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1. Consider the surface given by z = x2 + y2 − 2.

Find the tangent plane to this surface at the point (1, 0,−1). [5]

Solution : The given surface is f(x, y, z) = x2 + y2 − z − 2.

5f = (2x, 2y,−1). [1]

5f(1, 0,−1) = (2, 0,−1). [1]

This vector is a vector normal to the tangent plane at (1, 0,−1).

Hence, the equation of the tangent plane to the surface at (1, 0,−1) is
5f(1, 0,−1).((x, y, z)− (1, 0,−1)) = 0. [2]

The equation of the tangent plane is 2x− z = 3. [1]

2. Find the volume of the solid bounded by r = 2a cos θ, z = r and z = 0. [5]

Solution : The volume is

V = 2

π
2∫

0

2a cos θ∫

0

r∫

0

rdzdrdθ. [3]

Hence V =
32a3

9
. [2]
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1. Consider the surface given by x2 + y2 − z2 − 2xy + 4xz = 4.

Find the tangent plane to this surface at the point (1, 0, 1). [5]

Solution : The given surface is f(x, y, z) = x2 + y2 − z2 − 2xy + 4xz − 4.

5f = (2x− 2y + 4z, 2y − 2x,−2z + 4x). [1]

5f(1, 0, 1) = (6,−2, 2). [1]

This vector is a vector normal to the tangent plane at (1, 0, 1). Hence, the equation of
the tangent plane to the surface at (1, 0, 1) is 5f(1, 0, 1).((x, y, z)− (1, 0, 1)) = 0. [2]

The equation of the tangent plane is 6x− 2y + 2z = 8. [1]

2. Find the volume of the region bounded by the cone z =
√

x2 + y2 and the paraboloid
z = x2 + y2. [5]

Solution : The volume is

V =

2π∫

0

1∫

0

r∫

r2

rdzdrdθ. [3]

Hence V =
π

6
. [2]
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1. Let the temperature at a point (x, y, z) is space be given by x + 2y + 3z. Find the
points at which the extremal temperatures are attained on the surface of a sphere of
radius 1 centered at the origin. Find the values of the extremal temperatures. [5]

Solution : It is required to maximize and minimize the function f(x, y, z) = x+2y+3z,
subject to the constraint g(x, y, z) = x2 + y2 + z2 − 1 = 0.

Using the method of Lagrange multipliers: Let 5f = λ5 g, where λ ∈ R.

Solving the above we get λ =

√
14

2
or λ = −

√
14

2
. [2]

The corresponding points are X = (
1√
14

,
2√
14

,
3√
14

) and

Y = (− 1√
14

,− 2√
14

,− 3√
14

). [2]

f(X) =
√

14 and f(Y ) = −√14. Therefore the maximum temperature is
√

14 attained
at X and the minimum temperature is −√14 attained at Y . [1]

2. Evaluate

∫ ∫ ∫

S

dxdydz

(x2 + y2 + z2)
3
2

where S is the solid bounded by the spheres

x2 + y2 + z2 = a2 and x2 + y2 + z2 = b2, where a > b > 0. [5]

Solution :

∫ ∫ ∫

S

dxdydz

(x2 + y2 + z2)
3
2

=

π∫

0

2π∫

0

a∫

b

1

ρ3
ρ2 sin φdρdθdφ. [3]

Hence

∫ ∫ ∫

S

dxdydz

(x2 + y2 + z2)
3
2

= 4π ln
a

b
. [2]
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1. Find the maximal and minimal values of the function x + 2y + 4z among all points on
the surface of a sphere of radius 1 centered at the origin. Further, find the points at
which these extremal values are attained. [5]

Solution : It is required to maximize and minimize the function f(x, y, z) = x+2y+4z,
subject to the constraint g(x, y, z) = x2 + y2 + z2 − 1 = 0.

Using the method of Lagrange multipliers: Let 5f = λ5 g, where λ ∈ R.

Solving the above we get λ =

√
21

2
or λ = −

√
21

2
. [2]

The corresponding points are X = (
1√
21

,
2√
21

,
4√
21

) and

Y = (− 1√
21

,− 2√
21

,− 4√
21

). [2]

f(X) =
√

21 and f(Y ) = −√21. Therefore the maximum value is
√

21 attained at X
and the minimum value is −√21 attained at Y . [1]

2. Find the volume of the region inside the sphere x2+y2+z2 = 1 and outside the cylinder
x2 + y2 = 1

4
. [5]

Solution : The volume is

V = 2

2π∫

0

1∫

1
2

√
1−r2∫

0

rdzdrdθ. [3]

Hence V =

√
3π

2
. [2]


