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ABSTRACT: The paper aims to obtain a simple prediction of the foundation stiffnesses related
to the side surface of an embedded structure. The stiffnesses are considered for three types
of the laterally axial, shear and rotational stiffnesses, which are distributed along the
depth. The paper focuses the shear stiffness. The stiffnesses are obtained by the analytical
method for a thin horizontal soil layer. Their approximation and applicability to practical
problems are discussed by comparing with the more exact results from the original 3-dimen-
sional thin layer approach.

1 INTRODUCTION

The sway-rocking spring model is convenient-
ly used to solve approximately the soil-
structure interaction problems. The present
paper aims to obtain a simple prediction of
the foundation stiffnesses related to the
side surface of an embedded structure.
Usually, the soil springs frequency dependent SZI

and distributed along the depth are consider-

ed of two types of the laterally axial and

rotational ones, as illustrated in Fig. 1. ($)|(d
However, this model often underestimates the

gross stiffness of rocking of embedded struc- Figure 1. Soil spring model for an embedded
tures (Tajimi et al. 1988). The paper presents structure.

the third spring called the shear spring and

intends to compensate the difference found
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between in the gross rocking stiffness from 2 STIFFNESS FUNCTIONS FOR A SINGLE LAYER
the distributed spring model and in that from
the continuum model. Firstly, consider the case that the horizontal

mode is prevailing. Assuming that the vertical
Novak et al.(1978) have derived the laterally displacement can be neglected, the general

axial and rotational stiffness functions for solution of the 3-dimensional wave equation
a horizontal soil layer on a basis of the for the thin layered soil model in the

plane strain approximation. The present cylindrical coordinates gives the following
paper is an extention of the above. In addi- horizontal displacement vectors which are
tion, the paper derives the shear stiffness specified at the nodal interfaces:

function for a single layer and applies it

to individual layers surrounding foundation {u) = {v.)cose, (ue ) = (va }sin6 (1)
to improve the gross stiffness of itself. r T

The approximation in the method is discussed vhere

by being compared to the more exact results 1 (2) (2)

due to the 3-dimensional thin layer approach {v.} = 3 (HZ (ar)-R“"(ar)){X}

(Tajimi et al.1976,1977; Kausel et al.1975). T o

This assumes the soil model as a continuum 1 ,,(2) (2)

laterally unbounded to allov the analytical * 2 ‘"z (B r)+ﬂ° (B} Y}
treatment and horizontally stratified into 1 (2) 2) @
many thin layers to allov a FEM-like lvgl = 7 (H2 (ar)+i " (ar)}ix)
approach on a linear variation of displace-

ments across individual layers. + % (Héz)(ﬂ r)_ﬂgz)(ﬂ DY
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H(Z)(z) = Hankel function of the 2nd kind of
the v -th order.

In the above, the time function exp(iw t)

is omitted. The wave numbers a and B, and

the horizontal displacement vectors of nodal

interfaces {X} and {Y) must satisfy the

eigen equations:

(@A 1+16,1-0 M (K) = (0} (3)

(BAAJ+6)-0 D M) = (0} (@)

Herein, [As]. ..., [M] are assemblies of the

corresponding element matrix of
e_ e, G

(A% (2 +26)H[E,]. [M1°= pHIE,]

1121 - 1 -1
(E,J =5 [1 2]' (E,] [-1 1]
where, G : shear modulus of elasticity,

A : Lame's constant, p: mass density of
soil, and H : thickness of layer.

Here, consider a single layer of the thick-
ness H and having a hole of radius T, at its

center, as shown in Fig. 2, where the top
and bottom surfaces are designated by 1 and
2. The solutions of Eqs. (3) and (4) are

@ ;LB (xll-[ }]
a,=t B, “‘z“[—i]

(s)
ﬁl"iliw\'rf : = 1]
8= -1} vTETGEAYE e ]

vhere ¢ = Vs/Vp.
Ve
v
P

= Shear wvave velocity,
= Compressive wave velocity.

When the soil response is considered, the

nodal surface displacement vectors (X} and
{Y) are given by the product of the modal

matrix [S] and normal coordinates vectors

{qa) and {qﬂ) in the forms,

(Xt = [S1lq,} {Y} = [s] lqﬁl (¢)

1 1
[S]'[1 -1]
@} = Ca, . a,,0% (agh = [0g00g,]"
a al' a2’ B B1'B2

v a\h[\,_:—:—ﬁj NV
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Figure 2.

Therefore, the displacement vectors of
(Vr) and (Ve } at the radius r, can be given

from Eq. (2) in the form,

(Vb = ST ey ) +lag)) .
(Vo) = [S1({a, 141> gl (ag))
vhere
(@) (2)
BTy R NETIN
fa 1 aro (2) n fﬁ’l Bro (Z)
B Cary) H®(Bry)
()
i HI(Z)(ar) ~ . H(Z)(ﬁr )
1279 “ar ' qﬁ qﬂ Br
o] (o]
Now,

let a circular rigid plate of radius r,

be embedded in the hole and be subjected to
a harmonic sway motion of aamplitude (Vxl

in the x~-direction. Then, one has
W) = =vg) = (V) (9)
It yields from Eq. (7)
- U
lag,) =- [ mﬂ.\] (qﬁl (10)
It follows that
ry «) =73 [\‘F \][s]tv)
(11)

~ - l
RIS SIS

[\ 1+f
-1t

\] (12)

The stresses acting on the circumferencial
surface of the rigid plate are obtained as
follovs. In general, the stresses and strains
relationships in the polar coordinates are
written in the foras,



o -prcose . o g Pgsind (13)
dve vr+ve

V
= -[2 lr dr(rv )+ —I+ZG d—;—] =6 (47 - )
0

r r=r
o

The total forces ij(j=1.2) wvorking at the surfaces (1,2) in the x-direction are

H/2 x/2 2 2
Pej = 770 i) Nj dz - 2§ (p cos” 6 -p,sin 6)rdé (14)
-i/2 -n/2
vhere Nj is the interpolation funct{on and is given by N -1/2 z2/H, N =1/2+z/H
Thus, the force vector {P ) [Px 2] becomes

- 16 1] [ t 1] [v,, ]
A -t 1 e @, )+ A A (T ) - - -[s _1] [ 1,2] [1 _1} [v“} (15)

rrr 12 H x2
vhere, S 2 2 . ¢ Wi 2
"1 rz(alﬂ)llfal’r(ﬂlﬂ) wﬂl ( v. )(‘Fal'ﬂ"ﬁl)
1 A ] 2 wH_ 2
I, = (a N + (B MY, =[( Ye-121(¥ _ +¥ _ )
2 (2 2 a, 2 ﬂz V's a, Bz

Furthermore, one has

2 2
7126 Ly g 1o1] [ v, _oc ol 1] [ v,
=T G T T )y | || TR, )12y (w at¥e )| -1 |y

x2 x2
From this, one can define the axial stiffness as (18)
k_= erH((-d—r°)z(W +¥ . ) = nGR(B r )Y +¥ ) (i7)
a \ a B 10 a B
s 1 1 1 1
and the shear stiffness as
zGr_ 1 xGr_r :
=—2=0Q 0 s —20 0 2
kb 12 i J2 12 i (ﬂzﬂ) (¥ a2+‘l1' Bz) (18)

Representing ¢ a and ¢ﬁ in terms of Hankel functions in accordance with Eqs. (8) and (12),
one can obtain 2

12 (a, e )0 (8 e )+ b1l (8, 0D (a1 )

Kk, = *B,T (19)
b 2°0 (2)(52!_ )n(z)(azro) + HZ(Z)(UZTO)HéZ)(ﬂzro)
In particular, vhen ® approaches to zero, It follovs that
one has .
- T L
r, kb Gro VT (“() (21)
ﬁzr°=-w 12 § o+ @gr=C B,r, (20)
When the Poisson's ratio v =1/3, one has
In addition, kb/ro is found to be less kb = 2.120r (22)
dependent of the variation of ro/ll. 80 °
that one considers ro/H approaching to As seen in the above, kb/'o is given only
infinity. Then, by the real value. It means to cause less
radiation damping. Substitution of Eqs. (8)
ng)(”).__vm—i.e-l(r)-(Zvﬂ)n/l) and (12) into Bq.(17) yields k, in the analy-
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tical form, which has already been obtained
by Novak et al. (1978).

¥hen a rigid plate embedded in a 2-dimensional
thin layer rotates around the y-axis, the
rotational stiffness kc will be obtained by

the same way as the above, if assuming the
vertical displacement is prevailing. But,
this will yield same with that already been
known (Novak et al. 1978). _
Thus, three kinds of stiffnesses, k‘ =k‘ H,

kb and kc =i?;li are evaluated as functions
of wro/\'s and are plotted in Fig.3, vwhen

v =1/3. For practical purposes, it 1s useful
to give approximate expressions of stiffness

functions. They may be written as
- ®r
ka = 4G(1+i2.4 —V—Q )
s
k, = 3Gr
b ° (23)
~ 2 .
kc = xGro
r or, or,
1-0.4 o+ [ =o0.22]
vs vs
or T or
"o _0_
411-0.4 v ¢ i( v 0.22)
s s
wrg or
0.6 + i( g—-0.22) [1.0¢ 7-"<3.0]
- vs vS

These approximate functions are plotted
together in Fig.3, for comparison.

3 MODIFICATION DUE TO STRATIFYING

Consider sway-rocking mode of an embedded
body, as shown in Fig.4. Then, let the
lateral soil pressure (le and displacement

(Ux) relationships over all the nodal faces
be given in the form,

() = K1) ()

If assuming that [k] is approximated by the
sum of the axial stiffness matrix [ka] and

shear stiffness matrix [kb]. one {inds

k ( []a/kbi

alk

al
Ik, 1= .. RONE (25)

[(]

16

12 r-
T im. — approximate Eq.23
E 8t - -=- analytical
©
> 7/ Re.
4=
7
’I
0 / 1 1 )
0 1 3

(:Dl'u/Vs2
(i) Axial stiffness

- — approximate Eq.23 ,

4
4
~o Vé

ro/D = el anile

~
‘\ Re. /\
~N

=~ -

L e-- 172 N ‘
\ A-1m.

N W

-1
1= 2
analytical

0 1 (u)rolvs2

kp / Grg

0

o
[0.22¢ 7=1.0] (ii) Shear stiffness
s

8 - — approximate Eq. 23
-~-analytical
- 6
~N
2
9 4
v
x| Re.
2F DSt
o ]

(iii) Rotational stiffness

Figure 3. Plots of stiffnesses k_, kb
as function of er/Vs. 3

1 -1
Ckpgd = k5|

and kc

Now, specifying a uniform displacement along
the depth as expressed by ijtl.o(jﬂ. cee,m),

Eq. (23) gives the soil pressure distribution
denoted by (Pu! and leads to
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(i<n)
. (26)
* kbn = Pu

k.. =P .
aj u
ks

n n

Next., specifying a triangular displacement
along the depth as

. n
uj=—D’. €= I H;. D=Embedment depth (27)

i=}
and denoting the soil pressure distribution
by {PT}. one can determine the shear stiff-
ness in the fornm,

p J Ci, .
ks, PLLTR NS DRNCL IR LN D

Herein, if EL denotes the shear stiffness

of Eq. (18) for a single model of the j-th
layer, one finds

~

kbj

x
I

(29)
b

This indicates a modification of stratifying
layers.

4 DISCUSSION

In order to check the applicability of the
proposed method, at first, one computes the
overall stiffness matrix as expressed by Eq.
(24) for a cylindrical rigid foundation em-
bedded in a uniform halfspace. T, denotes

the radius of the foundation and D denotes
the embedment depth. The mathematical model
assumes 3-dimensional homogeneous soil and
layered to follov to the thin layer approach
(Tajimi et al.1976), as shown in Fig. 5.
Then, according to Eqs. (26) and (28) one

obtains the axial (ka -i;H) and shear (kb-
-D/B-f;) stiffnesses. These numerical stiff-

nesses are compared to those from the appro-
ximate expressions in Eqs. (23) and (29), as
shown in Fig. 6. In particular, the figure
is illustrated for case of n=12, ro/D=1/Z

and a)ro/Vs*O.l, and includes the rotational
stiffness (kc=E;H). Here, "n’ denotes the

number of layers above the bottom of the
foundation. Although the illustration is
limited for low frequency range, it may be
said that the uniform distribution of k‘ in

Eq. (23) provides a fair approximation in a
practical sense. However, the shear stiffness
kb is clearly found to have some deviation

from the uniform distribution. Rather, kb
should vary along the depth as represented
by the follovwing equation:

ka
s 1 T
W
kb j
3 ENL-
_‘V‘V‘V:. l
_‘v.v‘v. n
Figure 4. Soil spring model having shear
spring
Hy m)
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Figure 5. Mathematical wmodel.
4z z
D p~ i (q.2d D
c "3 kbj D (1 D ) (2152)
171, . 0. . (30)
C ﬁ_j b3 (i<zj'_D)

vhere zj = Depth of the j-th interface from
the ground surface.
The constant C in the above is to be deter-

mined to produce the gross rocking stiffness
KB around the y-axis in the bottom surface

of the rigid foundation as same as that from
the assumption of uniform distribution of

kbj-n/nj-fb. It yields to C=1.2. Thus obtained
kbj is plotted together in Fig. 6 and shows a
good approximation to the exact stiffness.
Next, one obtains the rockfng impedance
function ‘8 around the horizontal axis in

the bottom surface of the concerned model by
substituting the approximate stiffnesses in
Eq. (23) into

- ~ s A’z ~
Ky ka D/3 + ka + ch +ky (s1)

vhere kd denotes the rotational impedance

function relating to the bottom surface, as
referred to the well-known function from the
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halfspace theory. Here, one uses the follow-
ing equation:

3

8Gr ©r
T [ +°=<0.56]
k.= 3(1-v) va
‘ 8Gr, or, wr,
g (1oy) 11#10.8( v -0.56)) [0.56¢ v 1

The resulting impedance functions Ka
versus a)ro/Vs are compared to those from

the 3-dimensional continuum model applied
by the thin layer approach, as shown in
Fig. 7. where ro/D=0.5. It is found that

(1) the proposed method tends to somewhat
overestimate the damping value, (2) the
rocking impedance Ko in taking the shear

stiffness kb into account is closer to the
exact result than that in neglecting kb. and
(3) the contribution of ky, to Ko becones
larger than kg vith increase of ro/D.

5 CONCLUSIONS

The svay-rocking model used in the dynamic
analysis of an embedded structure is normal-
1y drawn by the laterally axial and rotatio-
nal springs distributed along the embedment
depth. The present paper proposes a modifi-
cation of this model by adding the shear
spring along the depth to improve the pre-
diction of the gross rocking stiffness of
embedded structures. The validation analysis
treats a rigid foundation embedded in the
continuum soil model. It indicates that the
shear stiffness is effectively introduced

to complement the difference betwveen the
laterally axial stiffness required to
realize the sway mode of the foundation

and that required to realize the rocking
mode of it.
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