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1.

(a) Let {z,} be defined by z; = 1,2z, = 2 and 2, = 3(2p—2 + Zn—1), V1 > 3. Show

that the sequence {z,} converges. Find its limit. 6]
Solution : Clearly, |z,+1 — z,| = %|..\sﬂ | 2]
Here, we see that o = % < 1. Hence, {z,} is a Cauchy sequence. Since, every
Cauchy sequence is convergent, {z,} is a convergent sequence. (2]

Let (z,) converge to [. Now, every subsequence of a convergent sequence is
convergent and converges to the same limit. Consider the subsequence {zs,41},
n > 0.

By induction, we can see that Zopy1 =1+3+ 5+ +smr=1+2(1- %)
Now, Zon1 — 3. The limit, [ = 3. : (2]
: - e
Discuss the convergence of the series Z(ln n) 51n(n—2). (6]
: :
; = -
Solution : Let Z Gy = Z}:(ln n) 5111(9).
1 1 2 iaid Inn
Since, sin —5 ™ 3 a1 =00, (Inn) sm(E) B
= = 1 (Inn) sin(-;)
Let.an = Z W, where 0 < a < 1. Here T — 0. [3]
1 1 nite

oo
1
By the limit comparison test, Z(In n) sin(~n—2) converges,

1
00

since ) b, converges. 3]
0

Let f : [0,2] — R be a continuous function and f(0) = f(2). Prove that there
exist z,y € [0,2] with |z — y| = 1 such that f(z) = f(y). 6]
Solution : Define ¢ : [0,1] = R by g(z) = f(z + 1) — f(z). [2]

Clearly, g is continuous on [0, 1]. Now, ¢(0) = f(1) — f(0), g(1) = f(2) — f(1)
= g(1) + 9(0) = f(2) — F(0) = 0.

Hence, g(0) = 0 = g(1) or g(0) = —g(1) # 0. 2]
If g(0) =0=g(1), then z =1, y = 2 and f(1) = f(2). 1]
If g(0) = —g(1) # 0, by the intermediate value theorem, there exists y € (0,1),
such that g(y) = 0. Hence, f(y+1) = f(y). (1]



3.

(b) Let f : R — R be continuous. On [a, b], define the average value of f by
1
I = g f f(t)dt. Using the fundamental theorem of calculus, show that
there exists a point s € (0, 1) such that f5, = f(s). (6]
Solution : Let F(z) = f f(t)dt. (1]

Since, f is continuous on [a, b], by the first fundamental theorem of calculus,
F is differentiable on [a, b]. [2]

By the mean value theorem, 3 c € (a,b), such that

, F(b) —
File)= i)dt= 7
(¢ = 2= ff i 2
Let a = 0 and b = 1. The result follows from the previous step. [1]
(a) Let P, be a partition which contains two points more than a partition P;, where

(b)

Py and P, are both partitions of [a,b]. Let f : [a,b] = R be a bounded function.
Show that L(P,, f) < U(Py, f). [5]

Solution : Let P, = {a = o, 21,...%, = b} and

Py = {zg,21,...,Ti, Yy Tit1,---,Tj, 2, Tjt1,- - - Tn} be two partitions of [a, db]. [1+1]
Since, P; is finer than P;, from the definition of the lower Riemann sum,

we can show that L(Py, f) < L(P,, f).

Similarly, we show that, U(Ps, f) < U(P, f). 1]
For any partition P of [a,b], L(P, f) < U(P, f). [1]
Hencea L(Plaf)SL(PQ!f)SU(P'Z}f)SU(Plaf) [1]
Let f : R — R be a thrice differentiable function. Assume that f is bounded with

a bounded second derivative. Let P = sup |f(z)|, @ = sup |f (z)|, P and Q # 0.
' z€R r€R
Show that sup |f (z)| < 2v/PQ. [7]
zeR

Solution : Let z € R and h > 0.
By Taylor’s theorem f(z+h) = f(z)+hf'(z)+ %f" (c), where ¢ € (z,z+h). [2]

oy fah) = f@) R
f(z)= hQ - §f (e} 2]
F @l <2+ 22

P

2]

Ch h=24=
0ose \/;



4.

(a)

(b)

(a)

Find the volume of the solid obtained by rotating the region bounded by the

curves y = 1 — z? and y = 4 — 42? about the line y = —1. [6]
Solution : The curves intersect at the points (—1,0) and (1,0). 2]
By the washer method, the volume V = jl' 7((5 — 422)% — (2 — 22)?)dx 2]
V = 24n. h )
Sketch the curve r = 1+2cos . Find the total area of the region inside the curve.
Set up the integral for the length of the curve. (8]
Solution :

AreaA:Q[%(l+2cos€)2d6 (2]
0
A=2m+ 23, 1]
Length of the curve s = 2 [ v/5 + 4 cos 0d6. 2]
0
Let

:C2
f(m,y) - my?;f, (x,y) 7& (0:0)
0, (z,y) = (0,0)
e Do all the directional derivatives of f exist at (0,0)?

e Is f continuous at (0,0)?
e Is f differentiable at (0,0)7

(7]
Solution : Let u = (u1,u2) be a unit vector.
The directional derivative of f at (0,0) in the direction of u is
. f(tuy, tug) — £(0,0) B oy #0
D , = 1 — ua’
(o0t = 0 t [),2 uy = 0.
2]

Hence the directional derivative exists in every direction. [1]



(b)

- divF=M,+ N, =4.

Approaching (0,0) along the path y = z, we see that
3

€T
li = lim ———— =0.
() (0.0 f(@:9) 230 z2(22 + 1)
4
=8 il B o

Along the path y = 22, (x'yl)l_r*rgn’o} FAEG) &= il_If{l) 5T T =10

Hence, f is not continuous at (0,0). (3]
Since f is not continuous at (0, 0), it is not differentiable at (0, 0). 1]
Let F(z,y) = (2z — y,x + 2y) and D be the region outside the unit disk, above
the curve y = z? — 2 and below the line y = 2. Verify Green’s theorem. (8]

Solution : Let F(z,y) = (2z—y,x+2y). Then M(z,y) = 2z—y, N(z,y) = 2+2y.
By Green’s Theorem, [ [,(M, + N,)dzdy= [ M dy — N dz. [1]
' C

Therefore, [ [, My + Nydzdy = 4 area of R = 4(A; — )
2 : .

Here A, =2/(2— (2% - 2))dz = —.

0

Hence/sz+Nyda:dy:%—47r
: 2
On Cl,y:$2—2,/Mdy—Nd:c:f(2x2~23:3+3x+4)d3::3—;— (1]
C 0
' 5
Oan,y:iZ,/Mdy——Nd:t::—/($+y)dm:16. 1]
Ca 2
0
OnC3,y=3:2—2,/Mdy—Ndm:[Qf_2553+3;g+4)d;1::%g_ 1]
Cs -2
On C4, x = cosf and y = sinf. Mdx — Ndy = 2d6.
0
fMdy—Nd:er/dﬁ:—élﬂ. [1]
Cy 27

The total line integral = [+ [+ [+ [ = 128 — 47,
4 Ca '3 Cy
This verifies Green’s Theorem.



fere) 1— g2
6. (a) Determine whether [ * _dz converges. [6]
0

e

00 1

1—e2 1] —e- % 73  p—Z
Solution : Let [ :f ¢ g / . dx +/ 1, i der =1, + I,.
. /-

T\/T T\/T /T
0
For the integral I;. Let g(z) = % 1]
l1—e~%
Then lim = =2~ =1.
z—0 g(;r)

1
By the limit comparison test, I; converges if and only if [ g(z)dz converges.
0

1

Since, [ g(z)dz converges, so does I;. ' 2]
0
For the integral I5. Let h(z) = 3\1/5 [1]
l1—e™%
Then lim = 22 =1

T—00 h(z)
1
By the limit comparison test, I; converges if and only if [ g(z) dz converges.
g
Since, [ g(z)dz converges, so does I. 2]
0

Since, both I} and I, converge, so does I = I + I.

(b) Let D bé the region bounded by x +y = 1, = 0 and y = 0. Evaluate

f / cos( d:z:dy 8]
Solution : Let u=z+yand v=z —y. [1]
The jacobian matrix has determinant —3. 2]
The limits of integration for u and v are 0 < u <1 and —u < v < w. [2]

Using the change of variable formula, we see that

/ f cos( dﬂ:dy / f cos|( d'vdu 2]
u 2
//cos dmdy = S“; 1. [1]

7. Let F = yi+zj+zk be defined on the surface S = {(z,y,2) : 22 +y2 =1, 0 < z < z+2}
with an outward pointing normal. Verify Stokes Theorem. [10]

Solution : Stoke’s theorem states that [ fv x Fndo= [ Fdr 1]
c=0s

r(0,t) = {(cosf,sinf,t) : 0 < 0 < 2m, 0 <t < 2+ cosf} is a parametrisation of S. [1]



8.

vV X F=(-1-1,-1).

ndo = (cos @, sin 6, 0)d0dt.

Hence, [ [ x F.ndo = —.
s

C and C; are the boundary circle of the surface.
Thus der_de:r— | F.dr

-Cy

On Cy, r(t) = (cos 0,sinf,0) and [ F.dr = —7.

(&)

On Cy, r(t) = (cos@,sin,2 + cosf) and [ F.dr = 0.

Ca

Since [ [V X F.ndo = —m = [ F.dr, Stokes theorem is verified.
s as

(a)

1 - - —
Let F(z,y,2) = T—3f", where 7= zi + yj + 2k and r = |7].
Let D = {(z,y,2) : 1 < 2%+ y?+ 2% < 9}. Verify the divergence theorem.

Solution : The divergence theorem states that [ [ F.ndo = [ [ [ div FdV .
D D

0D =S8, ={(z,y,2) : 22+ 32 + 22 =1} U S5 = {(z,9,2) : 2> + y*> + 22 = 9}.

The unit normal to each of these surfaces points outward from the origin.
Since div F' = 0, the volume integral is 0.

_,.,

The normal n = — in both the cases.

fanda*fando-—fanda
HenceffF.ndo-ffF.nda—%367r—-47r=0.
Sa 51

Hence, the divergence theorem is verified.

1 1
Without computing show that ) < V66 —8 < g

Solution : Define f : [64,66] — R be defined by f(z) = /z.
Clearly, f is both continuous and differentiable on [64, 66].

By the mean value theorem, J{60) —J () = f'(c), where ¢ € (64, 66).

66 — 64
Hence 66_8-* :
2 T 2y/c

1 1 1 1
N N B
V&1 < Vo N

1
9
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