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Stochastic wave model of seismic ground motion

Takanori Harada
Department of Civil Engineering, Miyazaki University, Japan

ABSTRACT: The spatial variation of seismic ground motions is an important factor that should be
carefully considered in the seismic design of buried lifelines such as tunnels and pipelines. The consideration
of the spatial variation of ground motions may also have significant effects on the seismic response of structures
with spatially extended foundations or multiple supports. The temporal and spatial variability of seismic
ground motions has been inferred experimentally using data from closely spaced seismograph arrays. In
this paper, the seismic ground motions varying in time and space domain are described analytically by the
stochastic waves filtered by a surface soil layer, with random thickness, resting on rigid bedrock. The seismic
wave, being assumed by a single plane wave, is transmitted to the soil layer from the rigid bedrock. The
stochastic waves from the model possess the characteristics of both the coherent and incoherent components
of ground motions. The analytic expressions of the frequency- wavenumber spectra of the stochastic waves

at ground surface are then derived.

1 INTRODUCTION

The spatial variation of seismic ground motions is
an important factor that should be carefully consid-
ered in the seismic design of buried lifelines such as
tunnels and pipelines. The consideration of the spa-
tial variation of ground motion may also have sig-
nificant effects on the seismic response of structures
with spatially extended foundations or multiple sup-
ports. In fact, for buried lifelines, the seismic de-
formation method was developed (Public Works Re-
search Institute 1977) and is now in practical use in
Japan. For the seismic design of the Akashi Kaikyo
bridge foundations, a modified response spectrum
was used taking account for the spatial variation of
ground motions around the foundations (Kashima et
al.1984,Kawaguchi et al.1987).

The temporal and spatial variability of earthquake
ground motions has been inferred experimentally us-
ing data from closely spaced seismograph arrays. The
SMART-1 array, for example, located at Lotung in
the NE corner of Taiwan has provided valuable data
for the analysis of ground motions in time and space
domain. Numerous studies using the SMART-1 ar-
ray data have been reported (Loh et al. 1982, Harada
1984, Harada and Shinozuka 1986, Harichandran 1988,
Abrahamson 1985, 1991). It is common in these
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studies that the accelerograms from each seismic event
are described as samples from space-time stochastic
processes or stochastic fields and eventually the spa-
tial coherence functions or the frequency wavenum-
ber spectra are estimated.

In this paper, the seismic ground motions vary-
ing in time and space domain are described by the
stochastic waves filtered by a single surface soil layer,
with random thickness caused by the irregular shape
of free-surface, resting on rigid bedrock, The seis-
mic wave, being assumed by a single plane wave, is
transmitted to the soil layer from the rigid bedrock.
The analytic expressions of the frequency wavenum-
ber spectra of the stochastic waves at ground surface
are then derived.

2 BASIC EQUATIONS OF EARTHQUAKE
RESPONSE OF GROUND WITH IRREGU-
LAR INTERFACE

For the wave propagation problem possessing cylin-
drical symmetry, the displacement wave field (u, v, w)
in a Cartesian coordinate system (z, y, z) can be con-
structed from the solutions (u',v’,w’) of the two-
dimensional problem associated with the P-SV wave
propagation and the SH wave propagation in a new
coordinate system (z',y', z) in frequency wave num-



ber domain such that (Buchon 1971),

K K
UKy, Ky, W) = —Kiu'(/-:, z,w) = —2v'(k, 2,w)

(1-a)

U(Rg, Ky 2y w) = if'-u’(n, z,w) + f—’—v'(n, z,w)
i (1-b)
WKz, Ky, 2,w) = WK, z,w) (1=2¢)

where the Fourler transform of u with respect to x, ¢
is defined such that,

1 (K« T-wt
ulk,z,w) = W///u(z,z,t)e (K=o )d:z:dt)
(2-a

with the inverse transform,

ulz,t) = ///u(rz,z,u)e"‘("" Tt g dw
' (2-b)
and similarly for v, w, ¢/, and v'. In Eq.(2),x is the
spatial coordinate vector with components z and y,
and x is the wave number vector with components
&, and «,, and w the frequency. The wavenumber «

denotes:
K= K2+ K=Ky (3)

and the angle 4 between the two coordinate systems
(z,y,2z) and (2',¥', ) is given by:
K K
cosf=—=; sinf=-*% (4)
K K
It is noted here that the special symbols are avoided
for simplicity of notations to denote that u (similarly
for the other displacements) has been transformed.
The displacement wave field (', v, w') correspond-
ing to P-SV and SH wave propagations in a two-
dimensional homogeneous isotropic medium is known
to be expressed as matrix wave equation in the form
(Kennet 1972):
‘9 1 1
5. B(z',2) = Ao(2)B(s',2) (5)
where B is the displacement-stress vector and Ag is
the operator matrix defined such as

Bsy=col[v', 7y,], Bpsv =col[u, w, 7o, 7o)

6
. 1 (6)
Agey = ( ue ) (17— a)
—pBpz — pu? 0
0 —6 L
-
Aoper = b, 0 0
—a0yy — pw? 0 0 —bd
0 —-pw? -0, 0
(7-1)

with

- - * A*

B G 0 [ S (70
A+ 2t A+ 2u

8y = 8/0z!,  Opy = 8/3z'z! (7=4d)

where y7 and A* are the complex Lame constants ,
and p the density of medium. It should be noted
here that the Fourier transform has been done with
respect to time and the frequency w (time depen-
dence is ezp(—iwt)) is dropped out in Eq.(5) and
will disappear in the following notations for brevity.

Welded boundary conditions at the irregular in-
terface (see Fig.1) require continuity of displacement
and traction at each point on the interface. There-
fore, a new displacement-stress vector b, being mea-
sured with respect to the local tangent plane at each
point on the interface, has to be introduced. The
new displacement-stress vector takes the form (Ken-
net 1972):

b, f) = (T+ 25QIBGE /) (8)

where b and B are evaluated along the irregular in-
terface located at the depth z(z’) defined by:

2(a') =z + f(2) (9)

with z being the average depth of the interface and
f(z') being the lateral fluctuation of the interface
(see Fig.1). In Eq.(8), I is the unit matrix and Qo is
given by:

0 0
Q°5"=<—u‘6,, 0) (10 — a)
0 0 0 0
0 0 0 0
Qopsy = —~ady 0 0 —b (10 = b)
0 0 -1 0

The irregular interface boundary condition can be
expressed in the form:

b, (', f) = ba(<', f)

where subscripts indicate the respective media.

In order to obtain the approximation of Eq.(8),
the scattered wave field B(z', f) (displacement-stress
vector in the medium with irregular interface ) is ap-
proximately related to the background field B(z/, z)
(displacement-stress vector in the medium with hor-
izontal plane interface ) by using a Taylor expansion
around the average interface depth z(z') = 2, and
then substituting into Eq.(8), and omitting terms of
order higher than f and 8f/8z', one obtains:

(11)

b(z', f) = {1+ fAc + g—iQo}B(z', z) (12)



Furthermore, introducing the new notations, b® and
B?, which represent the background wave fields, and
denoting the first-order approximations of b and B
by b/ and B’ | respectively, one obtains the first-
order approximations of Eq.(12) as:

! u 1 8
b(&', /) = B (a2 +{fAot a2 Qo BY(x,2) (19
with the following condition because b equals to B
at the interface z(z') = z in the case of horizontal
plane interface (f = 0):

b%(2’, z) = B%(z, 2) (14)

The Fourier transform of Eq.(13) with respect to
', using the result that the Fourier transform of a
product is the convolution of the Fourier transform,
yields:

b (s f) = B'(rc,z)-}-/f(/-c—n’).](rc, ) BO(, z)dr’

(15)
where
J(r, k") = Ao(k') + i(x = &) Qo(x") (16)
with
0 1
Jsu = pCs? (17— a)
pCs’kk’ — pu® 0
Jpsv =
0 —ix! ;E'l_'_a 0

Cs 4 L
==y —
{ (Cp) bin pCp?

4pC'sz(l—(%)2}nx/—p¢u (2(%)7~1]in

0 0

(17 - b)

In Eq.(17), C, and C, are the complex P-wave and
S-wave velocities, respectively, given by:

(18)

with C? and C7 being the elastic P-wave and S-wave
velocities respectively and D,, D, being the ratios of
the linear hysteretic damping for P- and S-waves.
The irregular interface boundary condition given
by Eq.(11) can be written for the first-order approx-
imations in {frequency-wavenumber domain as:

C.=CYN1-1D,), C,=C1—-1D,)

Bl(k, z) = Bi(k, z) + S(k, 2) (19 - a)
where
S(x,z) = /_Z (k= &) Las (5, €')BS(x', z)dK’
" (19 — b)
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Ly =J;-Jy ==Ly (19-¢)

Equation (19-a) indicates the presence of irregular in-
terface results in discontinuity in the scattered wave
field B(z',z) at z(z') = z. This discontinuity acts
like a seismic source S which can be evaluated di-
rectly from the background wave field.

3 RESPONSE OF A SINGLE SOIL LAYER
WITH IRREGULAR FREE SURFACE
RESTING ON RIGID BEDROCK

Response of a single soil layer with irregular free sur-
face resting on rigid bedrock as shown in Fig.2 is
considered. For a free surface the traction has to van-
ish, so that for an irregular free surface z(2') = f(2'),
(z = 0), the scattered wave field takes the form:

b(x, f) = B(x, f) = col [U(x, f), 0]

Then, the first-order approximation of the interface
boundary condition given by Eq.(15) can be expressed
as:

B(x, f) = B/(x, 0)+/°° Flr=r)I(x, K')B°(<', 0)di’

” (21)
Making use of the propagator matrix P(x, z, zo) which
satisfies (Kennet 1972),

(20)

;%P(fc,z, z) = Aqo(k, 2)P(x, z, 2p) (22 —a)
(22 —b)

the displacement-stress vector at the bedrock z(z’)
H can be transformed to that at the free-surface
z(z') = 0 such as:

P~!(k, 2,20) = P(K, 20, 2)

B(x,0) = P(x,0,H)B(x, H) (23)
It is assumed now that an input seismic motion is
specified at the bedrock and propagates in the di-
rection of z’ axis with apparent wave speed c. Then,
the input motion (represented by displacement-stress
vector) at the bedrock is expressed in the form:

B(x', H) = B(ko, H) 8(x' — ko) (24 —a)

where 6 is the Delta function, and x is given by:

w
Ko = —.
c

(24 - b)
Taking into account for Egs.(23) and (24) in (21),
one obtains:

B'(x, f)

P(x,0, H)B/(k, H)é§(x — ko)
+  f(x = ko)I(x, K0)P (K0, 0, H)B (o, H)

(25)



By considering the boundary conditions that the trac-
tion vanishes at the free-surface and the input mo-
tion is specified at the bedrock, Eq.(25) can be more
explicitly expressed in the partitioned form:

Ul(s,f)\ _ (P P UO(x, H)
( 0 ) = (P: P;;) (-r’(n,H) 5(x=ro)
f( . L J“ le P?l P?L’ UO(A‘.Q.H)
TR =R 3,0 Jao J\ P PY )\ 70(ko, H)
(26)

where P, = P, (xo,0, H). In Eq.(26), the relation,
Ufl(k, H) = U%k, H), is used because the input mo-
tion displacement is specified at the bedrock. From

Eq.(26), one can obtain the scattered wave field U/(«, f)

and T¢(k, H).

4 EXAMPLES OF FREQUENCY WAVE
NUMBER SPECTRA OF STOCHASTIC
WAVES AT THE IRREGULAR FREE
SURFACE

Closed form expressions are presented for the hori-
zontal displacements of stochastic waves at the free-
surface of single soil layer with irregular free-surface
subjected to the horizontal seismic ground motions
at the bedrock. The vertical components in both the
input motions and the response of soil layer are not
considered, primarily because the horizontal compo-
nents are much more interested in earthquake en-
gineering problems and also because the closed form
expressions corresponding to P-SV wave propagation
becomes relatively simple.

From the form given by Eq.(26), the horizontal
displacement components (u’, v') have the form:

u' = {AS(r — 5o) + Bf (s = no)}u, (27~ a)

v' = {C8(k — ko) + Df(k — o) }v, (27 = b)

where o/ = u/(x, f),v" = v/(x, f), u, = u%(ko, H),
uy=1"(ko, H). By making use of Eq.(1), the horizon-
tal . displacement components (u,v) in a Cartesian
coordinate system (z,y,z) can be obtained in the

{0\”1
{U} [19:“ 11 u]{bg}
u vy 9

Huw = [ACC2)? + O(Z2)6(k, - K2, Ry = K3)

(28)
where
HB(EEY + D)) (e = w3,y = 8) (29— a)

Hyw = Hyy = (A~ C)f%é(m, )

+ (B - D)Ei'—;—”—f(n, — K, Ky — rzg) (29 - b)

K. K
Hy = [A(';}")z + C(‘;)z]‘s(’f! - 'Cga"y - ’{2)

K Kz
+[B(2)"+ D(=)1f (5 = K3, 1y = 5y)
(29— ¢)
o _ weosd o_ wsinf B
Rp = ——— Ay . (29 — d)

By assuming that the input seismic motion is the
stationary stochastic process and the fluctuation of
irregular free-surface is the isotropic stochastic field,
eventually the response displacement wave fields may
be the stationary and homogeneous stochastic wave
fields. Then, its frequency wavenumber spectra are
obtained as:

Suu(Kay Kyy w) = [u(Kz, Ky, w)]? (30 — a)

Suu('cm Ky, w) = |7-‘("CJ=: Ky, “'J)Iz

(30 — b)
If v, = 0 in Eq.(30), then, Eqs.(28) to (30) yield:

Senlir ) = [[A(Z)? + C(LYP6(xs - w2, m, = x5)

HB(ZZ) + DL P81y (2 53] S, ()
(31)
where Sy is the wavenumber spectrum of the fluctu-
ation of irregular free-surface f(z'), being the isotropic
stochastic field. The assumption of isotropic char-
acteristics for f(z') may be necessary to maintain
cylindrical symmetry of the problem considered in
this paper. The quantities A4, B, C, and D appearing
in Eqs.(27) to (31) are given by:

(2 + )y

A= 7 ((¥*—~?) cos v H +2k% cos vH|
(32 —a)
B = 4wl =) — (¥ + )y
R
[vycosvH sinyH + xk*cos o H sin.uoH] (32 —b)
C = cosl'yH (32-1¢)
Yo sin vH KKo — K3 ) (32 — d)

= Cos ~H cosywH YYo
R = 4k vy(y = k?)+vy[ast +(v* = x*)?] cos v H cos vH
(32—¢)

where the vertical wavenumbers v and v satisfy:

—k 4y + (v* — k*)?]sinv H sinyH

= i 2 k2 . > —_
v (C'p) k2 ; Imv>0 (33 —a)
= (_"'J_)2_.K,2 i Imy2>0 (33-1b)
Cs ' -

and Ay, vg, and g correspond to the values of A, v, v
when x = ko = w/c (see Eqgs.(3),(4), and (24-b)). If

814



the vertical displacement w of the response is con-
strained to be zero for the solutions of P-SV wave
propagation, the quantities A and B take the form:

A= (34 —a)
cos gluH
(% . C 2
Cp Sp 2
B wsin C,UH ("5"50_’%_59) (34— )
cos %fVH cos %fuoH 127 v

5 NUMERICAL EXAMPLES

Numerical examples are given to visualize the shape

of the frequency wave number spectrum given in Eq.(31).

In order to visualize the filtering effect of the soil
layer with irregular free-surface, the power spectrum
of input seismic motion displacement is assumed unity,
and the direction and apparent wave speed of input
motion is assumed as:

Sugug(w) =1; 0 =45 ; c=523m/s (35)

The following values are used for the various con-
stants necessary to evaluate Eq.(31):

Elastic P —wave velocity : Cp = 573m/s (36 — a)
Elastic S ~ wave velocity : C° = 191m/s (36 — b)
Material damping ratio: D, = D, = 0.3 (36 — ¢)
Average thickness of layer : H = 100m (36 — d)

The following analytic expression is assumed for the
wavenumber spectrum of f(z') :

203 mT

—fzicosz(—-—n) 0< k<K,
Sri(Ka ky) = TK u

0 otherwise

(37)

where the parameters are assumed as m = 4,K, =
0.01147 rad/m, os; = 10.

According to the above values, the first natural
frequency w of the soil layer with horizontal plane
free-surface, obtained by the vertically propagating
S-wave, is estimated as wy = 3rad/s(2wrC°/4H =
27 - 191/400). Eq.(37)is plotted in Fig.3. Figure 4
shows Su,(kz, Ky, w) as a function of wavenumbers
k; and k, for the same region of Fig.3 (Kzmar =
Kymez = 0.0081rad/m) at 6 different values of fre-
quency . It is observed from Fig.4 that the relatively
sharp mountain appears up to approximately 3 rad/s
while widely spreading mountains and troughs over
the wavenumber plane tend to appear in high fre-
quency range. Such pattern as shown in Fig.4 is
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quite similar to the pattern estimated by Abraham-
son (1985) using the SMART-1 array recordings for
event 3.

In order to demonstrate an application of the fre-
quency wave number spectrum, a sample stochas-
tic wave form is simulated on the basis of the spec-
tral representation method where the simulated wave
consists of the superposition of a number of plane
waves having amplitudes consistent with the frequency
wave number spectrum (Shinozuka, et al. 1987).
Figure 5 shows a sample wave form u(z,y,t) of the
irregular free surface area (6.6 km by 6.6 km) at two
time instants (¢=2,4 sec.). In the simulation, the cut
off frequency and wavenumber are used as w, = 6
rad/sec, k, =0.01147 rad/m, and the disrete num-
bers of frequency wave number spectrum are used as
N, = N, = N, =18 (see Shinozuka, et al. 1987). It
is seen from Fig.5 that the wave forms possess the
characteristics of both the coherent (represented by
plane wave) and incoherent (represented by scatter-
ing waves) components of wave motion.

6 CONCLUSIONS

In this paper, a closed form analytic expression of the
frequency wave number spectrum is established. The
corresponding seismic ground motion is produced by
the seismic response of a single soil layer, with ran-
dom thickness, resting on rigid bedrock. The seismic
wave, assumed by a single plane wave, is transmitted
to the soil layer from the rigid bedrock. The stochas-
tic waves from the model possess the characteristics
of both the coherent and incoherent components of
ground motions. Although the present paper con-
siders the inhomogeneity of local soil layer caused by
the lateral variation of the thickness of soil layer only,
the effect of the inhomogeneity caused by the spatial
variation of soil properties on the ground motions is
also studied (Harada,T. et al. 1990).
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Fig.1 An irregular interface between two homoge-
neous media

Fig.2 Single soil layer with irregular free-surface rest-
ing on rigid bedrock

Fig.3 Wave number spectrum of irregularity of free-

surface used in numerical examples

(a)

(a) w=1rad/sec (Maz = 3602) (b) w =2 (3901.6)
(c) w =3 (4198) (d) w =4 (2862) (e) w =75 (1763)
(f) w = 6 (1264.6)

Fig.4 Frequency wave number spectra at 6 different
frequencies

(a) t =0 sec (Maz =7.1803) (b)t =2 (7.1314)

Fig.5 Simulated stochastic wave at 2 time instants
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