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Nonlinear vertical vibration of rectangular foundations

Ronaldo I. Borja, Wen-Hwa Wu & H.Allison Smith
Stanford University, Calif., USA

ABSTRACT: The dynamic response of vertically excited rectangular foundations resting on an elasto-plastic
half-space is investigated in the context of nonlinear finite element (FE) analysis. A kinematically hardening
Von Mises constitutive model is assumed for the foundation soil, and the analyses are done in the time
domain. Of particular interest in this paper are the effects of soil yielding and the foundation aspect ratio on
the amplitude-frequency response of vertically vibrating rectangular foundations.

1 INTRODUCTION

Determination of the dynamic response of rigid mass-
less foundations is an important aspect of soil-struc-
ture interaction (SSI) analysis. It sets a backdrop
for describing the effects of so-called inertial interac-
tion, a system response component which combines
with kinematic interaction to form SSI. In general,
the dynamic response of rigid massless foundations is
a function of the foundation shape, the nature of the
soil profile, and the amount of foundation embedment
(Gazetas 1987).

Except for the very simple case of vertically os-
cillating circular foundation, all problems associated
with vibrating finite-size foundations are three-dimen-
sional. In general, the complexities of 3-D analyses
inhibit the formulation of analytical solutions and
necessitate the use of semi-analytical and numerical
methods. However, most of the numerical SST mod-
els developed thus far apply only to linear elastic sys-
tems. Since the deformation response of soils is gen-
erally nonlinear, hysteretic, and irreversible, we need
a nonlinear SSI model.

The general objective of this paper is to investi-
gate the effect of local soil yielding on the dynamic re-
sponse of vertically-excited rectangular foundations.
Recent studies reveal that local plastification does en-
hance the creation of resonant peaks on the ampli-
tude-frequency responses of vertically-excited circu-
lar and square foundations (Borja et al. 1992). This
paper extends such a study to the case of rectangular
foundations with aspect ratios of one (square) up to
infinity (strip). As in the previous study, a 3-D non-
linear FE model is used, and analyses are carried out
in the time domain. The predicted dynamic behavior
of rectangular foundations is presented in the form of
amplitude-frequency curves to understand how local

soil plastification influences the foundation responses
at Jow and high excitation frequencies.

2 SSI MODEL

Consider a massless, rigid foundation shown in Fig-
ure 1, and let the forcing function be denoted by the
nodal vector Fgxr(t). The equation of motion in FE
form then reads

Mz + Fiyr = Fexr(t), 1)

where M = mass matrix; £ = nodal acceleration
vector; and

F]NT=/BTUdQ (2)
Q

is the so-called internal nodal force vector. In (2),
BT = strain-displacement transformation matrix; o
= Cauchy stress vector; and 1 = problem domain.

2.1 Solution algorithm

Assuming that Fgyr is given over a certain time
domain of interest, then (2) may be time-integrated
by employing the a-method proposed by Hilber et al.
(1977) as follows:

Maniy +(1+ a)(FINT)n41
— a(FINT)n = FEXT(tht14a),  (3)
where a,41 is an approximation to Z(tp+1) and a is
a parameter which provides a balance between high-
frequency numerical dissipation and loss of accuracy

compared with the second-order trapezoidal rule. Re-
writing (3) in residual form yields

r(ant1) = FexT(tntr+a) — Mant
— (1 + &) (FNT)n41 + &(FINT)a = 0. (4)
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Figure 1. Finite element mesh; mesh dimensions are
60 x 60 x 60 meters.

Equation (4) can be solved implicitly by Newton-
Raphson iteration for the nodal acceleration vector
@ny1, as well as for the nodal velocity and displace-
ment vectors.

A fully implicit solution of (4) requires simulta-
neous equation solving for the linearized problem at
each iteration. This is commonly done by a sequence
of computations involving triangular factorization of
the tangent operator, followed by a backsubstitution.
To cut down on computing costs, an iterative linear
equation solving technique based on preconditioned
conjugate gradients (PCG) is employed, in which the
elastic component of the tangent operator is used
as the preconditioner. Thus, for the nonlinear case,
equation solving is done by the use of so-called com-
posite Newton-PCG iteration. This composite tech-
nique requires that the tangent operator be factored
only once during the enfire analysis (Borja 1991).

2.2 Constitutive model

A nonlinear constitutive model is necessary to
describe the path-dependent, hysteretic, and irrever-
sible soil deformation behavior. Here, the deviatoric
Von Mises elasto-plastic model with linear hardening
is used (Hughes 1984). Figure 2 shows the essential
features of the constitutive model. The Bauschinger
effect is captured in the model by allowing the yield
surface to translate on the r-plane. Furthermore,
steady-state cyclic stress-strain curves are obtained
by suppressing the expansion of the yield surface,
i.e., the yield surface hardens kinematically but not
isotropically. It can be seen that the following fea-
tures can be captured by the constitutive model: path-
dependence, plasticity, hardening/softening, and the
Bauschinger effect.

Y
™
a

Figure 2. Uniaxial stress-uniaxial strain representa-
tion of the three-dimensional Von Mises elasto-plastic
model with kinematic hardening.

The significance of each of the model parameters
are also shown in Figure 2: E, is the elastic Young’s
modulus for the soil, H' is the hardening parameter,
and oy is the uniaxial yield stress. Note that H' =0
results in elastic-perfectly plastic response; H' < 0
implies softening response; H' > 0 implies hardening
plasticity, and H' — oo results in the elasto-plastic
solution approaching the elastic solution. No mate-
rial damping is allowed in the model; however, the
constitutive model may be extended to include vis-
coplastic deformation and nonproportional material
damping, see Borja et al. (1992).

3 NUMERICAL RESULTS

In this section the responses of vertically oscillating
rectangular foundations on elasto-plastic half-space
are compared to the corresponding linear elastic re-
sponses. The FE code used in the present study is
an enhanced nonlinear version of DLEARN (Hughes
1987) and runs in 64-bit-per-word single precision op-
eration on a Cray Y-MP supercomputer. Two error
tolerances are prescribed in the code for execution: a
global Newton iteration control which determines the
overall accuracy of the solution, TOL1 = 1072, and
a local iteration control which determines the accu-
racy of the PCG linear equation solver, TOL2 = 10~2
(Borja 1991).

The model parameters for the foundation soil
were assumed as follows: Young’s modulus E, =
240,000 kPa, Poisson’s ratio » = 1/3, shear wave
velocity v = 200 m/sec, and hardening parameter
H' = 0.2E,; the “rigid” foundation was assigned an
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Figure 3. Amplitude-frequency curves, elastic case.

elastic modulus of E; = 10°E,. Material responses
were sampled at the éauss points via a four-point in-
tegration for two-dimensional quadrilateral elements
and an eight-point integration for three-dimensional
brick elements, both considered “standard” for these
elements. Finally, the time-integration parameters of
Hilber et al. (1977) were set to: 8 = 0.3025, v = 0.60,
and a = —0.10; while the time step was taken to be
At =T/16, where T' = period of excitation.

3.1 FE mesh and forcing function

The FE mesh investigated, shown in Figure 1,
is composed of about 4K nodes and over 3K trilin-
ear brick elements, resulting in a total of about 10K
unknown degrees of freedom. Note that this mesh
represents one-fourth of the total 3-D mesh, and can
thus be used for analysis of vibrational response in
the vertical direction only. A separate mesh conver-
gence study was performed in a previous study (Borja
et al. 1992) to ensure that appropriate accuracy was
achieved by this mesh.

The foundation dimensions are represented by
the fixed half-width b and the varying half-length [,
with /b > 1.0 representing the various foundation
aspect ratios. In the limit as I/b — oo, a plane strain
condition results, and the mesh of Figure 1 will de-
generate to an equivalent two-dimensional mesh. No
artificial absorbing boundary was used in the numer-
ical model.

Harmonic vibrations were established by apply-
ing akinusoidal vertical excitation force, f(t), in the
time domain. For convenience, and for consistency
with results for foundations having different aspect
ratios, the harmonic force was computed for each
rectangular foundation in such a way that the mean
pressure, p = f(t)/bl, is unchanged (in the plane
strain limit, f(t) was computed on the basis of a
unit I). More specifically, the amplitude of f(t) is
proportional to the foundation area. It is important
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Figure 4. Amplitude-frequency curves, elasto-plastic
case.

to note that since no artificial absorbing boundaries
were used in the analyses, the only meaningful re-
sults are the computed foundation responses prior to
the arrival of the reflected waves. The longest possi-
ble duration of analysis can be estimated as the total
time it takes for a travelling P-wave Lo radiate from
the short edge of the foundation (in the I-direction),
reflect on the boundary, and arrive back to the same
point as a reflected wave, see Figure 1.

3.2 Elastic response

Figure 3 shows the results of linear elastic FE
analyses in the form of amplitude-frequency curves.
For ease in presentation, the steady-state amplitudes
were normalized with respect to the zero-frequency
elastic amplitude corresponding to a square founda-
tion. The excitation frequencies were nondimension-
alized through the use of the parameter ag = wb/v,,
where w is the excitation frequency and v, is the elas-
tic shear wave velocity.

The following observations can be made from
Figure 3: (a) the higher the aspect ratio, the larger
the steady-state amplitude; (b) as /b — oo, the zero-
frequency amplitude approaches infinity; (c) at suf-
ficiently low frequencies (e.g., ag < 1.0) steady-state
amplitudes are a strong function of the foundation as-
pect ratio; (d) at the zero-frequency level, the static
amplitudes are nearly proportional to the square root
of the foundation areas; and (e) at sufficiently high
frequencies (e.g. ag > 2.0), the amplitudes are nearly
independent of the foundation aspect ratio. In gen-
eral, these behaviors are consistent with those pre-
sented in Wu (1991).

Some explanations of the foregoing observations
are given in the following. It has been proven that the
vertical static stiffness of a typical rectangular foun-
dation can be approximated with good accuracy by
the corresponding value of a circular foundation hav-
ing the same area (Gazetas 1983). Since the static
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Figure 5. Deformed mesh at ¢t = 1.5T for a rectangu-
lar foundation with /b = 2.0.

stiffness of a circular foundation has an analytical
expression and is proportional to its radius (or the
square root of its area), observations (c) and (d) men-
tioned above are expected. Furthermore, since a strip
foundation does not have a characteristic length scale,
the static foundation impedance degenerates to zero
in the limit as I/b — oo, i.e., the amplitude becomes
unbounded. On the other hand, at high-frequency
excitations radiation damping dominates the system
response. Since the radiation energy flux travels pre-
dominantly in the vertical direction as the excita-
tion frequency increases (Gazetas 1987), for the same
force per unit foundation area the steady-state ampli-
tude remains nearly constant regardless of the foun-
dation aspect ratio. Conclusively, there is an im-
portant point to make from the above observations.
As ag approaches zero, the magnitudes of vertical
impedance functions for rectangular foundations are
approximately proportional to the square root of their
areas, whereas the corresponding magnitudes are pro-
portional to their areas at high frequencies.

3.3 Elasto-plastic response

Figure 4 illustrates results from the nonlinear
elasto-plastic analyses as well as observations noted
from the elastic case. Additional observations from
Figure 4 can be summarized as follows: (a) local soil
yielding does amplify the motion of the foundation;
(b) resonance is created when the aspect ratio be-
comes reasonably close to unity; and (c) at sufficiently
high frequencies (e.g., ap > 1.0), the steady-state am-
plitudes are nearly the same regardless of the founda-
tion aspect ratio. This last point also is true for the
elastic case, but at lower values of ag.

Of particular interest in this example is the cre-
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Figure 6. Deformed mesh at ¢t = 2.0T for a rectangu-
lar foundation with {/b = 2.0.

ation of resonance frequencies when the foundation
aspect ratio becomes reasonably close to unity, i.e.,
when foundation becomes nearly square. Recall that
the effect of local soil yielding is to create a finite yield
zone below the foundation where the soil moduli have
degraded to their elasto-plastic values. Furthermore,
the effect of having a soft zone embedded in a stiff
medium is to reduce the effective radiation damping
of the system. Consequently, resonance is created for
square and nearly square foundations. Alternately, it
was noted previously that the magnitude of the im-
pendance function approaches zero in the static limit
as the aspect ratio approaches infinity; consequently,
the radiation damping is large enough to suppress the
resonant peak in the limit as [/b — oco. As illustrated
in Figure 4, the radiation damping per unit founda-
tion area increases with the increasing aspect ratio
such that the resonant peak does not occur in slender
foundations (e.g., I/b = 3.2). Observation (c) men-
tioned above can be explained by the degraded soil
moduli which cause the “high frequency” level (rel-
ative to the shear velocity of the soil) to be reached
under lower excitation frequencies. For further de-
tails and numerical examples illustrating the impact
of soil yielding on the foundation response, see Borja
et al. (1992).

Figures 5-8 illustrate the extent of oscillating
yield zones for the rectangular (b/! = 2) and strip
foundation problems under an excitation frequency
of ag = 2.0 (considered high-frequency excitation,
see Figure 4). The deformations for the strip foun-
dation are shown in perspective view so that they
may be compared directly with those for rectangu-
lar foundation, but the former problem was actually
analyzed under a two-dimensional plane strain con-
dition. Although the yield zones for the two foun-
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Figure 7. Deformed mesh at ¢ = 1.5T for a strip
foundation.
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Figure 8. Deformed mesh at ¢t = 2.07" for a strip
foundation.

dations clearly differ in extent and geometry, note
that they produced nearly the same steady-state am-
plitudes, a stark contrast to low frequency behavior
wherd amplitudes increase noticeably with increasing
aspect ratio. This points to the previously mentioned
fact that at high frequency excitations, the extent and
geometry of yield zones balance in such a way that
the magnitude of impedance function per unit foun-
dation area is the same regardless of the foundation
aspect ratio. Furthermore, note that surface waves
dissipate rapidly with increasing distance from the
foundation. This implies that “steady-state” waves
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can be established reasonably rapidly in time before
the reflected waves reach the foundation. In general,
the required time to reach a “steady-state” condition
is longer for the elasto-plastic problem than it is for
the elastic half-space problem since the presence of a
local yield zone embedded in a stiffer medium does
tend to lessen the radiation damping effects. Time-
domain models designed to handle material nonho-
mogeneity such as discussed in this paper generally
require artificial absorbing boundaries (Pinsky and
Abboud 1991) so that extended time-stepping com-
putations may be made feasible.

4 SUMMARY AND CONCLUSIONS

The dynamic response of vertically-excited rectan-
gular foundations on an elasto-plastic half-space has
been investigated in the context of nonlinear FE anal-
ysis. Of particular interest in this paper are the ef-
fects of local soil yielding and the foundation aspect
ratio on the amplitude-frequency response of verti-
cally vibrating rectangular foundations. Although
low frequency amplitudes depend significantly on the
foundation length [ for a given fixed foundation width
b, it has been shown that high-frequency amplitudes
do not. Furthermore, local soil yielding influences
the foundation response at low frequency excitations,
but its influence in the high frequency regime is gen-
erally insignificant. Resonance peaks also are created
for square and nearly square foundations due to the
presence of a local yield zone, since radiation damp-
ing is effectively reduced by the presence of a mate-
rial nonhomogeneity. A notable contribution of this
paper is the advance in nonlinear soil-structure inter-
action analysis. A nonlinear model such as the one
presented in this paper provides a means for model-
ing and understanding some of the most important
aspects of dynamic soil behavior such as irreversible
deformation, hysteresis, and the Bauschinger effect.
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