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Abstract—We show that the method of the commented paper [1] has
errors in the part related to wheel slips. That part is one of the two parts
that distinguish that method from earlier works. We present a correction
to that part.

Index Terms—All-terrain rover (ATR), rover kinematics, rover-terrain
interaction.

I. INTRODUCTION

The goal of [1] is “to propose a methodology for developing
a reasonably complete kinematics model of a general ATR and
its interaction with the terrain”. The main difference between the
methodology of [1] and that presented in, for example, [3] is that [1]
treats 3-D motion of the vehicle, while [3] treats only 2-D motion.
To realize this difference, the methodology of [1] includes wheel-
ground contact angle [1, Figure 2] and wheel slips [1, Figure 3].
Inclusion of these two sets of quantities distinguishes the method of
[1] from earlier works. In this communication, we show that the way
the second set has been handled is incorrect.

The work of [1] demonstrates the method on Rocky 7, a Mars
rover, and presents the wheel Jacobian matrix Ji for Rocky 7. The
goal of [1] is to propose a methodology for a general ATR, and not
for Rocky 7 alone. While the Ji for Rocky 7 may be correct, we show
that the method of [1] that leads to that Ji is not correct and cannot
lead to that Ji. From the point of view of applicability of the method
of [1] to ATRs other than Rocky 7, the method is more important
than the Ji. Therefore, a correction is needed in that method to make
it useful for other ATRs.

As the errors are in the portion of [1] beginning the point of
introduction of slips upto and including [1, (5)], we present in
the Section II the specific material from this portion that contains
the errors. In Section III, we discuss the errors in the material of
Section II. In Section IV, we present the correction.

II. INFORMATION FROM [1]

In the process of developing the wheel Jacobian matrix Ji, which
helps describe the rover motion, [1] considers the matrix TR̄,R that
describes the transformation from R̄ to R. This matrix is written as
TR̄,R = TR̄,C̄i

TC̄i,R
, where, R̄ represents the rover frame at time

t −∆t, that is, R̄ := R(t −∆t), and R represents the rover frame
at time t, that is, R := R(t).

Note that, though [1] defines TP,Q as the transformation matrix
from the frame P to the frame Q, it uses TP,Q in the sense of rP =
TP,Q rQ. Here, rP is the homogeneous representation of the vector
of coordinates of a point in frame P , and rQ is the homogeneous
representation of the vector of coordinates of the same point in frame
Q. In this communication, we too use TP,Q in this sense.

Claim 1 ([1]): Since TR̄,C̄i
is independent of time, the derivative

of TR̄,R is [1, (4)]
ṪR̄,R = TR̄,C̄i

ṪC̄i,R
. (1)

In [1], C̄i denotes the wheel-terrain contact frame at time t −
∆t, that is, C̄i := Ci(t − ∆t), and Ci denotes the wheel-terrain
contact frame at time t, that is, Ci := Ci(t). In [1] ∆t is called
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Fig. 1. Wheel slip model [1]. The quantities ηi, ξi, and ζi are respectively
the lateral, longitudinal, and turn slips.

time increment, and R̄, R, C̄i, Ci are called instantaneous coordinate
frames. No properties are attributed to these frames by [1].

The work of [1] introduces three wheel slips as shown in Figure 1.
These are the side slip (or lateral slip) ηi, rolling slip (or longitudinal
slip) ξi, and the turn slip ζi. Based on Figure 1, the transformation
matrix TC̄i,Ci

is [1, (2)]

TC̄i,Ci
=


cζi sζi 0 rθi + ξi
sζi cζi 0 ηi
0 0 1 0
0 0 0 1

 (2)

where cζi := cos ζi and sζi := sin ζi.
Remark 1: Note that, as per Figure 1, the 1× 2 and 2× 4 entries

of TC̄i,Ci
of (2) need to have minus signs.

III. ERRORS

Error 1: The work of [1] states that TR̄,C̄i
is independent of time

(see Claim 1) without explanation. However, under the definitions
provided in [1], TR̄,C̄i

cannot be independent of time.
Explanation for Error 1: The most promising argument for why

TR̄,C̄i
is independent of time seems to be that what is past (occurring

at t − ∆t) does not change, therefore is fixed relative to W , and
therefore R̄ and C̄i, which represent coordinate frames at the past
instant t −∆t, are fixed. However, note that the choice of the pair
of time instants t − ∆t and t is arbitrary in [1]. That work could
equally well choose the pair of instants t and t + ∆t. Then there
would be nothing in the past, and therefore nothing would be fixed.
Thus, under the definitions provided in [1], TR̄,C̄i

is not independent
of time.

Even at this point, based on the above explanation for Error 1, we
may claim that the remaining procedure to calculate Ji is incorrect
as it depends on the constancy of TR̄,C̄i

. However, to fully discuss
the errors in [1] relating to wheel slips, we admit the possibility in
the remainder of this section that TR̄,C̄i

may be independent of time.
Error 2: While the work of [1] does not show how to calculate

TR̄,C̄i
, under the definitions provided in [1], there may be at least

two ways in which TR̄,C̄i
can be calculated, neither of which leads to

the Ji presented in [1] even after correcting the typographical error
mentioned in Remark 1.

Explanation for Error 2: Though [1] has not hinted at the size
and sign of ∆t, we may reasonably assume it to be a small positive
quantity. There are two possibilities then. ∆t may be either negligibly
small, or not negligibly small. We consider these two possibilities,
and see where they lead to.

∆t is negligibly small: If ∆t ≈ 0, C̄i and Ci almost coincide.
Then, ζi, rθi + ξi, and ηi are all almost zero in (2), resulting in
TC̄i,Ci

≈ I . Similarly, TR̄,R ≈ I . Then, based on the name “instan-
taneous coordinate frames” and the fact that no other properties are
attributed to these frames by [1], we may reasonably expect that the
value of TR̄,C̄i

is to be taken as TR̄,C̄i
= TR̄,RTR,CiTCi,C̄i

= TR,Ci ,
and that ṪC̄i,Ci

= 0. The Ji calculated using these results differs
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Fig. 2. Modified wheel slip model. The quantities ∆ηi, ∆ξi, and ∆ζi are
respectively the lateral, longitudinal, and turn slips of the i-th wheel during
∆t; ∆θi is the angle through which the wheel turns about its axle during
∆t.

from the Ji presented in [1] in that the columns of the former
corresponding to θ̇i, ξ̇i, ζ̇i, η̇i are all zero.

∆t is not negligibly small: For example, ∆t can be the sampling
interval in discrete-time control. In this case, TR̄,C̄i

in (1) needs to
be calculated as the value of the matrix TR,Ci at the time instant
t−∆t. The Ji calculated using such a TR̄,C̄i

depends upon the joint
variables at t −∆t and t, whereas the Ji presented in [1] depends
upon the joint variables at t alone.

Based on the discussion in this section, we conclude that the
portion of the method of [1] related to wheel slips needs correction.
We present a correction in the following section.

IV. CORRECTION

The errors in [1] discussed in Section III have their origins in the
way R̄ and C̄i have been defined. Two problems with their definition
are (a) no properties are attributed to them, except that they occur at
certain time instants, and (b) they are defined at time t−∆t, whereas
all the time derivatives in [1] are taken at time t; how t−∆t figures
in these derivatives is not explained. In this section, we present a
correction that does not have these two problems.

We base this correction on [2], [3]. For the purpose of this section,
these two references are equivalent.

We redefine R̄ and C̄i to denote the instantaneously coincident
coordinate systems (ICCSs) corresponding to R(t) and Ci(t) respec-
tively. The purpose of ICCSs is explained nicely in [2, pages 19 –
21], [3, pages 291 – 293]. We present in the appendix the minimum
set of properties relevant to our discussion.

The information provided in the appendix helps us avoid problem
(a) mentioned above. We see below that the redefinition helps us
avoid problem (b) mentioned above while helping satisfy the goal of
[1] to include slips. Note that this redefinition does not change [1,
(3), (9)].

Using property (a) shown in the appendix, we have [2, page 28],
[3, page 298]

ṪC̄i,Ci
=


0 −C̄iωCi 0 C̄ivCix

C̄iωCi 0 0 C̄ivCiy

0 0 0 0
0 0 0 0

 (3)

where, C̄iωCi is the rotational velocity of the x-axis of the Ci
coordinate system with respect to the x-axis of the C̄i coordinate
system about the z-axis of the C̄i coordinate system, C̄ivCix is the
translational velocity of the Ci coordinate system with respect to
the origin of the C̄i coordinate system along the x-axis of the C̄i
coordinate system, and C̄ivCiy is the translational velocity of the Ci
coordinate system with respect to the origin of the C̄i coordinate
system along the y-axis of the C̄i coordinate system.

In a motion with the slips ∆ζi,∆ηi,∆ξi as shown in Figure 2, (3)
can be made to include slips by noting that C̄iωCi = ζ̇i, C̄ivCix =
rθ̇i+ ξ̇i, and C̄ivCiy = η̇i. Here, we define ζ̇i as ζ̇i = lim∆t→0

∆ζi
∆t

.

The rates η̇i, ξ̇i, θ̇i are defined likewise. Using these definitions, we
have from (3)

ṪC̄i,Ci
=


0 −ζ̇i 0 rθ̇i + ξ̇i
ζ̇i 0 0 η̇i
0 0 0 0
0 0 0 0

 .
Note that TR̄,C̄i

= TR̄,WTW,C̄i
, where W is the world-fixed

coordinate frame. As R̄ and C̄i are ICCSs, they are fixed relative to
W . Therefore, TR̄,W and TW,C̄i

are independent of time, resulting
in TR̄,C̄i

being independent of time. It is interesting to observe that,
while TR̄,C̄i

cannot be independent of time under the definitions of
[1], it is independent of time under the definitions used here.

Based on the property (b) shown in the appendix, TR̄,C̄i
may be

assumed to be either TR,C̄i
or TR,Ci . This suggests a straightforward

way to calculate TR̄,C̄i
. On the other hand, there is ambiguity in the

calculation of TR̄,C̄i
of [1] using the information in [1].

Based on the discussion thus far in this section, we can calculate
ṪR̄,R as

ṪR̄,R = TR̄,C̄i
ṪC̄i,R

= TR,Ci(ṪC̄i,Ci
TCi,R + ṪCi,R),

where ṪCi,R =
∂TCi,R

∂q
q̇ +

∂TCi,R

∂δi
δ̇i, with q and δi the same as in

[1]. The remaining procedure to calculate Ji is the same as in [1]
beginning [1, (6)].

V. CONCLUSION

We have shown in this communication that the part related to wheel
slips in the method presented in [1] is incorrect. We have presented
a correction to this part.

Replacing the portion of [1] beginning the point of introduction
of slips upto and including [1, (5)] with the correction shown in
Section IV of this communication turns the method of [1] into a
correct method to derive Ji.

APPENDIX

Consider the coordinate frame Ci and another coordinate frame C̄i,
which is the instantaneously coincident coordinate system (ICCS) of
Ci. By the definition of ICCS [2, pages 20, 29, 30], [3, pages 292,
298, 299], the position of the moving coordinate system relative to
its ICCS is zero, and the velocity of the moving coordinate system
relative to its ICCS is non-zero. These relations lead to the properties
[2, page 30], [3, pages 299, 300]
(a) TC̄i,Ci

= I , but ṪC̄i,Ci
6= 0.

(b) TR̄,C̄i
= TR,Ci = TR̄,Ci

= TR,C̄i
is independent of time.

These properties are used in Section IV.
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