analysis of longitudinal vibration of earth dam in triangular canyons

Z.Xu
Hohai University, Nanjing, People’s Republic of China

ABSTRACT In this paper, firstly, a parrial differential equation of longitudinal motion for
a earth dam with symmetrical cross-section in a triangular canyon by means of shear wedge ana-
lysis is presented. Then by using the method of separation of variables and Bubnov--Galerkin
approach, an approximate eigenvalue solution of this equation for the fundamental natural fre-
quency of vibration of the dam and some calculation formulas for longitudinal earthquake re-

sponse of dam are given.
made by hand calculation.

1 INTRODUCTION

In the majority of eairch dams shaken by severe
earthquakes, two primary types of damage have
occurred (Ambraseys 1960): longitudinal
cracks at the top of the dam and transverse
cracks sometimes accompanied by crest settle-
ment. The longitudinal cracks appear to have
been caused primarily by the horizontal com-
ponent of the earthquake motion in the up-
stream-downsiream direction. that is. _he di-
rection perpendicular to the longicudinal
axis of the dam. 1In contrast, transverse
cracking of an earth dam can result from lon-
gitudinal dynamic strains induced by earth-
quake motion in the longitudinal direction
(Seed er al 1978). This paper develops an
approximate analytical method for evaluating
the dynamic characteristics of earth dams in
the direction parallel to the dam axis.

2 DIFFERENTIAL EQUATION OF LONGITUDINAL
VIBRATION OF EARTH DAM

Fig. 1 shows a max. longitudinal section, a
max. transversal section and a longitudinal
slice of dam. Assume longitudinal section
and transversal section are symmetrical tri-
angle. The assumptions inherent to a shear
wedge analysis of a symmetrical earth dam are
as follows: (1) The canyon wall are perfectly
rigid: (2) The direction of ground motion is
horizontal and parallel to dam axis and there
are no displacements in other directions; (3)
The dam is homogeneous and the dam materials
are linearly elastic; (&) Interaction between
water in the reservoir and the dam is negli-
gible; (5) Only shear deformation is taken
into account.
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These formulas are very simple and dynamic analyses may readily be
At the end, a sample calculation has been presented.

Fig. 1 Analytical model of dam in triangular
canyon for shear wedge analysis

Forces acting on an elemen: in the longitu-
dinal direction, as shown in Fig. 1{(c), are:

1. Inertial force:

Fw
Fo=pUs+ 2 ay) 2%

2. Shear force on bottom:
Syz=LG 2% 4y

yz 2y
3. Shear force on top:

(8w, 3w 3
Syz+0(Sya= (G2 + S y) (14 5 L-0y) oz
4, Axial (normal) force on front:

Frzoy(ir = Bhay) oy =

ay
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5. Axial (normal) force on back face

o dw, B
Far@Fy=£( 3% 5""

L gz)( £’~2— a; dy) ay

where p is density of the material, 1 the wid-
th of element in x direction, E Young's modu-
lus of the material, G shear modulus of the
material, o; longitudinal (axial) normal
stress and t time. E=2(1+u)G=§G

in which y is the Poisson's ratio of the
material.

For the equilibrium of an element (Fig. 1
(¢)), the equation of motion governing free
longitudinal vibration of dam is obtained:

2 ’u

v zaw+ % Sw _ 3w _ (1)

where v5=jE7;'is shear wave velocity of the
material, H the height of the dam.

The following boundary conditions are appli-
cable to the case of -a symmetrical dam in a
triangular canyon:

dw
L = 4 =
g -0 at y=4
(2)
w=20 at H-“EL z

where L is length of dam crest.

3 SOLUTION FOR FIRST NATURAL FREQUENCY

By the method of separation of variable [W=
#(y,z) T(t)], the following equations are ob-
tained:

aatz-rufrzo (3)
3%, ¢ 3% 28, @5, (4)
agz azz H‘H 8 2

where « is the natural frequency. Therefore:

T = Ajcoswt + A,sin ot (5)

where A,and A,are arbitrary constant.

Since the boundary conditions given by equ-
ation (2) have to be satisfied at all times,
the following boundary conditions can be im-
posed on the function ¢

ag

=0 at
3y

(6)

Solution in closed form of equation (4) is
difficult to obrain. However, an approximate
eigenvalue solution of equation (4) can easi-
ly be used to obtain a rather accurate value
for the first natural frequency of vibration

of the system.

According to the Bubnov-Galerkin method
(Zienkiewicz 1971), if a function ¢ which
satisfies the boundary conditions given by
equations (6) can be found, the following
integral:

(TP, 138 o
” (By §327 " TH oy T g PeEd=o (3

yields an algebraic equation from which the
frequency of the system can be determined.
It can easily be shown that the function:

g= :/’7( y=Kz)(y-Rz)(y-2H*KZ)(y-2H~KZ) (8)

satisfies the equation (6). After substitut-
ing equation (8) into equation (7) and per-
forming the integration the following alge-
braic equation is obtained:

- = L - S -==¢K=0 (9)

Solving equation (9) for w, we get:

w_——_-—l:)§- '.fi+40(hp)—

This expression gives the first natural
frequency i.e.cw; of a symmetrical dam in a
triangular canyon under longitudinal vibra-
tion, the function g in equation (8) is corres-
ponded to the first mode shape of vibration,

e g -

(10)

4 LONGITUDINAL EARTHQUAKE RESPONSE OF DAM

It is easily proved that the equation govern-
ing longitudinal vibration of the dam with
damping under earthquake can be written as:

B, ¢ gw _

_&_
a7 TP ot Pl tE

L2 R T X Ne5)
8y

(11)
where @,(t) is acceleration of rigid canyon
in the z direction and ¢ is coefficient of
damping.

By the method of separation of variables
[w:? ¢,(y,z) T{t)] and based upon the ortho-
gonality of mode shape, the following two
equations for the first mode shape are ob-
tained:

I
y-ﬂ

A VN | R A
3y’ AT GA ay s p=o (12)
%tz +2N, W, gg"'wlzrl :—rg,idg(t) (13)

where w, is first natural frequency given by
equation (10), A, is damping ratio of first
mode, it is equal to c¢/2pw, , =, is mode par-
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ticipate coefficient

/,ury/K
j/ B, (H-y)dy dz
‘0 /¢

1,= (14)

H.Y/K
/ f 2(H-y) dydz
L ¢ (H-y) dy

Afcter substituting the ¢, from equation (8}

into equation (14) and performing the inte-

gration, then obtains n =1.839.
The solution of equation (14) is:

X, w (T
z)e

-1839 [t

oy

J
7= Sinwy(L-T)dr (15)

!

where w/ =w/1-X , the Duhamal integral may

be calculated by numerical integration method.

Because the higher modes have little effect
on earthquake response of dam, only a few
lower modes (1~ 3 order) are adopted for
practical requirement. Then the longitudi-
nal earthquake responses of dam in triangu-
lar canyons can be approximately written as
follows: w= @& T ; w=g1 ; i’z:';a,t‘;ryz;‘-Gga,'yT,;
0% E¢,T;, where &, g, and @/, can be deter-
mined by equation (8) and its derivative, T
T, and F; can be obrained by equation (15)
and its derivative.

In engineering it is most interesting in
the max. response of dam and so the follow-
ing formulas of max. response are useful for
earthquake-resistant design of dam:

Woaz 2| 1, 8| s‘,s_] 1.839 8, | S

Pmax % |0, 8| S, %] 18594, |5,

|
{

bnax 2 |7 8, S,% | 16398, Sa (16)

Yyz,max 2| 0,8 | 2 | 18398, | s,

Oz ,max “""',7: Bz [“—" ] 1.839 de ){

where sy, sy and s, are displacement response
spectrum, velocity response spectrum and ac-
celeration response spectrum respectively.

5 EXAMPLE

Suppose the symmetrical earth dam in the
triangular canyon is subjected a longitudi-
nal earthquake (EL Centro record in 1940),
the max. length of dam L=200 m, max. height
H=50 m, the property of dam material are:
G=80 MP,, Vg=200 m/s, p=0.3, A=0.1. Deter-
mine the various max. responses in the cen-
tral and L/4 sections of dam.

Solution: j= 2H _ 2250 _ L
" L 200 2

E=2G(1+p)=2x80(1+0.3)= 208 MPa
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Substituting the values of Vg, H, p, K, L,
into equation (10), we get the first natural
frequency w and first natural period Tp as
follows:

w. = 200 45 y

“"f-e?.s’ 403 ) =82/
2x 2x3/4

Th, = ————— o ——= O

-7 o %) o<Lls

According to Tpsjand from the charts of re-
sponse spectrum ( Wiegel (1970)) we ger:
Sy=24.4 em/s, Sg=1.52 cm, S3=400 cm/s

Substituting the values of Sy, Sg, Sz, G
and E into equations (16), the computed re-
sults are summarized as shown in Fig. 2.

%mum
F

20 40 80

Fig. 2 The various max. responses in cen-
tral and L/4 section

6 CONCLUSION

The approximately analytical formulas deve-
loped in this paper are very simple and they
can be used for analysis of longitudinal vi-
bration of earth dam in triangular canyons
under earthquake motion, by corresponding
simplified method, such as response spectrum
technique. Generally, analyses may readily
be made by hand calculation even without
computer. A detailed example computation
has shown that the analytical model preseni-~
ed here will provide information of practi-
cal as well as academic significance.
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