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A predictive model for hysteretic failure parameters

William C.Stone & Andrew W.Taylor
National Institute of Standards and Technology, Gaithersburg, Maryland, Md., USA

ABSTRACT: The ability to analytically predict the inelastic dynamic behavior of reinforced concrete bridge
structures during earthquakes is predicated on the availability of an appropriate hysteretic failure model.
To date, several such models have been implemented in research computer codes with little or no
information available concerning the selection of appropriate coefficients and parameters for the solution
of a specific type of reinforced concréte structure. A digital database of load-displacement histories was
established for circular, spirally reinforced bridge column tests. A system identification analysis was
performed on each specimen in which the error in cyclic absorbed energy was minimized by optimal
selection of parameters in a tri-linear hysteretic failure model. Three parameters, comprising a stiffness
degrading coefficient (), a strength degrading coefficient (8), and a pinching coefficient (y), were
employed in this study. Subsequent multivariable least squares regression analyses were conducted to
correlate the variation of the model parameters with the specimens’ physical properties. Regression
equations were developed for the parameters alpha, beta, and gamma and explanations are offered as to

the correlation of the parameters to material and geometric properties of the columns.

HYSTERETIC FAILURE MODELS

Several computer programs presently exist
including SAKE (Otani, 1974), SARCF-II
(Rodriguez-Gomez, Chung, and Meyer, 1990),
and IDARC (Park, Reinhorn, and Kunnath,
1987), among others, which have, to varying
degrees, achieved some measure of success in
analytically predicting the dynamic response of
reinforced concrete structures, not just to their
elastic limits, but to complete failure. All are
"research codes" and to date are limited to the
analysis of two dimensional structural systems. At
the heart of these programs are hysteretic rules to
idealize the inelastic behavior of reinforced
concrete under dynamic or quasi-static loading.
Such models attempt to capture overall behavior
of the structural element based on Jload-
displacement (or moment-curvature) predictive
algorithms which dre calibrated to experimental
data. The output of these programs lends itself
to the computation of absorbed hysteretic energy
and displacement ductility, both of which have
been shown to be correlated to a quantifiable
measure of the state of damage sustained by the
structure following a seismic event (Park, Ang,

and Wen, 1984). In the present study a multi-
linear hysteretic model, known as a "Three
Parameter Model," was employed. This same
algorithm is presently used in the program
IDARC (Park, Reinhorn, and Kunnath, 1987).

It is common practice to describe the envelope
curve of the force-deformation relation of
reinforced concrete components by a multi-linear
function with three turning points, e.g., cracking,
yield, and ultimate strength. The tri-linear
approximation to the envelope curve is known as
the "skeleton" curve. Procedures have been
developed to extract this curve from an
equivalent monotonicload-displacement envelope
curve that has been fitted to experimental data
for columns tested under reversed cyclic loading
(Park, Reinhorn, and Kunnath, 1987). A variety
of hysteretic properties can be obtained through
the combination of the tri-linear skeleton curve
and three characteristic parameters, a, 8 and y.
Complete definitions of these variables may be
found in Stone and Taylor (1991). Briefly
summarizing, the parameter a controls the
degradation (softening) in the unloading stiffness
that is generally observed in reinforced concrete
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members as they degrade under reversed cyclic
loading. The parameter g determines the rate of
strength deterioration, and is commonly a
function of cummulative absorbed energy and
maximum displacement. Pinching behavior is
controlled by the parameter y. The introduction
of such a pinching parameter leads to a reduction
in the cyclic energy absorbed by the structural
element.

These' three parameters, together with the
skeleton curve information described above,
comprise the variables required for implemention
of the hysteretic rule described in Park, Reinhorn,
and Kunnath (1987). El-Borgi, White, and
Gergely (1991) warn that the proper
implementation of this type of model requires
calibration of the variables to a specific type of
structural element if reliable results are to be
obtained. It was for this reason that the initial
project scope was restricted to circular, spirally
reinforced, single bridge columns. Our first task
was thus to assemble a suitable digital database of
tests of spirally reinforced, circular concrete
bridge columns subjected to reverse cyclic loading
combined with axdal load. The process of
determining the relationship between the
hysteretic parameters a, 8, and y and the column
geometry and materials is known as system
identification.

DIGITAL TEST RECORDS

An extensive literature search identified several
sources of bridge column test data. Digitized
records were available from Stone and Cheok
(1989) and Cheok and Stone (1990); additional
records, generally in the form of X-Y plots, were
obtained from Ang, Priestley, and Park (1981);
Mander (1984); Munro, Park, and Priestley
(1976); Priestley and Park (1984); Zahn (1986);
Lim, McLean, and Henley (1990); McLean and
Lim (1990); Petrovski and Ristic (1984); Wong,
Paulay, and Priestley (1990); Ang, Priestley, and
Paulay (1985,1989); Davey (1975); Ng, Priestley,
and Park (1978); Kenchiku Kenkyu Siryo (No. 2
1975; No. 3 1978); and Watson (1989). All of the
latter data was digitized from large scale precision
photo enlargments of the analog records.

SYSTEM IDENTIFICATION

The term "System Identification" is generally
associated with the experimental acquisition of
such dynamic characteristics of a structure as its
mode shapes, frequencies, and damping

coefficients. In this paper we use the term to
refer to the determination of the three
parameters a, 8, and y, which best characterize
the hysteretic behavior of a given test specimen.
The system identification procedure used in this
study consists of a three dimensional trial and
error search with bounded limits on «, 8, and y
subject to the constraint of minimizing the
cummulative error between predicted and
experimentally observed differential energy
absorption for each point in the experimental

‘database. In equation form, we seek to minimize

the function F, where F is defined as follows:

J g 0.5(8101 = 81 {Pa® = Py (D)

F =
n

where:

8i1 = displacement of next point in load-
displacement record

811 = displacement of previous point in
load-displacement record

Pop(i) = experimentally observed load at

current point

Ppeo(i) = predictedload at current displacement,
calculated using the multi-linear
hysteretic rule and the currently
selected values of a, 8, and ¥

n = pumber of data points in the
experimental record

Following the initial identification of the
parameters a«, g, and y, the predicted load-
displacement record was superimposed
graphically, in a different color, on top of the
experimental record. Using a high performance
graphics workstation it was then possible to
interactively adjust any of the three model
parameters by means of a dial-box while viewing
the results in real time on the graphics screen.
This visual-feedback approach proved surprisingly
effective in arriving at a "best fit". As a final
check, the absorbed energy was calculated for the
experimental and predicted data for each cycle
and compared in a histogram plot. When the
error between the theoretical and experimental
sums of the cyclic absorbed energies was reduced
to a level of a few percent, the final values of a,
B, and y were recorded. The above tasks were
carried out using NIDENT 3.0, the NIST
graphics-based system identification package,
running on a Silicon Graphics 4D-420
workstation.
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Examples of the fit between the analytical model
and experimental data are shown in Figures 1-2.
Several details of these figures bear discussion.
The first, as evidenced, for example, in Figure 1,
is that as the column begins to fail, there is a
tendency for the predicted loads to overshoot the
experimentally observed load at the maximum
observed displacements for each cycle. This is an
expected consequence of using a tri-linear
skeleton curve where the post-yielding stiffness
for such a model is defined to be positive for
reasons of numeric stability.  Second, as
evidenced in the associated cyclic absorbed
energy histograms (see Figures 1-2), there is a
tendency for the predicted absorbed energy to
overestimate the experimental data for low values
of lateral displacement and to underestimate the
experimental data for high displacement ductility.
Despite these shortcomings, the Three Parameter
model is able to generally predict both overall
absorbed cyclic energy and displacement ductility
to within a few percent error, which was
considered acceptable for the puposes of dynamic
behaviour studies involving reinforced concrete.

MULTI-VARIABLE REGRESSION ANALYSIS

Given best-fit values of the parameters e, 8, and
y for many different column tests, the next
objective is to ascertain if there is any correlation
between these parameters and the physical
properties and dimensions of the test specimens
which were modelled.  For this objective a
stepwise linear regression analysis was conducted.
A total of 38 digital test records were used in the
present analysis. The regression analyses were
conducted using the commercial software package
SAS/STAT (SAS/STAT, 1987). R?(square of the
regression correlation coefficient) values of 80%,
80%, and 92% were obtained for the estimates of
the parameters a, 8, and v, respectively. Higher
correlations could be obtained, but at the expense
of a significant number of additional terms. The
regression equations associated with the three
parameters are given by:
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for Specimen 3 of Ng.
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The above equations were subsequently used to
derive calculated estimates for each hysteretic
model parameter given the geometry and
material properties for each test specimen.
Scatter plots for each parameter (values
determined by system identification on the x-axis;
values calculated from the regression equations
on the y-axis) are shown in Figures 3-5. A
perfect model would be a 45-degree straight line
intersecting the origin with all data points lying on
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the line. In actuality there is moderate, but not
unreasonable, scatter and the regression lines
relating the actual and predicted parameters
generally do not have zero intercepts. In the case
of the parameter g it should be noted that
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negative predicted values are not valid (and a
zero should be substituted). Likewise, predicted
y values greater than 1.0 are not valid (and 1.0
should be substituted). We anticipate that the
expansion of the column test database will extend
the range of applicability of the regression
equations. However, as the limits of scatter are
likely controlled by the variability of response that
is typical of reinforced concrete, it seems unlikely
that the quality of correlation between the
parameters derived via system identification and
those calculated using closed form equations will
improve and that the scatter cloud will simply
become more dense.  For the purposes of
conservative inelastic dynamic based design it
should be possible to shift « and y downward and
B upward by some multiple of the standard
deviation, much as strength adjustment factors
are incorporated in traditional design codes to
account for workmanship and material variability.

DISCUSSION

Stiffness degradation can be shown to be
inversely proportional to a, with lower values of
« leading to more rapid degradation at higher
displacements. Such deterioration in stiffness,
should, according to the predictive equation for a
be retarded by core confinement ratios (R,) close
to 1; higher axial stress; use of confining (spiral)
steel with a yield stress between 1 and 1.5 times
greater than the yield stress for the axial
reinforcement; confining steel bar diameters
between 0.2 and 0.3 times the spiral pitch; and
larger spiral pitch subject to the above constraint
on bar diameter. The combination of the latter
two variables suggests that the use of larger spiral
bar diameters, relative to pitch, will lead to
improved energy absorption performance. The
latter term, Q/P is a ratio of the shear strength
contributions from the concrete and confining
steel, respectively. The terms which most
strongly affect the correlation are oy, R, and R,

Strength deterioration is directly proportional to
the parameter g,
characteristics of the column which serve to
reduce this parameter are therefore desirable.

From the equation for g it can be seen that
decreasing axial reinforcement; increasing
confining reinforcement; and providing a confined
core area as close as possible to the gross cross
sectional area meet this criteria.  Strength
deterioration is also strongly affected by concrete
strength . Although further study is necessary, it
appears that there is a pronounced trend for
decreasing values of g for increasing values of f'c,

Material and geometric

until reaching a level of approximately 42 MPa,
after which B rapidly increases for increasing
values of f'c. Strength deterioration may also be
reduced by closer spiral spacing; higher spiral
reinforcement ratios; and by using higher aspect

(L/D) ratios.

The third parameter, v, influences the pinching
behavior in the hysteresis loops. A smaller value
of y leads to a more pronounced pinch and,
therefore, less energy absorption during any given
cycle.  Desirable performance dictates the
maintainence of "fat" hysteresis loops. The
equation for y indicates that ratios of gross
column to confined core area close to 1 are
desirable; high values of R; (concrete
strength/axial steel yield stress), and high
confining reinforcement ratios (relative to axial
reinforcement ratio) also serve to reduce
pinching. It is noteworthy that the equation for
y contains the fewest independent variables and
also has the highest correlation value (0.92).

From the above brief summaries several useful
steps appear likely to enhance energy absorbtion
characteristics of bridge columns:

a) Increase confiningreinforcement ratios relative
to axial reinforcement ratjos.

b) Use lower vyield stress steel for axial
reinforcement, relative to spiral reinforcement.

¢) Use larger diameter spiral bars
relative to bar pitch; maintain the ratio of
spiral bar diameter to pitch between 0.2 and
0.3.

d) Use higher strength concretes (up to a
maximum of about 42 MPa).

e) There appears to be some benefit in designing
for higher axial stresses.

f) Maintain as much of the gross section of the
column as possible within the confined core,

CONCLUSIONS

Within the bounds of the available test data for
circular, spirally reinforced concrete bridge
columns subjected to cyclic lateral loading, it was
found that the Three Parameter model was able
to generally predict the observed experimental
load-deflection histories, and to produce an
estimate of the cummulative absorbed cyclic
energy within an error bound of several percent.
Preliminary regression equations were developed
for the parameters a, 8, and y and explanations
were offered for the relationship between these
parameters and the material and geometric
properties of the columns. The availability of

2579



closed form equations for these failure model
parameters permits an a priori inelastic dynamic
solution for a large class of bridge columns which
employ circular cross-sections and spiral confining
steel.
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