Earthquake Engiheering, Tenth World Conference © 1994 Balkema, Rotterdam. ISBN 905410 060 5

Structural reliability methods for seismic safety assessment

Armen Der Kiureghian
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ABSTRACT: Recent developments in the area of probabilistic methods and structural reliability that are relevant
to earthquake engineering problems are reviewed. The paper begins with a discussion of types of uncertainties and
methods for their quantification and analysis. The mathematical formulation of the structural reliability problem
and existing methods for computation of failure probabilities are then reviewed. Included are methods based on
first and second-order approximations, simulation, and various hybrid methods. The topics of reliability sensitiv-
ity, updating of reliability, and analysis of reliability uncertainties are discussed. An account of recent develop-
ments that combine these probabilistic methods with finite element analysis concludes the paper.

1 INTRODUCTION

Perhaps no other discipline within engineering has to
deal with as much uncertainty as the field of earthquake
engineering. The randomness in the occurrence of
earthquakes in time and space, the vast uncertainty in
predicting intensities of resulting ground motions, and
our inability to accurately assess capacities of structures
under cyclic loading all compel us to make use of prob-
abilistic methods in order to consistently account for the
underlying uncertainties and make quantitative assess-
ments of structural safety. While the need for proba-
bilistic methods in earthquake engineering has long
been recognized, their use in practice has been limited
because of the analytical and computational difficulties
that these methods impose on the design and evaluation
process. This paper aims at presenting a brief review of
recent developments in the field of structural reliability
that hopefully will facilitate a wider use of probabilistic
methods in earthquake engineering.

The final objective in earthquake engineering often
is decision on design specifications. This usually
requires risk analysis, involving the assessment of prob-
abilities as well as costs associated with each design
alternative and the corresponding consequences, should
structural failure occur. A simpler, more practical
framework is provided by probabilistic design codes,
which implicitly account for the underlying uncertain-
ties and optimize (albeit in an approximate manner) the
expected utility derived from each design. The topics
of risk analysis and probabilistic codes are not
addressed in this paper. However, probabilistic meth-
ods that are reviewed are essential elements of any such
risk analysis and form the basis upon which probabilis-
tic codes are developed.

Any review on probabilistic methods has to begin
with a discussion on the nature of uncertainties and

methods for their modeling and analysis. The Bayesian
approach for this purpose is reviewed in the following
section. Special emphasis is placed on model uncer-
tainty, an important problem in earthquake engineering
which, in the opinion of the writer, has not received
adequate attention. In Section 3, general formulations
for the structural reliability problem are presented.
These include formulations for component and system
reliability problems, time-variant reliability problems,
and a discussion of reliability measures under condi-
tions of statistical and model uncertainty. Section 4
describes a number of methods for computation of
probabilities that are particularly relevant to the struc-
tural reliability problem. These include the first- and
second-order reliability methods, various simulation
methods, the response surface method, and the nested
reliability method. Sections 5 and 6 discuss the impor-
tant topics of probability sensitivity measures and
updating of reliability, which are of particularly interest
in design and planning of systems. The newly emerg-
ing field of finite element reliability analysis is briefly
reviewed in Section 7, where two numerical examples
relevant to earthquake engineering are also presented.

2 MODELING AND ANALYSIS OF UNCERTAIN-
TIES

2.1 Types of Uncertainty

Three types of uncertainty are dominant in structural
engineering: (a) inherent randomness, which arises
from intrinsic variabilities in materials and in environ-
mental effects, such as loads and support movements;
(b) statistical uncertainty, which arises in the course of
estimating parameters of probability distributions from
observational samples of limited size; and (c) model
uncertainty, which arises from the imperfection of

6519



mathematical models used to describe complex physical
phenomena, such as models describing loads and capac-
ities of soils or structures. Whereas the uncertainty due
to inherent randomness is irreducible, statistical and
model uncertainties can be reduced, the former by col-
lection of additional samples and the latter by use of
more refined models (see Ditlevsen 1981, 1988; Der
Kiureghian 1989). This distinction between the three
types of uncertainties is fundamental and deserves care-
ful attention, particularly in connection with developing
design codes (Der Kiureghian 1989; Maes 1991).
Other sources of uncertainty, such as measurement error
and human error, also deserve attention but are not dis-
cussed here. Approaches for treatment of these uncer-
tainties may be found in Ditlevsen (1981,1988), Grigo-
riu (1984) and Nowak (1986).

A unified approach to the analysis of statistical
and model uncertainties is provided by the well known
Bayesian updating rule (Box and Tiao 1973)

f7()=cL(®6) f'(8) @

where 8 ={6,, 6,, - - -} denotes a vector of model param-
eters, f'(8) is its prior distribution incorporating subjec-
tive information, such as an expert’s opinion, L(6)
denotes the likelihood function and incorporates the
information gained from observations, ¢ =

1
[_[ L(9) £(68) de] is a normalizing factor, and f”(6)

denotes the posterior distribution of @ that incorporates
both the prior (subjective) information as well as the
information gained from the observed (objective) data.
For a given observation, the likelihood function is pro-
portional to the conditional probability of making the
observation given the parameters. This formula has
been used extensively in earthquake engineering for the
analysis of statistical uncertainties, but it has seldom
been used for model uncertainty analysis. The main
difficulties arise in formulating the likelihood function
and in evaluating integrals needed to compute the nor-
malizing factor ¢ and the statistics of 8, such as its joint
moments and marginal distributions. Examples in the
following two subsections demonstrate the use of this
formula for statistical and model uncertainty analysis.

2.2 Analysis of Statistical Uncertainty

Let f(x18) denote the joint probability density function
(PDF) of x expressed in terms of the unknown parame-
ters . If the observation is a set of measured values x,,
Xy, **+, Xy from a random sampling of x, then the likeli-
hood function is

L) = I:'Ill f(x; 10) @)

If the sampling is not random, then one has to use the
joint distribution of the sampled values to formulate the
likelihood function. In some applications one observes
equality or inequality constraints on x instead of
directly measuring x. For example, one may observe
hi(x;)<0 for i=1,2,---,N, where h;(.) are constraint
functions. One special case is observing bounds on
individual elements of x. If the sampling is random,

i.e., x; are statistically independent, then

where P [.] denotes the probability. For the special
case of observing bounds, the above probability term is
expressed in terms of cumulative distribution functions,
As an example application relevant to earthquake
engineering, consider estimation of the mean rate of
earthquakes in a region. Let the Poisson model

n

exp(-81) n=0,1,2,-- @

pinn) = n!

describe the occurrences, where p(n,t) denotes the
probability of n occurrences in the interval (0, t), and 4
denotes the unknown mean rate which is to be esti-
mated. Suppose the available observation indicates x
occurrences in the past 7 years. Using Eq. 2, the
likelihood function then is

(67)*

x!

L) = exp(-07) )
If the prior on @ is gamma distributed with mean 4’ and
standard deviation o’ (this is the so called conjugate
distribution for the Poisson model, see Ang and Tang
1975), the posterior f”(8) is also gamma with the mean
and variance

2 ”2
W Mt xo

(W +xc?)o”
= =
Y+ro

TWiroh) (6)

We note that a large prior variance (6> — oo) produces
4" =x/7 and ¢’ = x/7%, which are the data-based esti-
mates of 8, and a small observation period (z,x — 0)
produces 4” =4 and ¢”*=0", which are the prior
estimates. For intermediate cases, the posterior mean is
somewhere in between the prior and data based means
and the posterior variance is usually smaller than either
the prior or the data based variance due to the cumula-
tion of information. The posterior distribution of
reflects our current state of information and uncertainty
about . Methods for incorporating this kind of uncer-
tainty in reliability analysis are discussed in Section 3.3.

(o2

2.3 Analysis of Model Uncertainty

In general, a mathematical model g(x, 8) =0 describes a
relation between a set of observable variables x =
{x1, X2, -} through an operator g(., @) with parameters
0=1{6,,6,,---}. The operator might be algebraic, dif-
ferential or integral in form. Missing variables in the
model, incorrect form of the operator, errors in measur-
ing X in the process of model identification, or limited
samples to estimate 6 are possible sources of model
uncertainty. More generally, the model might consist of
a set of operators g;(x,8)=0, i=1,2,--, that describe
multiple relations between the variables. The process
of formulating the likelihood function depends on the
types of model uncertainty present and the form of the
model (Bard 1974; Der Kiureghian 1990). In the fol-
lowing, the formulation of the likelihood function for a
model used to predict liquefaction in soils is presented.

Motivated by an earlier work of Seed et al. (1985).
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Liao et al. (1988) have proposed the following model
for the liquefaction of soils under seismic loading:

g(N,S,0)=61N—921nS+93 (7)

where N represents the standard penetration resistance
of soil, S denotes the normalized cyclic stress ratio, and
8., 6, and 85 are parameters. According to this model,
liquefaction occurs when g(N, S, 8)<0 and it does not
occur when g(N,S,8)>0. The boundary between the
two regions, g(N, S, 8)=0, in the terminology of struc-
tural reliability theory, is known as the limit-state sur-
face. It describes the relation between N and S at the
onset of liquefaction. Obviously a simple formula such
as the above cannot precisely describe as complex a
phenomenon as liquefaction. In particular, many vari-
ables other than S and N, such as the pore pressure and
the soil grain size, may influence the liquefaction poten-
tial but are not included in the model. As a result, for
any selected 8, one may observe events that violate the
above rule. That is, one may predict g <0 where lique-
faction does not occur, and g>0 where liquefaction
does occur. Data points in the paper by Seed et al.
(1985) clearly show such inconsistencies. As a result of
this uncertainty, one cannot precisely determine 8,
regardless of the amount of data available.

Suppose a set of measurements (N, S;) at
k=1,---, N sites is available where it is known whether
liquefaction has or has not occurred. Let the true limit-
state  function for the k-th observation be
irie=8(N, S, 0)+y,, where 7, is a random correction
term that accounts for possible incorrectness of the
model form and the effect of all missing variables. If y;
are assumed to be statistically independent and nor-
mally distributed with zero mean (for an unbiased
model) and standard deviation o, the likelihood func-
tion for the stated observation is (Der Kiureghian 1990)

oo g o5
iquefie

sites
¢(M) 8)
o

non-liquefied
sites

where (. ) denotes the standard normal cumulative dis-
tribution function. Note that the parameter o is also
considered unknown and is included as an argument of
the likelihood function. If 3, are deemed to be corre-
lated, then the likelihood function involves the multi-
normal distribution, where the correlation coefficients
may also be regarded unknown and included in the
argument list of the likelihood function.

The above likelihood function together with a
prior distribution can be used in Eq. 1 to derive the pos-
terior distribution of @ and ¢. This distribution reflects
the uncertainty inherent in the model. The occurrence
of liquefaction at a given site can now be predicted
probabilistically. Specifically, if the values of N and §
for the site are known,

P [ liquefaction | N, §] =
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776,0) ¢(;7;~)de dody ©)

8(N.S,6)+y<0
and if N and S are unknown,
P [ liquefaction ] =

FIN,S) £(0,5) ¢(-7-)de do dy dN dS (10)
8(N,S,8)y<0 g

where ¢(.) denotes the standard normal density and
f(N,S) denotes the joint PDF of ¥ and §.

As described in the following section, the integrals
in Egs. 9 and 10 are typical of many structural reliabil-
ity problems. Methods for efficient computation of
these integrals are described in Section 4. Other inte-
grals are involved in the evaluation of the Bayesian
updating rule, such as the one required for computing
the normalizing factor ¢. Numerical methods for com-
putation of such integrals are reviewed by Geyskens et
al. (1991). Approaches to incorporating the model
uncertainty in reliability analysis are discussed in Sec-
tion 3.3.

3 FORMULATION OF STRUCTURAL RELIA-
BILITY

3.1 Time-Invariant Problems

The essence of the structural reliability problem is the
probability integral

Pr=[ fx)ax an
D

where P, denotes the "failure" probability, f(X)
denotes the PDF of a vector of random variables x that
represent time-invariant uncertain quantities influencing
the state of the structure, and D denotes a subset of the
outcome space where failure occurs. By "failure,” usu-
ally the exceedance of a prescribed serviceability or
safety limit state is implied. A related measure of inter-
est is the "generalized reliability index", defined by

By =D(1-Py) (12)

where ®71(.) denotes the inverse of the standard normal
cumulative probability. This measure offers certain
advantages over the probability measure, particularly in
connection with developing codified design rules.

For mathematical analysis, it is necessary to
describe the failure domain D in an analytical form. A
"component" reliability problem is defined when D is
described through a single function, ie., D =
{x 1 g(x)<0}, where g(x) is known as the limit-state
function. The boundary of D is defined by g(x)=0 and
is known as the limit-state surface. These definitions
are shown in Fig. 1 for the special case of two variables.
A "system" reliability problem is defined when D is
described as the union and/or intersection of several
subsets. In particular, a "series system" reliability prob-
lem is defined by D = (x| U g,(x)<0}, and a "parallel
system" reliability proble‘m is defined by D =
(x| Ogi(x)SO}, where g;(x) denote componental
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Figure 1. Component reliability problem.

limit-state functions (see Fig. 2). "General system"

problems are defined by a cut-set or link-set formula-

tion. The cut-set formulation is defined by D =

{xl k,:) rg £i(x) <0}, where C, denotes the k-th cut set
1eCy

representing a set of componental limit-states whose
joint exceedance constitutes failure of the system. The
link-set formulation defines the complement of the fail-

Z2

D = {x|J;gi(x) <0}
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D = {x|);gi(x) <0}
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Figure 2. System reliability problems: (a) series sys-
tem, (b) parallel system.
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ure domain as D = (x| U ) 80 >0), where L,
-

denotes the k-th link set representing a set of compo-
nents whose joint survival constitutes survival of the
system. Usually, statically determinate structures and
elasto-plastic structures with ductile failure modes are
modeled as series systems, whereas structures with brit-
tle members require modeling as non-series systems.

The main issue in time-invariant reliability prob-
lems is the computation of the probability integral in
Eq. 11. Methods available for this purpose are
reviewed in Section 4.

3.2 Time-Variant Problems

A reliability problem is said to be time-variant when the
limit-state function depends on time, t. One important
case is when some of the uncertain variables are
stochastic in nature, as in g(x, y(¢)), where y(z) denotes
a vector of stochastic processes. For example, x may
denote uncertain mass, stiffness or damping properties
of a structure, which are usually time-invariant, and y(¢)
may denote ground acceleration processes at the sup-
port points of the structure. For this class of reliability
problems, the failure event constitutes the outcrossing
of the vector process y(t) through the limit-state surface
g(x,y)=0, as shown in Fig. 3. Usually it is necessary
to solve this problem by conditioning on x, i.e.,

P, = jP[or% 20, y(1) <0 x}f(x)dx (13)

where T denotes the structure lifetime. The condi-
tioned failure probability for given x is solved by the
methods of stochastic process theory (Lin 1967), and
the integral is evaluated by one of the methods
described in Section 4. The nested reliability method
described in Subsection 4.3 is particularly suitable for
this purpose.

The exact solution of the outcrossing probability
unfortunately is not available even for the special case
of a linear limit-state function and stationary Gaussian
processes. For small failure probabilities, however, the

Y2
Z 4 Failure
/ D
y(t) /
/S
Y1
/
g(x,y) =0

Figure 3. Time-variant reliability problem involving
stochastic processes.



tfollowing upper bound provides a good approximation
(Shinozuka 1964)

P[orgig; 8, y(1))<0 lx] < P[g(x,y(o))so]

T
+ j v(x, 1) dt (14)
0

where v(x,!) denotes the mean rate of outcrossing of
y(¢) for given x. The first term on the right-hand side is
a time-invariant reliability problem of the type defined
in Eq. 11. The main difficulty is in computing the mean
outcrossing rate and considerable effort in recent years
has been devoted to finding exact or approximate
solutions to this problem. For a linear limit-state sur-
face, the outcrossing problem can be converted to a
scalar process upcrossing problem for which a well
known solution by Rice (1944) is available. For a non-
linear limit-state surface, a generalization of the Rice
formula is available that requires integration over the
surface (Belyaev 1968). Based on this formula, solu-
tions of the outcrossing rate for special cases of the
limit-state surface (e.g., polyhedral or ellipsoid sur-
faces) have been derived (Veneziano et al. 1977;
Ditlevsen 1983, Hohenbichler and Rackwitz 1986b).
These solutions are rather involved and require consid-
erable amount of computation. Another idea has been
to linearize the limit-state surface at an appropriate
point (either the point of maximum mean outcrossing
rate or the point of maximum likelihood) and convert
the problem into an upcrossing-rate problem (Pearce
and Wen 1985). Various choices for the linearization
point have been discussed by Ditlevsen (1987).
Recently, it has been possible to convert the outcrossing
problem into a parallel system sensitivity problem, for
which the methods described in Sections 4 and 5 are
applicable (Hagen and Tvedt 1991). In spite of these
achievements, this area is still in need of research and
development before general and effective tools of anal-
ysis become available.

Another class of time-variant reliability problems
is defined by a limit-state function which is a direct
function of time, i.e., of the form g(x, ¢). For example,
an uncertain structure subjected to a time-varying deter-
ministic load belongs to this class. In some cases it is
possible to represent stochastic processes in terms of
random variables and deterministic functions of time
(Li and Der Kiureghian 1992). In that case, a problem
defined by a limit-state function of the form g(x, y(¢))
can be converted to one of the form g(x, ), where x
now includes the random variables defining y(¢). The
probability of failure for this class of problems is
described by the integral in Eq. 11, where the failure
domain now is D = {OTLI} g(x,1)<0}. Hence, methods

available for solving time-invariant reliability problems
are also applicable to this class of problems. However,
caution should be exercised since the limit-state swuiface
in this case is not continuously differentiable and can be
strongly nonlinear. An example application later in
Section 7 demonstrates this problem.
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It is easy to visualize extensions of the above for-
mulations to space-variant reliability problems, such as
those involving random fields of material properties or
loads, or those where the limit-state function is explic-
itly dependent on a spatial coordinate. Furthermore,
one can formulate problems where the limit-state func-
tion is dependent on both time and space coordinates.
Methods for solution of such problems are still in early
developmental stage.

3.3 Effect of Statistical and Model Uncertainties

The formulation presented in Eq. 11 only accounts for
the inherent randomnesses represented by the random
variables x. To explicitly account for statistical and
model uncertainties, we write the PDF of x as f(x16)
and the componental limit-state functions (disregarding
the subscript) as g(x, ), where @ is a vector collecting
all the uncertain parameters present in the distribution
function and the mathematical models describing the
limit-states. The probability of failure and the general-
ized reliability index defined by Egs. 11 and 12 are now
dependent on 6, ie., P((@) and f,(8), and hence are
uncertain. There are different views as to how these
uncertainties should be treated. One view, exercised by
Madsen et al. (1986) and Ditlevsen (1982) for example,
is to not differentiate between the uncertainties in &
from those in x. The result is the expected probability
of failure obtained from the total probability formula-
tion

E[P,(0)] = j £(x16) £(8) dx do (15)
D

where f”(8) is the posterior distribution of @ obtained
from Bayesian updating. We note that this integral has
the same form as that in Eq. 11, provided x and @ are
combined to form a single vector. Hence, methods used
for the solution of the problem in Eq. 11 can also be
used to evaluate the expected probability of failure
described above.

Another approach for the analysis of uncertainties
recognizes the fundamental difference between the
inherent randomnesses represented by x, which are irre-
ducible, and the statistical and model uncertainties rep-
resented by 8, which are reducible. In this case, P, and
B, are weated as random variables with probability dis-
tributions that reflect the effect of statistical and model
uncertainties on their estimated values (Der Kiureghian
1989). The cumulative distribution function of £, for
example, is given by

Pfy<h.l= fr@)de
B5(®)= 5,0

and its PDF can be seen as the sensitivity of the above
probability with respect to the parameter 3,. We note
that the above integral is also of the type shown in Eq.
11, except that the limit-state function here involves the
conditional reliability index S,(8). The nested reliabil-
ity method described in Section 4.3 is ideal for solution
of this problem.

(16)



In application, one is often interested in a simple
measure to describe the effect of statistical and model
uncertainties on computed P, and f,. One such mea-
sure is a confidence interval around the computed val-
ues with a a specified probability (or confidence). The
probability distribution described above can be used to
generate such intervals. Another convenient measure is
the variance of P /(@) or S,(8) with 8 regarded as ran-
dom variables. These variances can also be obtained
from the distribution described above. However, it is
much simpler to use a first-order approximation, which
for B, leads to (Der Kiureghian 1989)

Var[5,(0)] = Vo By =700 Vo By (17)

where V, f, is the gradient (sensitivity) vector of B, at
the mean of 8 (see Section 5) and X", is the posterior
covariance matrix of . This variance together with an
assumed distribution can be used to obtain an approxi-
mate confidence interval on f§,. A similar formula for
the variance of P ;(6) can be written, which is however
less accurate due to typically stronger nonlinear depen-
dence of P;(6) on 6. It is better to use the confidence
interval of j, together with Eq. 12 to obtained a confi-
dence interval on P.

Existing probabilistic code formats generally do
not differentiate between the nature of the uncertainties
in x and @ (Ravindra and Galambos 1978; Ditlevsen
1982). Suggestions for code formats that explicitly dif-
ferentiate between the two types of uncertainties have
recently been made (Der Kiureghian 1989; Maes 1991).
These formats tend to penalize for the uncertainty in the
computed reliability index and, hence, encourage the
use of more data and refined models in engineering
design.

4 PROBABILITY COMPUTATION METHODS

A great deal of effort in the past two decades has been
devoted to developing efficient algorithms for comput-
ing probability integrals of the type in Eq. 11. A
straightforward integration, by analytical or numerical
means, usually is not possible because of the arbitrary
nature of the integration domain and the typically high
dimension of the problem. We note that often the size
of x is larger than 10 and it could be as large as several
hundred or thousand. Hence, indirect approaches for
evaluating the integral are essential. In this section, a
review of the most widely used of these methods is pre-
sented.

Several of the methods described in the following
subsections require transformation of the random vari-
ables into the standard normal space. The transforma-
tion, which is necessarily nonlinear for non-Gaussian
random variables, is expressed as u = u(x), where u has
the standard normal density ¢@u) = @Qz)"?
exp(=0. 5lul?), where n denotes the number of random
variables. A general form of this transformation is
given by Hohenbichler and Rackwitz (1981) and a more
convenient form for a particular class of multi-variate
distributions is given by Der Kiureghian and Liu
(1986). Using this transformation, Eq. 11 is rewritten
in the form

Py =f¢(u)du (18)
D

where D is now defined in the u space. For notationa]
convenience, we let G(u) = g(x(u)) denote the transform
of the limit-state function in the u space.

4.1 First and Second-order Reliability Methods

The first- and second-order reliability methods (FORM
and SORM) take advantage of the fact that the point u *
= min(lul | G(u)=0), which is a point located on the
limit-state surface with minimum distance from the ori-
gin, has the highest probability density among all fail-
ure points in the standard normal space. This point is
known as the “design point" or the “most likely failure
point". It is readily evident that probability densities in
the standard normal space are rotationally symmetric
and decay exponentially with the square of distance in
both radial and tangential directions from u*. It fol-
lows that the major contribution to the probability inte-
gral in Eq. 18 comes from the neighborhood of u *, pro-
vided the surface is not strongly nonlinear and there is
only one significant design point. These conditions are
satisfied for most structural component reliability prob-
lems. Based on this, the limit-state surface in the neigh-
borhood of the design point is approximated by a first-
or second-order surface for which the solution of the
probability integral is available. Specifically, in FORM,
the limit-state surface is replaced by the tangent hyper-
plane at u* and the first-order approximation of the
failure probability is given by

Py=Ps=d(-p) (19)

where f=au*, known as the (first-order) reliability
index, is the distance from the origin and « denotes the
unit normal at the design point directed towards the fail-
ure set (Fig. 4). In SORM, the limit-state surface is fit-
ted with a second-order surface (usually a paraboloid)
at u*, and the second-order approximation of the fail-
ure probability is given in terms of § and the principal
curvatures, k;, of the paraboloid. The exact expression
of this probability is given in terms of a single-fold inte-

Uz
SORM .__} *\FORM
VAV LN
2\ «
S D
u*
ﬂ \\\
\;/:\
/\\\\
\\ N Uy
g(x) =

Figure 4. FORM and SORM approximations.
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gral, which must be evaluated numerically (Tvedt
1990). A simpler approximation is (Breitung 1984)
n—=1

Py=Pp=@-p) I(1+pr)"" 20)
Various methods for selecting the approximating
paraboloid and computing the principal curvatures are
available (Fiessler et al. 1979; Der Kiureghian et al.
1987; Tvedt 1990; Der Kiureghian and DeStefano
1991; Geyskens et al. 1991). An alternative SORM
approach has also been suggested by Breitung (1991),
where an approximation of the probability by maximiz-
ing the log-likelihood in the space of the original vari-
ables, X, is obtained.

An important step in FORM/SORM is the deter-
mination of the design point. This requires the solution
of a constrained optimization problem. Most algo-
rithms construct a converging sequence of points
according to the rule w=u,+A,d;, £=0,1,---,
where d; denotes the search direction vector at step &
and A, denotes the step size. In most efficient algo-
rithms d, is expressed in terms of the gradient of the
constraint function, VG. For example, in an algorithm
widely used in reliability analysis,

VG G(u,) | VGT
d _{IVGI 7T } eI @b

and A; is selected such that m(ug,;)<m(u;), where
m(.) is a merit function. A comparative evaluation of
this and several other algorithms used in reliability
analysis is presented Liu and Der Kiureghian (1990).

When the limit-state surface in the standard nor-
mal space is strongly nonlinear, which may arise from
strong nonlinearity of g(x) or from strong non-
normality of the the basic variables x, multiple design
points on the surface may occur with significant neigh-
borhood densities. For such cases, an improved
approximation may be obtained by fitting first- or sec-
ond-order approximations at all significant local design
points followed by a series system analysis as described
below, provided certain convexity conditions are satis-
fied. Finding these local design points, however, is a
challenge by itself since it is difficult to prevent conver-
gence of the optimization algorithm to the global design
point. An algorithm for sequentially finding these
points for a special class of reliability problems has
recently been developed and an example is presented in
Section 7.1.

A general formulation for a first-order system reli-
ability analysis is presented by Hohenbichler and Rack-
witz (1983). In this approach, each componental limit-
state surface is linearized at an appropriate point (the
minimum-distance point either on the surface or its
intersection with other surfaces) and the probability of
system failure is approximated by the probability con-
tent in the resulting polyhedral set. It is shown that the
first-order approximation for series systems is
P =1-®,(8,AAT), where f={f, fa, -} is the
vector of componental reliability indices, A=a; a; - -]
is the matrix of unit normals at the linearization points,

and @, (., R) denotes the n-dimensional cumulative nor-
mal probability with correlation matrix R. For parallel
systems, the approximation is Py =®,(-8,AA).
Both results require the standard multi-normal probabil-
ity over polyhedral sets. An approximate method for
computing this probability has been developed by Goll-
witzer and Rackwitz (1988). Second-order system reli-
ability methods that employ second-order approxima-
tions of the componental limit-states have also been
developed (Madsen et al. 1986; Hohenbichler et al.
1987, Lin and Der Kiureghian 1987).

For series systems, first-order bounds on the sys-
tem failure probability in terms of individual compo-
nental (or modal) failure probabilities and cross-modal
correlation coefficients (represented by the product
AAT) have been developed by Ditlevsen (1979). These
bounds are easy to compute and essentially require a
simple component reliability analysis for each failure
mode. These bounds can also be used for computing
first-order probabilities for general systems defined in
terms of cut sets or link sets (Hohenbichler and Rack-
witz 1983).

The major advantage of FORM/SORM is that the
probability integral is computed with relatively small
number of computations of the limit-state function and
its gradient. Typically, for FORM the number of com-
putations of each G and VG is of order 10 to 100, and
for SORM, depending on the method used, extra com-
putations of G of order 10n or n® are required to deter-
mine the principal curvatures, where n denotes the
number of random variables. Note that these numbers
are independent of the magnitude of the failure proba-
bility. These methods have the additional advantage of
providing the coordinates of the most likely failure
point and, in SORM, the shape of the limit-state surface
in the neighborhood of the design point. Furthermore,
as will be described in Section 5, FORM readily pro-
vides the sensitivities of the failure probability, which
are important in many applications.

4.2 Simulation Methods

A widely used method for computing probabilities
is the Monte Carlo simulation method (Rubenstein
1981; Ang and Tang 1984). To apply this method to the
structural reliability problem, the integral in Eq. 11 is
written in the form

Py= {109 (0 dx 22)

where I(x) is an indicator function defined by

Ix)=1 if xeD (23)
=0 if x¢D

Consider a sampling x,, X;, -+, Xy of the random vari-

ables according to the density f(x) and let

pi=Ix)f(x), i=L,--- N (24)

A mean estimate of the probability of failure, then, is

A 1%
ElP/)= 5 2P @5)

6525



where N denotes the sample size. A measure of the
error in the estimate is given by the variance
R 1 N 5 2
Var[P;] = ——— ,—E[P (26)
ar[P ] N(N-—I),g?(p [PsD
As N approaches infinity, the variance diminishes and
the estimate in Eq. 25 approaches the exact failure
probability P, provided, of course, that the sampling is
truly random and representative of the distribution f(x).

Aside from difficulties in producing truly random
numbers in accordance with a specified distribution, the
main disadvantage of the Monte Carlo simulation
method lies in its large computational requirement.
Roughly speaking, in order to obtain reasonably accu-
rate probability estimates, it is necessary to have a sam-
ple size at least as large as 100/P;. In structural relia-
bility groblcms Py is typically small, e.g., of order 107
to 107, and the direct Monte Carlo method normally
requires tens or hundreds of thousands of repeated com-
putations of the limit-state function. For many engi-
neering applications this is impractical and, hence,
attention has been focused on developing more efficient
simulation methods. These methods are commonly
aimed at reducing the variance of the probability esti-
mate for a given number of simulations, V.

For the structural reliability problem, the most
promising variance reduction technique appears to be
the importance sampling method (Shinozuka 1983;
Harbitz 1986). This method reduces the variance of the
estimate by sampling more frequently from inside the
failure set. Eqgs. 22 and 24 are rewritten in the form

Pr=[1(% %(%) h(x) dx @n
_ fx) -1 ...
pi=1(x) hx) =1--,N @8)

where h(x) is the new sampling density. The ideal
choice for A(x) is I(x) f(x)/P;. For this choice, the
mean of the estimate is identical to P, and the variance
is zero for any N. However, it is not practical to sample
from this ideal density since it would require the same
number of g-function computations as the conventional
Monte Carlo method. Instead, a sampling density that
closely approximates this ideal density but does not
require computation of g(x) is employed. Knowledge
of the design point(s) from FORM analysis can be par-
ticularly helpful in choosing an appropriate sampling
density (Harbitz 1986; Schueller and Stix 1987; Melch-
ers 1987). For example, when the safe set is known to
be concave, sampling over the half space defined by
ax2 3, where f is the reliability index and « is the
unit normal at the design point, can be performed. If
the safe set is known to be a closed space, then sam-
pling outside of the f-sphere defined by IxI> 4 is a
good choice (Harbitz 1986). When the shape of the
limit-state surface is not known in advance, then sam-
pling with a normal density centered at each design
point is a good choice and has been advocated by a
number of investigators (Melchers 1987). Adaptive
importance sampling techniques, where the sampling

density is modified during the course of sampling, have
also been suggested (Bucher 1988).

It is important to realize that the importance sam-
pling method may converge to a wrong probability esti-
mate if the sampling density is not properly selected.
For example, if a zero density is assigned to a subset of
D over which f(x) is not zero, then no points will be
sampled from that subset and a wrong estimate would
be obtained. Hence, it is critical to exercise good judg-
ment in the selection of the sampling density.

Other variance-reduction techniques include the
method of antithetic variates, where the variance in the
estimate is reduced by creating negative correlation
between p; (Rubenstein 1981), and the method of strati-
fied sampling, and in particular the Latin hypercube
sampling, where the number of simulations is reduced
by sampling within equally likely intervals of the out-
come space (McKay et al. 1979). The latter method,
while effective for computing means and variances of
functions, is not very effective for computing small
probabilities that are typical of reliability problems.

Another class of efficient simulation methods is
based on the concept of conditioning. Assume the vec-
tor of random variables is partitioned in the from
x=(y, z) and rewrite Eq. 11 in the total probability form

Py =] Plev 020 4l ) d 29)

Advantage is achieved if an efficient method is avail-
able to compute the conditional probability inside the
integral. If this is possible, then simulation can be per-
formed to compute the integral over z. Note that the
integral essentially represents the mean value of the
conditional probability with respect to the random vari-
ables z. Hence, the number of required simulations will
be small if the conditional probability has a small vari-
ance with respect to z.

One simulation method by conditioning is the so
called directional simulation method (Bjerager 1988).
The simulation in this method is performed in the stan-
dard normal space. The vector of standard variates, u,
is written in the form u= R a, where R =lul denotes the
length of the vector and a =u/lul denotes the unit direc-
tional vector. By conditioning on a, the probability
integral is written in the form

f(@)

a) h(a) h(a)da
where f(a) is the density of a, which is uniform on the
unit sphere centered at the origin, and h(a) is an appro-
priate sampling density. Since R?=Iul® has the chi-
square distribution with n degrees of freedom, the
conditional probability is given by

P[G(Ra)<0 | a] =1~ 22(r) @31

where r is the root of G(ra)=0, i.e., is the distance
from the origin to the limit-state surface along the
direction a. For a set of simulations a,, a,, - -+, ay of a
according to the sampling density h(a), the estimates of
the probability of failure are given by Egs. 25 and 26,

P, = jP [G(Ra) <0 30)

6526



where p; now is
f@)
;= P[G(Ra;)<0] ——=
pi=P[G(Ra)<0] o)
Various choices for the sampling density using the
knowledge of design point(s) from FORM analysis are
suggested by Bjerager (1988) and Melchers (1990).

The directional simulation method is effective
when the dimension n of u is not too large and when
the root r; for each simulated direction a; is easily
obtained. In some cases, it is convenient to replace the
actual surface by an approximating surface to facilitate
the root finding process (Lin and Der Kiureghian 1987).
Another, non-radial, directional simulation method has
been suggested by Hohenbichler and Rackwitz (1988),
which is aimed at improving probability estimates
based on FORM and SORM.

(32)

4.3 Nested Reliability Analysis

Consider the reliability problem defined in the condi-
tional form in Eq. 29. It can be shown (Wen and Chen
1987) that this problem is identical to a reliability prob-
lem of the form in Eq. 11 when the limit-state function
is taken to be

8(u,2) = u+ fy(z) (33)

where f,(z) is the conditional generalized reliability
index for given z and u is a standard normal variate
independent of z. This formulation suggests a nested
reliability analysis involving an inner reliability prob-
lem for determining f,(z), and an outer reliability prob-
lem defined by the above limit-state function and
including the random variables z and u. The inner
problem involves the variables y, which in general can
be stochastic processes or random fields.

The above formulation offers an advantage in cer-
tain reliability problems when different methods must
be used to solve the inner and outer problems. For
example, in a time-variant reliability problem involving
stochastic processes y(¢), B,(z) may be obtained from
random vibration analysis by considering the outcross-
ing problem associated with y(f) with z fixed, whereas
the outer reliability problem involving ¥ and z may be
solved by any of the methods described in this section,
including FORM and SORM (Wen and Chen 1989;
Madsen and Tvedt 1990). This approach has been used
for reliability analysis of uncertain systems subjected to
stochastic excitation (Igusa and Der Kiureghian 1988).
An example in Section 7.1 demonstrates such an appli-
cation.

4.4 The Response Surface Method

An alternative approach for computing probabilities of
the type in Eq. 11 is to replace the integration boundary
by an approximating "response” surface and then per-
form the integration by an appropriate means (e.g.,
FORM, SORM, simulation) without having to engage
the actual limit-state function. This approach is particu-
larly useful when the limit-state function is algorithmic
in form (e.g., requires finite element computations) and
its gradient, which is necessary in FORM and SORM

analysis, is difficult to compute (Faravelli 1989). To
construct the response surface, one typically computes
g(x) at a number of points x=x;, i=1,2,---, N, and
then fits a polynomial surface to the points by the least
squares method. If a second-order polynomial is used,
calculations at at least N2/2+3N/2+1 points are neces-
sary, which is a formidable number for large N. To
reduce this number the use of polynomial functions
excluding cross terms has been suggested (Schueller
and Stix 1987). Another suggestion is to reduce the
number of random variables by collecting less impor-
tant variables into a single error term, which is then
analyzed by ANOVA (Faravelli 1989). One important
consideration in using the response surface methodol-
ogy is the selection of the "experiment" points, X;.
There are a number of standard experiment plans for
this purpose. For the structural reliability problem, it is
clear that these points should be selected in the neigh-
borhood of the design point, which unfortunately is
usually unknown in advance.

5 RELIABILITY SENSITIVITY MEASURES

Analysis of probability sensitivities with respect to
parameters defining a given problem is an important
part of reliability analysis. Parameters, denoted 8,
might be those defining the probability distribution
function f(x18), or those defining the limit-state mod-
els g(x,8). With respect to a given parameter 6, the
sensitivity of the probability of failure is the partial
derivative P /0. Collection of these terms in a row
vector forms the gradient with respect to @,
V,P;=[0P;/06, dP/06, ---]. Owing to the defini-
tion 1n Eq. 12, this is related to the gradient of the gen-
eralized reliability index by

Van = _¢(ﬂg) Vaﬂg
where ¢(. ) denotes the standard normal density.

Sensitivity measures are useful in reliability analy-
sis in a number of ways. They provide relative mea-
sures of importance of the random variables, are needed
in search algorithms for reliability-based optimization
or nested reliability analysis (see Section 4.4), are used
in reliability uncertainty analysis (Eq. 17), are funda-
mental to reliability upgrading as discussed in Section
6, and in general are valuable in gaining insight into a
problem or in making decisions.

As measures of importance of random variables, it
is most useful to compute the gradients with respect to
the means, g={uy, 4, --}, and standard deviations,
o={07,0,,--}, of the random variables. When scaled
by the diagonal matrix of standard deviations, these
sensitivity vectors, diag{o}V,pB and diag{o}V,p,
represent dimensionless measures of variation in f§ with
respect to equally likely variations in the mean and
standard deviation of each variable. The elements
within each of these vectors can be compared regardless
of the nature of each variable or the units used to repre-
sent it. The former vector gives the relative importance
of the random variables with respect to their central val-
ues, whereas the latter gives the relative importance

€]
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with respect to their variabilities. When the variability
in a random variable has a relatively small influence on
B, then that variable can be replaced with a determinis-
tic quantity, thus reducing the size of th.e.rehablllty
problem. When used in this context, sensitivity vectors
are known as omission sensitivity factors (Madsen
1988b).

One important advantage of FORM is that it pro-
vides the sensitivity gradients as a byproduct of the
algorithm for finding the design point. If @ represents
distribution parameters, then (Hohenbichler and Rack-
witz 1986a)

VG
Vo=~ el Veu(x*) (35)
and if 6 represents parameters in the limit-state function
of a component reliability problem, then

—Vag() 36)

Veﬂ=ﬁa

where x * denotes the design point in the original space
and VG is the gradient in the standard normal space
evaluated at the design point. The latter is usually
available from the algorithm used for finding the design
point and, hence, one only needs the gradients of u(x)
and g(x) at the design point, which are easy to compute.
For system reliability analysis, the derivative of the unit
normal at each linearization point is also required. This
involves the second derivative of the limit-state function
(Bjerager and Krenk 1989). Reliability sensitivity mea-
sures for FORM analysis of series and parallel systems
are obtained by Bjerager and Krenk (1989) and Madsen
(1988a).

Reliability sensitivities can also be obtained by
simulation (Ditlevsen and Bjerager 1988; Karamchan-
dani et al. 1988). For this purpose, it is necessary to
compute the gradient V, p; for each simulation of p; in
accordance with Eq. 24, 28 or 32. For example, with
the importance sampling method, the gradient with
respect to the distribution parameters is
Vgp,-=1(x,~)—v—0&‘—w—), i=1,---,N

h(x;)

Note that the gradient computation is necessary only
when I(x;)=1, i.e., when the simulated point is inside
the failure domain. Unfortunately, derivatives with
respect to limit-state parameters cannot be derived with
this method because of the non-differential nature of the
indicator function /(x). For such parameters, the direc-
tional simulation method is applicable, for which
(Ditlevsen and Bjerager 1989)

_2r
T VG q

The mean and variance estimates of the sensitivities are
computed by using the above two derivatives in place of
pi in Egs. 25 and 26, respectively. One should note,
however, that the optimal sampling density for the prob-
ability sensitivity in general differs from that which is
optimum for the probability itself. Therefore, care must
be exercised in the choice of the sampling density if it is
used for both the probability and its sensitivity.

@37

"2 VeG(ra;, 6) (38)

6 RELIABILITY UPDATING

Often it is of interest to update the estimated relja-
bility of a structure in light of newfound information,
For example, it might be of interest to update the relia-
bility after in situ testing of material strengths. In
recent years, this topic has become of particular interest
in developing optimum inspection and maintenance
strategies for offshore platforms (Madsen 1987; Jiao
and Moan 1990).

In general an observation can be one of two basic
types: (2) inequality observation, or (b) equality obser-
vation. The first occurs when a bound is observed, or
the occurrence or non-occurrence of an event is
observed. Mathematically, this can be expressed as
h(x)<0. For example, the observation that the first
member of x is less than 100 can be expressed as
h(x,)=x, —100<0. If an event is observed, such as the
initiation of cracks at a point in the structure, then the
above formulation applies with A(x) denoting the limit-
state function for the initiation of cracks at that location.
The equality observation usually is the result of a mea-
surement and it can be mathematically expressed as
h(x)=0. For example, the observation that .x;+x, is
measured to be 100 is expressed as h(x)) =
X1+ x, =100=0.

For the inequality-type observation, the updated
reliability can be obtained from the conditional proba-
bility law
Plg(x)<O0M A(x)<0]

P [h(x)<0]

The numerator on the right-hand side defines a parallel-
system reliability problem involving the componental
limit-states g(x) and h(x), whereas the denominator
defines a component reliability problem with the limit-
state function A(x). Thus, methods available for com-
ponent and system reliability analysis are readily appli-
cable to the above updating problem. Generalization of
the above formula to the case of several inequality
observations h;(x) <0, i=1, 2, - - -, should be obvious.

It can be shown (Madsen 1987) that updating with
equality observation is equivalent to

P o) <01 h(x)=0) = LX) SO A =0]

Plg(x)<0 | h(x)<0] = (39)

P [A(x)=0]
_aa_ P [g(x):()m h(x)—£<0],-0
_ 5 : (40)
=— P [A(x)—£<0],.0

de

In this case, the probability sensitivities with respect to
the dummy parameter ¢ for the parallel system problem
in the numerator and the component problem in the
denominator are required. Methods for computation of
parallel-system sensitivities are described by Madsen
(1988a). Other updating formulations can be found in
Jiao and Moan (1990).

7 FINITE-ELEMENT RELIABILITY METHODS

The idea of combining probabilistic methods with finite
elements has been around for some time (see Vanmar-
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cke et al., 1986, and Der Kiureghian et al.,, 1991, for
recent reviews). Since most structural analysis these
days is carried out by finite elements, it is natural that
the methods of structural reliability also employ this
computational technique. In the context of structural
reliability theory described in this paper, the main rea-
son for needing the finite element method is that the
limit-state function g(x) is usually an implicit function
of x and can only be evaluated by a numerical algo-
rithm, such as a finite element code. For example, in
structural analysis g(x) is often described in terms of
load effects such as stresses and deformations, while x
represents elementary input quantities, such as loads
and material property constants. Since the relation
between load effects and loads and material property
constants is usually implicit, the use of a numerical
algorithm, such as a finite element code, to evaluate the
g(x) function is necessary. Another reason for using the
finite element method is to address problems involving
random fields of material properties or loads. In this
approach, the random field over the domain of interest
is discretized and represented by random variables in
much the same way as the conventional finite element
discretization method. Random-variable reliability
methods are then used to compute probabilities of inter-
est. Li and Der Kiureghian (1992) have recently
reviewed several methods for discretization of random
fields in this context.

An important advantage of combining reliability
methods with finite elements is that one gains access to
state-of-the-art models of mechanical behavior for relia-
bility analysis. This is particularly important in struc-
tural safety studies, where attention naturally is focused
on extreme states of a structure and, hence, considera-
tion must be given to grossly nonlinear behavior. A key
issue in this regard is the ability to combine the reliabil-
ity and finite element codes without too much interfer-
ence in either so that periodic updates in either code can
be made. In the experience of the author, the best way
is for the reliability code to act as a shell program that
runs the finite element code. This approach has been
implemented in the CALREL-FEAP finite element reli-
ability code developed by the author and his colleagues
at the University of California (see Liu and Der
Kiureghian 1991).

Theoretically speaking, any of the reliability com-
putation methods described in Section 4 can be used for
finite element reliability analysis. However, there are
impediments in straightforward implementation each of
these methods. For example, for direct implementation
of FORM and SORM, it is necessary to develop effi-
cient and accurate algorithms to compute the response
gradients, which typically are not available in existing
finite element codes. In recent years notable successes
have been achieved in developing such algorithms for
both linear and nonlinear structures (Vanmarcke et al.
1986; Santos 1991, Zhang and Der Kiureghian 1991).
The conventional simulation method, while appropriate
for computing low-order moments of response quanti-
ties, usually is prohibitively costly for computing small
probabilities that are typical of reliability problems.
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More efficient methods, such as directional simulation
or simulation by importance sampling, are also difficult
to implement. In the directional simulation method, the
solution of the root r; for each simulated direction
requires repeated finite element solutions and the num-
ber of required computations rapidly grows with the
number of random variables. In the importance sam-
pling method, the main issue is in identifying a proper
sampling density, which may not be easy if the design
point(s) are not known from a previous FORM analysis.
The response surface method is easy to implement,
since it does not require the response gradients or the
selection of a sampling density (Faravelli 1989). How-
ever, the challenge here is in selecting informative fit-
ting points (which should be points near the design
point) without knowing the actual shape of the limit-
state surface. As mentioned earlier, this approach is
also restrictive for large number of random variables,
since the number of required fitting points (equal to the
number of required finite element computations) rapidly
grows with the number of random variables. Develop-
ments in this field are continuing and improved results
and methods should be expected.

In the following subsection we present two exam-
ples employing finite element reliability analysis in
conjunction with FORM and SORM. These examples
are intended to demonstrate the kind of results one may
obtain from such analysis. More details on the the data
and methods of analysis used can be found in the cited
references.

7.1 Example Applications

The first example concerns the first-excursion probabil-
ity of the horizontal displacement at the top of a three-
story, three-bay structure, which has uncertain proper-
ties and is subjected to the El Centro 1940 earthquake
motion at its base. The girders and columns are mod-
eled by beam elements with elasto-perfectly plastic
moment-rotation relations at their ends with the yield
moments described as random variables. The problem,
hence, is a time-variant reliability problem with a limit-
state function of the form

g(x,t) = ug—u(x, 1) 41)

where u is the allowable displacement threshold, u is
the displacement at the top, and the vector x represents
the set of 21 random yield moments at all girder and
column ends. As mentioned earlier, the limit-state sur-
face for this type of a problem can be strongly nonlinear
with possibly more than one significant design point
(see Section 3.2). To solve problems of this type, an
active-set gradient projection method has been devel-
oped, which is capable of sequentially finding the local
design points in the order of their distance from the ori-
gin of the standard normal space (Zhang and Der
Kiureghian 1992). Application of this algorithm in
conjunction with the CALREL-FEAP finite-element
reliability program yields two significant design points
with first-order reliability indices fg;=1.68 and
P2=1.78. Each design point represents one failure
mode of the structure relative to the specified threshold.



The configuration of the structure at each design pqint
is shown in Fig. 5 together with the correspondmg time
history of the displacement at the top. Solid‘ dots in this
figure represent hinges that are in fully plastic state, and
open dots represent hinges that have yielded in the past
but at the time of failure are in elastic state due to load
reversals. These two modes represent the two most
likely configurations through which the displacement at
the top may exceed the specified threshold. L.mca.nzmg
the surface at these points and using a series-system
reliability analysis for the union of the two failur.c
modes, the generalized reliability index f,=1. 38 is
obtained, which gives P =0.083.

u(x, 1) u(x3,t) u(x3,t)
170 - {,. :
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Figure 5. Design point configurations.

The second example, taken from Igusa and Der
Kiureghian (1988), examines the influence of uncertain-
ties in structural properties on the response of a tuned
primary-secondary system subject to stochastic input.
The system, shown in Fig. 6, consists of a 3-degree-of-
freedom primary subsystem to which is attached an
8-degree-of-freedom light secondary subsystem. (The
primary subsystem has rigid floors and all vertical dis-
placements are ignored.) The mass, damping and stiff-
ness properties of the system are modeled as random
variables. The subsystems are designed such that, for
the mean values of the properties, the first and third fre-
quencies of the primary are closely tuned to the first and
third-fourth frequencies of the secondary, respectively,
and hence resonance and amplification of the secondary
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response are expected. Attention is focused on the base
shear response of the primary and the peak bending
moment response of the secondary to an earthquake
input modeled as a white noise process. This defines a
time-variant reliability problem with a limit-state func-
tion of the form

8(x, (1) = 5, = s(x, y(1)) (42)

where x denotes the random system properties, y(t) is
the stochastic input, s(x, y(¢)) is the response of interest
(primary base shear or secondary bending moment),
and s, is the appropriate threshold. For an "acceptable"
probability of P,=0.025, Table I lists the normalized
required design threshold for each subsystem. Each
threshold is normalized with respect to the required
threshold in a deterministic system having the mean
properties. These results are computed by nested relia-
bility analysis involving random vibrations (inner prob-
lem) and SORM (outer problem) analysis. It is evident
that the uncertainty in the system properties has a negli-
gible influence on the primary response (only 7%
increase in the required design threshold), but a signifi-
cant influence on the secondary response, i.e., an
increase of 45% in the required design threshold. Fur-
ther sensitivity analysis has shown that, whereas for the
primary subsystem the uncertainty in damping is rela-
tively more important, for the secondary subsystem the
uncertainties in the mass and stiffness properties of both
subsystems is much more important than the uncer-
tainty in damping.

PRIMARY  SECONDARY
SUBSYSTEM SUBSYSTEM

~——————» BASE EXCITATION
Figure 6. Example primary-secondary system.

Table 1. Normalized thresholds for P =0.025

1.07
1.45

Primary subsystem
Secondary subsystem

The above two examples serve to demonstrate use-
ful applications of reliability methods to problems of
relevance to earthquake engineering. The domain of
application of the methods reviewed in this paper, how-



ever, is much wider than presented by these examples.
It is hoped that this paper will serve to stimulate a
greater interest in probabilistic methods and their appli-
cation for improved practice of earthquake engineering.
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