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¡  Gravitational	  wave	  detection	  
Laser	  displacement	  sensor	  
Requires	  linear	  displacement	  detection	  

¡  Control	  for	  measurement	  
Laser	  interferometer	  =	  nonlinear	  device	  
Feedback	  control	  =>	  linearization	  



¡  What	  is	  the	  feedback	  control?	  
§  A	  scheme	  to	  monitor	  and	  modify	  output(s)	  of	  a	  system	  by	  
changing	  the	  input(s)	  depending	  on	  the	  output(s)	  

¡  Examples	  
§  Shower	  temperature	  

§  Car	  driving	  

§  Tight	  rope	  walking	  

¡  Imagine	  what	  happens	  
§  If	  the	  response	  is	  too	  slow?	  

§  If	  the	  response	  is	  too	  fast?	  

§  Air	  conditioning	  

§  Bike	  riding	  

§  Inverted	  bar	  on	  a	  hand	  



¡  Elements	  of	  a	  feedback	  loop	  
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¡  Sensor:	  
Transducer	  for	  displacement-‐to-‐voltage	  conversion	  

¡  If	  the	  sensor	  is	  completely	  linear	  	  
(and	  has	  or	  no	  frequency	  dependence)	  

	  
	  

	  

We	  don’t	  need	  feedback	  control!	  

x

V
V = H x



¡  In	  reality:	  	  
Sensors,	  laser	  interferometers	  in	  particular,	  are	  nonlinear!	  	  

	  

	  
	  
¡  Enclose	  the	  operating	  point	  in	  the	  linear	  region	  

=>	  The	  system	  recovers	  linearity	  	  

¡  Was	  the	  displacement	  modified	  by	  the	  feedback?	  
=>	  Precise	  knowledge	  of	  the	  control	  system	  

	  for	  signal	  reconstruction	  
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¡  Elements	  of	  a	  feedback	  loop	  
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¡ When	  G	  is	  small:	  
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¡ When	  G	  is	  big:	  e.g.	  G	  =	  10,	  100,	  or	  1000	  

H

FA

dx	 

dxs=	  dx/(1+G)	  =	  0.09	  dx,	  0.01	  dx,	  0.001	  dx	 
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=	  0.91	  dx/A,	  0.99	  dx/A,	  0.999	  dx/A	  

0.91	  dx,	  
0.99	  dx,	  
0.999	  dx	  

Actuator	  range	  

Filter	  frequency	  
response	  /	  loop	  

stability	  

Residual	  error	  
vs	  

Sensor	  linear	  range	  



¡  When	  the	  openloop	  gain	  G	  is	  >>1,	  the	  error	  signal	  gets	  suppressed	  
	  

¡  “Wow!	  our	  sensor	  signal	  became	  smaller!”	  
Is	  our	  system	  more	  sensitive	  now?	  
§  No.	  We	  are	  just	  moving	  the	  actuator	  so	  that	  the	  error	  signal	  looks	  smaller.	  

The	  signal	  and	  noise	  are	  equally	  suppressed	  in	  the	  error	  signal.	  
Thus	  the	  SNR	  does	  not	  change.	  

	  
¡  OK...	  So	  can	  we	  still	  measure	  gravitational	  waves	  	  

even	  if	  the	  error	  signal	  is	  almost	  zero?	  
§  Yes.	  We	  should	  be	  able	  to	  recover	  the	  original	  signal	  by	  compensating	  the	  

effect	  of	  the	  control	  i.e.	  (1+G)	  

§  And	  we	  can	  also	  use	  the	  feedback	  signal	  in	  order	  to	  reconstruct	  the	  original	  
signal	  with	  appropriate	  compensation	  i.e.	  (1+G)/G	  



¡  Important	  difference	  between	  
§  	  	  	  	  	  	  	  	  	  “Feedback	  control	  for	  stabilization”	  	  

and	  “Feedback	  control	  for	  measurement”	  	  

§  Feedback	  control	  changes	  the	  stabilized	  motion	  
but	  reconstructed	  Disturbance	  is	  not	  modified	  by	  the	  loop*	  
	  (*if	  everything	  is	  linear)	  
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¡  A	  deterministic	  and	  time-‐invariant	  system:	  H	  

¡  The	  system	  H	  is	  LTI	  (linear	  &	  time-‐invariant)	  when	  

¡  We	  can	  deal	  with	  such	  a	  system	  using	  Laplace	  transform	  
(or	  almost	  equivalently	  Fourier	  Transform)	  

H	  System	  Input	  
x(t)	  

System	  Output	  
y(t)	  

y1(t) = H {x1(t)}
y2(t) = H {x2(t)}

=) ↵y1(t) + �y2(t) = H {↵x1(t) + �x2(t)}



¡  Time	  domain	  vs	  Laplace	  (or	  Fourier)	  frequency	  domain	  

http://en.wikipedia.org/wiki/Linear_system	  
http://en.wikipedia.org/wiki/LTI_system_theory	  

Impulse	  response	  

transfer	  function	  



¡  It	  is	  easy	  to	  convert	  from	  an	  ordinary	  differential	  
equation	  to	  a	  transfer	  function	  

	  
¡  e.g.	  Damped	  oscillator	  

d

dt
=) s
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ms2X(s) = �kX(s)� �sX(s) + F (s)

H(s) ⌘ X(s)

F (s)
=

1

ms2 + �s+ k
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¡  e.g.	  Damped	  oscillator	  
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¡  e.g.	  RC	  filter	  
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¡  In	  most	  cases,	  a	  system	  TF	  can	  be	  expressed	  as:	  

	  
¡  The	  roots	  of	  the	  numerator	  are	  called	  as	  “zeros”	  
and	  the	  roots	  of	  the	  denominator	  are	  called	  as	  “poles”	  

¡  Zeros	  (szi)	  and	  poles	  (spi)	  are	  	  
	  real	  numbers	  (single	  zeros/poles)	  

or	  
	  pairs	  of	  complex	  conjugates	  (complex	  zeros/poles)	  

H(s) =
b0 + b1s+ b2s

2 + ...+ bmsm

a0 + a1s+ a2s2 + ...+ ansn

H(s) =
bm

Qm
i=1(s� szi)

an
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¡  Poles	  rule	  the	  stability	  of	  the	  system!	  
H(s)	  can	  be	  rewritten	  as	  

¡  Each	  term	  imposes	  exponential	  time	  impulse	  response	  

¡  Therefore,	  if	  there	  is	  ANY	  pole	  with	  
the	  response	  of	  the	  system	  diverges	  

H(s) =
nX

j=1

Kj

(s� spj)

T.F.: Hj(s) =
1

s+ spj
() I.R.: hj(t) = espjt



¡  Poles	  rule	  the	  stability	  of	  the	  system!	  
	  

http://nupet.daelt.ct.utfpr.edu.br/_ontomos/paginas/AMESim4.2.0/demo/Misc/la/SecondOrder/SecondOrder.htm	  
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Requirement:	  	  
All	  the	  roots	  for	  1+G	  should	  be	  
in	  the	  left	  hand	  side	  of	  Laplace	  plane	  

dx	  
dxs	  =	  dx/(1+G)	  

Open	  loop	  TF:	  
G	  =	  H	  F	  A	  

	  
Closed	  loop	  TF:	  
GCL	  =	  1/(1+G)	  

(!)	  

¡  Now	  we	  eventually	  came	  back	  to	  this	  diagram	  



¡  Remarks	  
Requirement:	  	  
All	  the	  roots	  for	  1+G	  should	  be	  in	  the	  left	  hand	  side	  of	  Laplace	  plane	  

§  This	  does	  not	  mean	  all	  H,	  F,	  A	  needs	  to	  be	  stable.	  
e.g.	  Unstable	  mechanical	  system	  A	  can	  be	  stabilized	  by	  
a	  control	  loop.	  (cf.	  An	  inverted	  Rod)	  

§  We	  usually	  play	  with	  F	  to	  tune	  the	  result.	  	  
It	  is	  awkward	  to	  evaluate	  the	  stability	  
of	  1/(1+G)	  every	  time.	  
There	  is	  a	  way	  to	  tell	  the	  stability	  only	  from	  G	  

	  Nyquist’s	  stability	  criterion	  

Open	  loop	  TF:	  
G	  =	  H	  F	  A	  

	  
Closed	  loop	  TF:	  
GCL	  =	  1/(1+G)	  



¡  Nyquist	  stability	  criterion	  
§  Plot	  openloop	  gain	  G	  in	  a	  complex	  plane	  (i.e.	  Nyquist	  diagram)	  

§  If	  the	  locus	  of	  G(f)	  from	  f=0	  to	  ∞,	  goes	  to	  0	  looking	  at	  the	  point	  (-‐1	  +	  0	  i)	  
at	  the	  left	  side	  =>	  Stable	  	  

§  If	  the	  locus	  sees	  the	  point	  (-‐1+o	  i)	  at	  the	  right	  side	  =>	  Unstable	  

Re

Im
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§  Unity	  gain	  frequency	  fUGF	  :	  	   	  for	  |G(fUGF)|	  =	  1	  
§  Phase	  margin	  θ	  :	   	   	   	   	  θ	  =	  Arg(G(fUGF))	  
§  Gain	  margin	  g:	   	   	   	   	  g	  =	  1/|G(f0)|	  	  	  where	  	  	  Arg(G(f0))	  =	  -‐π	  
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¡  Phase	  Margin	  /	  Gain	  Margin	  in	  Bode	  diagram	  
§  Most	  of	  the	  case,	  a	  bode	  diagram	  of	  G	  is	  enough	  to	  see	  the	  stability	  	  

Nearly	  
unstable	  

Gain	  Margin	  
4.3dB@420kHz	  

	  

-‐180deg	  

Phase	  Margin	  
48deg	  

Unity	  Gain	  Freq	  
(176kHz)	  

A	  rough	  standard	  of	  
a	  stable	  servo	  loop:	  
Phase	  Margin	  >	  40deg	  
Gain	  Margin	  >	  10dB	  



¡  Summary	  
§  Classical	  control	  theory	  

§  Design	  locations	  of	  poles	  and	  zeros	  

§  Stability:	  tuning	  of	  open	  loop	  transfer	  function	  is	  important	  





¡  Elements	  of	  a	  feedback	  loop	  (again)	  
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¡  Local	  control	  vs	  global	  control	  
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Figure 4. Front- and rear-view CAD designs of the BOSEMs.

Figure 5. (Left) Schematic of the integrated BOSEM’s subsystems. (Right) Sketch showing the
BOSEM’s shadow sensing scheme. Relevant dimensions are the mask aperture 1.5 mm × 4.5 mm
and the mask-PD separation 5 mm.

is operated at about 15% of its maximum radiant power (10 mW), which combined with the
PD output (0.55 A/W) results in a mean photocurrent at the PD output of ipd ≃ 62.5 µA,
when the flag is in half-light position (i.e. PD sensing area obscured by 50%). The measuring
range of the optical sensor is about 700 µm, determined by the dimensions of the PD sensing
area. The average responsivity, when measured with the accompanying satellite box amplifier,
ranges around Resp ∼ 20 kV m−1, as shown in figure 6 (left). The ultimate limit to the BOSEM
read-out sensitivity is set by photocurrent shot noise in the PD, and it can be expressed as
S1/2

x =
√

2 · e · ipd · ZR/Resp, where e is the electron charge and ZR = 320 k! is the resistance
of the trans-impedance amplifier at the output of the PD, resulting in an ultimate displacement
sensitivity about 7 × 10−11 m Hz−1/2. The measured BOSEM sensitivity, as shown in
figures 6 (right) and 7 (left) in comparison with the Advanced LIGO requirement, is typically
limited by photocurrent shot noise in the PD at frequencies above 10 Hz, and by 1/f
photocurrent noise in the LED at lower frequencies.

To actuate on the suspended test masses, the BOSEM incorporates a magnet that is rigidly
mounted with the flag and it is concentrical to a coil purposely driven by the coil drivers
(see figure 5). To cater for the large weight of the suspended masses, the BOSEMs provide
peak actuation forces up to about hundreds of mN per actuator, about one order of magnitude
enhancement with respect to the Initial LIGO OSEM. This is achieved with a modified coil
design (800 turns of polyimide-coated 32-AWG wire) and with 10 mm × 10 mm Nd–B–Fe

6
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¡  Shadow	  sensor	  (relative	  displacement	  sensor)	  
§  For	  suspension	  damping	  control,	  mirror	  attitude	  monitor	  

§  Typical	  linear	  range	  ~1mm	  for	  0-‐10V	  =>	  dV/dx	  =	  10	  kV/m	  
Typical	  noise	  level:	  ~	  100	  pm/sqrtHz	  
	  

§  aLIGO:	  Birmingham	  Optical	  Sensor	  	  
and	  Electro-‐Magnetic	  actuator	  (BOSEM)	  



¡  Shadow	  sensor	  (relative	  displacement	  sensor)	  
§  Linear	  range	  (~0.7	  mm)	  	  /	  displacement	  noise 	  sensor	  locations	  
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Figure 1. The Advanced LIGO quadruple suspension systems: (left) 3D CAD representation of
the suspensions [4] and (right) location of sensors and actuators within the quadruple suspensions
for the top (red dots), upper-intermediate (green) and penultimate stages (blue). A sketch of the
control loop scheme with main frequency range of operation for each actuation stage and related
maximum actuation force range is also shown.

sensitivity by about an order of magnitude over almost all the sensitive band, for a best strain
sensitivity goal of about 3 × 10−24 Hz−1/2 around few hundred Hz, and an explorable region
of the universe thousand times larger.

Among the different core subsystems of the interferometer undergoing a major upgrade in
Advanced LIGO, a crucial role will be played by the combined effect of an enhanced seismic
isolation system [7] together with a novel multi-stage mirror suspension design [8]. This will
provide an improved isolation from seismic disturbances by at least three orders of magnitude
in the 1–10 Hz region. The reduced residual motion of the test masses—approximately
10−19 m Hz−1/2 at 10 Hz—will extend the useful window for detection of gravitational
wave signals from the original ∼40 Hz down to 10 Hz, making background Newtonian noise
and Brownian noise of the last stage of the mirror suspensions the ultimate noise sources at
low frequencies [9].

A picture of the quadruple pendulum suspension system, which is used for the isolation
of the arm cavities test masses, is shown in figure 1 (left). Here, the key elements are the
three stages of cantilever spring blades, which form the upper-half of the suspension chain and
which provide enhanced vertical-motion seismic isolation, and the 40 kg fused silica test mass,
monolithically suspended from the ‘twin’ penultimate mass by means of silicate-bonded fused
silica fibres, for a ultra-low suspension thermal noise. The four-stage pendulum hangs from
the ‘support structure’, which connects it to the seismic isolation platform and which is used to
host the sensors and actuators used for the damping of the suspension resonances. Alongside
the main suspension chain, ‘reaction masses’ are independently suspended in parallel to the
main chain and provide a seismically quiet platform for mounting the sensors and the actuators
that, in combination with the ones acting from the support structure, allow for control of the
arm lengths of the interferometer.
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Figure 6. Typical performances of the BOSEM’s displacement sensors. (Left) Response of BOSEM
readout as a function of position of the flag. Nominal measuring range (red lines) and fit in the
linear region (black line) are also shown. (Right) Displacement sensitivity for a BOSEM unit,
measured in air and vacuum. The Advanced LIGO requirements, nominally 3 × 10−10 m Hz−1/2

at 1 Hz and 1×10−10 m Hz−1/2 at 10 Hz [26], are shown for comparison.
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Figure 7. Typical performances of the BOSEM production articles. (Left) Displacement noise
spectra of ten BOSEM samples, compared with the Advanced LIGO requirement (black line).
The spikes between 20 and 50 Hz are mains-related pick-up and are artefacts of the measurement
system. (Centre) Some statistics on the reproducibility of the BOSEM’s electrical properties for
∼600 BOSEM articles: inductance (nominal design value 14.7 mH), resistance (37.6 !) and
electrical Q (243 × 10−3), to be compared with ±5% tolerances from the requirements [29].
(Right) Distribution of the PD currents measured from ∼600 units (nominal design value 62.5 µA,
tolerance ±28%), and some statistics on responsivity and displacement noise at 1 Hz measured
for the fully characterized BOSEM units (about ∼20% of the total). The large dispersion in the
responsivity curve is mainly driven by irreproducibility of the off-the-shelf LEDs’ radiant intensities
(up to 50%), combined with a large dispersion in the quantum efficiencies of the PDs (as inferred
from the PD half-light measurements shown here). However, we remark that PD data refer to the
entire production batch, while responsivities are measured only over 20% of the population.
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Figure 7. Typical performances of the BOSEM production articles. (Left) Displacement noise
spectra of ten BOSEM samples, compared with the Advanced LIGO requirement (black line).
The spikes between 20 and 50 Hz are mains-related pick-up and are artefacts of the measurement
system. (Centre) Some statistics on the reproducibility of the BOSEM’s electrical properties for
∼600 BOSEM articles: inductance (nominal design value 14.7 mH), resistance (37.6 !) and
electrical Q (243 × 10−3), to be compared with ±5% tolerances from the requirements [29].
(Right) Distribution of the PD currents measured from ∼600 units (nominal design value 62.5 µA,
tolerance ±28%), and some statistics on responsivity and displacement noise at 1 Hz measured
for the fully characterized BOSEM units (about ∼20% of the total). The large dispersion in the
responsivity curve is mainly driven by irreproducibility of the off-the-shelf LEDs’ radiant intensities
(up to 50%), combined with a large dispersion in the quantum efficiencies of the PDs (as inferred
from the PD half-light measurements shown here). However, we remark that PD data refer to the
entire production batch, while responsivities are measured only over 20% of the population.
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¡  Linear	  Variable	  Differential	  Transducer	  (relative	  disp.	  sensor)	  
§  For	  low	  freq	  pendulum	  control	  (inverted	  pendulum),	  larger	  range	  

VIRGO	  Super	  attenuator,	  KAGRA	  Seismic	  Attenuation	  System	  
	  

§  Typical	  linear	  range	  ~10mm	  for	  0-‐10V	  =>	  dV/dx	  =	  1	  kV/m	  
Typical	  noise	  level:	  10~100	  nm/sqrtHz	  

H.	  Tariq,	  Nuclear	  Instruments	  and	  Methods	  in	  Physics	  Research	  A	  489	  (2002)	  570–576	  

Local
Oscillator

Sensor
Output

Lock−in amp

Probing
coil

orthogonal directions. The expected linearity is
confirmed by the calibration of the actual instru-
ments. The emitter coil is moved along the LVDT
axis with the help of a micrometric positioning
stage. A calibration constant of about 500mV/mm
was obtained as shown in Fig. 3 (top), with
o71% deviation from the linearity illustrated in
Fig. 3 (bottom). The very symmetric and almost
sinusoidal residuals point either to geometrical
effects present due to the non-negligible thickness
of the three coils or to the imperfect spacing of the
two receiver coils.

Alignment errors of the emitting coil with the
receiving coils’ symmetry axis affect the LVDT
sensitivity only to the second order and may
introduce some unwanted sensitivity to transversal
motions. The insensitivity of the LVDT to the
transversal motion is shown in Fig. 4. Only the
trend of the measured distribution is important.
The equations of magnetic field in vacuum require
smoothness of the LVDT response, which is
incompatible with the measured scatter. The
dispersion of the measurement points is due to a
small wobble of the micrometric sled in the
magnetic field gradient direction. The flat trend
of the measurement proves that the actual

sensitivity of the LVDT to transversal motion is
very small, up to a radial distance of 12mm.

In principle, the LVDT position resolution is
only limited by the electronics noise. The electro-
nics noise is kept low by using a simple phase
locked signal detection technique. The signal sent
to the emitter coil is also used to synchronize a low
noise, double input linear gate. The amplified
signal of the receiver coils is sent with opposite
polarity to two alternate gate inputs. For a more
detailed discussion of the electronics see Ref. [19].
The actual circuit can be found in Ref. [20].

In the IP configuration of the LVDTs, described
above, a resolution of 20 nm r.m.s. was achieved,
as shown in Fig. 5. Further electronics noise
improvements have led to LVDT resolution twice
as good as what is shown in Fig. 5.

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

-15 -10 -5 0 5 10 15

pe
rc

en
ta

ge
 d

ev
ia

tio
n 

fr
om

 c
on

st
an

t g
ra

di
en

t

displacement (mm)

Fig. 2. Percentage deviation of the magnetic field gradient
along the sensitive axis of the LVDT.
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Fig. 3. Calibration measurement of an IP LVDT (top) and its
residuals from a linear fit (bottom). The error bars (voltmeter
resolution) are within the marker size.
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4. Other applications of LVDTs

A second, smaller version of the LVDT (the
actual mechanical design of this LVDT can be
found in Ref. [22]), with a different geometry,

shown in Fig. 6 (the actual mechanical design can
be found for example in Ref. [21]), has been used
to generate diagnostics of passive filters of the
attenuation chains in the Virgo superattenuators
[4] and position feedback signals in the top filter
both in the superattenuators and in the TAMA-
SAS [22]. They have been used also as position
sensor in R&D creep measurements [16,23].

These smaller LVDTs have a simpler, mono-
lithic geometry and rely on a different geometry to
achieve good linearity. They are made with long,
thin, uniformly wound cylindrical coils rather than
with short, lumped, loop-like coils. Good linearity
is achieved by choosing the right coil aspect ratios
(Fig. 6). While mechanically much simpler and
self-supporting, a feature quite useful for small
geometries, these coils are more sensitive to
transversal motions and to the smoothness of the
coiling of the wire around the spool. Even small
imperfections of coiling are easily detectable as
local perturbations on the linearity of the re-
sponse.
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Fig. 4. Sensitivity of a LVTD to transversal motion. The error
bar shown is the resolution of the voltmeter used in this
measurement.

Fig. 5. Spectral r.m.s. position resolution of the LVDT. The
apparent drop off of the residual noise above 50Hz is generated
by the low-pass filters after the demodulation and it is not an
indicator of improved sensitivity.

Fig. 6. Geometry of a small LVDT. The emitter coil is 9mm in
diameter and 18mm long. The receiver coils are continuously
wound on a spool 24mm in diameter, 28mm long; the first
14mm are wound in one direction and the remaining 14mm are
counter-wound; in the figure a gap is shown in the center to
show where the winding direction changes. The receiver coils
are wound in a single layer without any space between each wire
turn. In the emitter more than one layer is often wound to
improve the sensitivity.

H. Tariq et al. / Nuclear Instruments and Methods in Physics Research A 489 (2002) 570–576574
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¡  Optical	  Lever	  (relative	  angular	  sensor)	  
§  Angle	  local	  control	  

§  Typical	  linear	  range	  ~beam	  side	  (0.1~1	  mm)	  =>	  dV/dθ	  =	  1	  ~10	  kV/rad	  
Typical	  noise	  level:	  0.01~1	  nrad/sqrtHz	  
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Optical Lever Calibration (06/08/17)

QPD Total Power 260mV
Optical Lever Length 1.4m
---------------------------------------------------------

 Yaw
 line fitting: v [V] = a + b x [mm]

a = 1.23 +/- 0.01
b = -0.280 +/- 0.003

        => 280 V/m => 784 V/rad
---------------------------------------------------------

 Pitch_V
 line fitting: v [V] = a + b x [mm]

  
a = 0.616 +/- 0.005

  
b = -0.294 +/- 0.003

        => 294 V/m => 823 V/rad

Optical	  Lever	  Calibration	  



¡  Piezo	  Accelerometer	  (Inertial	  sensor)	  
§  Vibration	  measurement	  

§  Typical	  linear	  range	  ~	  100~1000	  m/s2	  

Typical	  noise	  level:	  　0.5	  ~	  50	  (μm/s2)/sqrtHz	  
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¡  Servo	  Accelerometer	  (Inertial	  sensor)	  
§  Seismic	  platform	  control	  (f>0.1Hz),	  Vibration	  measurement	  

Apply	  force	  to	  the	  suspended	  mass	  
=>	  Keep	  the	  distance	  from	  a	  reference	  

When	  the	  control	  gain	  G>>1	  
=>	  a	  =	  F	  /	  m	  	  

a 

F x0 
m 

feedback
control 

G 



¡  Servo	  Accelerometer	  (Inertial	  sensor)	  
§  Above	  the	  resonant	  freq:	  Limited	  by	  the	  sensor	  noise	  

§  Below	  the	  resonant	  freq:	  	  
Steep	  rise	  of	  the	  noise	  as	  the	  mass	  does	  not	  move	  	  
in	  relative	  to	  the	  ground	  
=>	  Low	  resonant	  freq	  is	  beneficial	  

 

 
 

Fig.1.  Basic model of folded pendulum. A simple pendulum and an 
inverted pendulum are rigidly connected by a massless beam. The pendula 
arms are also massless, rigid and provided with suitable flexures. 
 

The resonant frequency of the system is given by:   
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where γ represent the effect of cumulative flex-joint’s 

stiffness. The resonant frequency can be lowered, in principle, 
arbitrarily by adjusting the center of mass position with respect 
to the two arms. Natural periods ranging from seconds to 
minutes can be achieved in compact sizes making the FP the 
best geometry for horizontal sensors. This configuration has 
been reproduced  in a monolithic version (see Fig.2) for the 
mechanics of the horizontal accelerometers of the advanced 
SAS seismic attenuation systems, by using a combination of 
traditional and wire electric discharge machining (EDM). 
 

 
 
Fig.2.  Monolithic realization of a folded pendulum: the bottom left and top 

right flexures proof mass is connected to the simple pendulum (SP) by means 
of the bottom right flexure and to the inverted pendulum (IP) by means. 

 
A side view of the monolithic FP accelerometer is proposed in 
Fig.3. The mechanics is obtained from a 140x134x40 mm 
block of 7075 aluminum alloy. A thin 250 µm wide EDM cut 
is used to separate the two pendulum arms and the proof mass 
from the frame; 50 µm thick tensional circular notch flexures, 
four on each side of the accelerometer, connect the proof mass 
to the structure. The arms are 71.5 mm long and the equivalent 
suspended mass is 0.83 Kg. The accelerometer was designed 
with the load almost exactly balanced on the two arms. In this 
way the instrument’s behaviour is dominated by the restoring 
force of the flexures; a resonant frequency of 540 mHz has 
been achieved.  

 

 
 

Fig.3. Side view of the monolithic folded pendulum horizontal 
accelerometer we have designed for SAS advanced seismic attenuation 
systems. Two second natural period is achieved by design. 
 
The FP accelerometer normally operates under vacuum;  
hence, excluding gas damping, the only damping forces are 
localized in the flexures which allow the movement of the 
proof mass.  
A Q=3000 mechanical quality factor is obtained at pressures 
below 10-2 mbar; a typical free decay time series is shown in 
Fig.4. At atmospheric pressure the constrained air flow 
between the closely spaced surfaces of the EDM cut and the 
capacitive readout plates limits the quality factor to 7.  
 

 
 
Fig.4. Mechanical free decay measured in low vacuum. The natural period 

is 2 sec; the decay time of about 2000 sec corresponding to Q=3000. 
 
In vacuum the Brownian motion amplitude of the proof mass 
emulates a frame inertial displacement of 0.5 nm r.m.s., which 
represents the ultimate resolution limit of the instrument. 
The main feature of this mechanical design is the insensitivity 
to unwanted degrees of freedom. The entire machining, milling 
and EDM, are done with the full accuracy of numerical control 
machines; the equality of the two pendula length, their relative 
positioning and alignment, as well as the parallelism and 
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1	  pm/sqrtHz	  

A.	  Bertolini	  et	  al,	  	  Nuclear	  Instruments	  and	  Methods	  in	  
Physics	  Research	  A	  564	  (2006)	  579–586	  
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¡  Mechanical	  actuators	  
§  Coil	  Magnet	  actuator	  

§  Electro	  Static	  Driver	  (ESD)	  

§  Piezo	  (PZT)	  actuator	  

¡  Optical	  actuators	  
§  Acousto-‐Optic	  Modulator	  

§  Electro-‐Optic	  Modulator	  

§  Laser	  Frequency	  



¡  Coil-‐magnet	  actuator	  
§  Coil	  current	  induces	  force	  	  

on	  a	  magnet	  attached	  to	  a	  mass	  
	  

§  Contactless	  
	  

§  aLIGO	  coil-‐magnet	  actuator	  
is	  integrated	  in	  BOSEM	  
	  

§  Actuator	  response	  (coupling)	  
has	  position	  dependence.	  
Preferable	  to	  use	  it	  at	  its	  maximum	  	  
in	  order	  to	  avoid	  vibration	  coupling	  

Class. Quantum Grav. 29 (2012) 115005 L Carbone et al

Figure 4. Front- and rear-view CAD designs of the BOSEMs.

Figure 5. (Left) Schematic of the integrated BOSEM’s subsystems. (Right) Sketch showing the
BOSEM’s shadow sensing scheme. Relevant dimensions are the mask aperture 1.5 mm × 4.5 mm
and the mask-PD separation 5 mm.

is operated at about 15% of its maximum radiant power (10 mW), which combined with the
PD output (0.55 A/W) results in a mean photocurrent at the PD output of ipd ≃ 62.5 µA,
when the flag is in half-light position (i.e. PD sensing area obscured by 50%). The measuring
range of the optical sensor is about 700 µm, determined by the dimensions of the PD sensing
area. The average responsivity, when measured with the accompanying satellite box amplifier,
ranges around Resp ∼ 20 kV m−1, as shown in figure 6 (left). The ultimate limit to the BOSEM
read-out sensitivity is set by photocurrent shot noise in the PD, and it can be expressed as
S1/2

x =
√

2 · e · ipd · ZR/Resp, where e is the electron charge and ZR = 320 k! is the resistance
of the trans-impedance amplifier at the output of the PD, resulting in an ultimate displacement
sensitivity about 7 × 10−11 m Hz−1/2. The measured BOSEM sensitivity, as shown in
figures 6 (right) and 7 (left) in comparison with the Advanced LIGO requirement, is typically
limited by photocurrent shot noise in the PD at frequencies above 10 Hz, and by 1/f
photocurrent noise in the LED at lower frequencies.

To actuate on the suspended test masses, the BOSEM incorporates a magnet that is rigidly
mounted with the flag and it is concentrical to a coil purposely driven by the coil drivers
(see figure 5). To cater for the large weight of the suspended masses, the BOSEMs provide
peak actuation forces up to about hundreds of mN per actuator, about one order of magnitude
enhancement with respect to the Initial LIGO OSEM. This is achieved with a modified coil
design (800 turns of polyimide-coated 32-AWG wire) and with 10 mm × 10 mm Nd–B–Fe
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図 3: コイルドライバーおよび電流検出部の回路図
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¡  Electro	  Static	  Driver	  (ESD)	  
§  Apply	  potential	  close	  to	  the	  mirror	  	  
=>	  induces	  surface	  charge	  (or	  polarization)	  and	  attractive	  force	  

§  In	  practice,	  comb	  patterns	  are	  used	  	  
=>	  strengthen	  the	  electric	  field,	  but	  less	  force	  range	  

§  Can	  produce	  only	  attractive	  
force.	  =>	  Need	  DC	  Bias.	  

§  Stray	  surface	  charging	  may	  
cause	  problems.	   +

+
+
+
+
+

-
-
-

-
-
-

The whole pattern, as it is now

Connections

Foil jumper

Foil jumper



¡  Piezo	  (PZT)	  actuator	  
§  Apply	  potential	  to	  a	  feroelectric	  material	  

=>	  cause	  internal	  polarization	  and	  induces	  strain	  

§  To	  increase	  displacement,	  laminated	  piezo	  is	  often	  used	  
=>	  displacement	  3~10	  μm	  

§  Requires	  a	  bias	  voltage	  and	  HV	  amplifier,	  	  
but	  has	  wide	  applications	  

- - - - - -

+ + + + + + + + + + + +

- - - - - -
Laminated

OMC	  cavity	  mirror	  	  



¡  Acousto-‐Optic	  Modulator	  
§  Phonon-‐Photon	  scattering	  (or	  bragg	  diffraction)	  in	  AOM	  crystal	  

§  Effect:	  Beam	  deflection	  /	  Frequency	  shift	  

§  Application:	  Laser	  frequency	  actuator,	  Laser	  intensity	  actuator	  
Beam	  angle	  scanner	  

PZTPropagating
Sound waves

Transmitted
beam !

Deflected
beam !+#fLO 

Incident
beam
!

Local Oscillator
fLO



¡  Electro-‐Optic	  Modulator	  
§  Pockels	  Cell	  effect:	  	  
Refractive	  index	  changes	  linearly	  to	  the	  applied	  E-‐field	  

§  Application:	  	  
Laser	  phase	  modulation	  
Phase	  actuation	  (=	  frequency	  actuation)	  

!

LiNbO3	  crystal	  



¡  Laser	  frequency	  actuation	  (YAG	  NPRO	  laser)	  
§  We	  often	  control	  laser	  frequency	  with	  multiple	  actuators	  

§  1)	  Thermal	  actuator	  
Thermo-‐Electric	  Cooler	  attached	  to	  the	  laser	  crystal.	  	  
Huge	  response	  (1GHz/K	  or	  1GHz/V)	  but	  slow	  (f<0.1Hz)	  

§  2)	  Fast	  piezo	  actuator	  
A	  piezo	  attached	  on	  the	  laser	  crystal	  induces	  stress	  induced	  	  
refractive	  index	  change.	  
Response	  (~1MHz/V).	  Bandwidth	  10~100kHz	  

§  3)	  External	  EOM	  
Response	  (~10	  mrad/V),	  Bandwidth	  ~1MHz	  



¡  Analog	  servo	  filters	  
§  High	  dynamic	  range	  (~1nV/sqrtHz,	  +/-‐10V),	  	  

High	  bandwidth	  
§  Pole/zero	  placement	  	  

with	  active	  op-‐amp	  filters	  

§  Until	  the	  end	  of	  the	  20th	  century,	  	  
analog	  filters	  have	  been	  commonly	  used	  	  
for	  servo	  filters	  in	  our	  field	  

§  Analog	  servos	  are	  still	  in	  action	  for	  	  
the	  feedback	  loops	  with	  bandwidth	  >1kHz.	  
(cf.	  frequency	  stabilization,	  	  
	   	   	  intensity	  stabilization)	  

LIGO	  40m	  
prototype	  (1998)	  



¡  Digital	  servo	  filters	  
§  Process	  digitized	  signals	  in	  a	  computer	  

	  
§  Large	  flexibility	  
High	  compatibility	  with	  detector	  automation	  and	  management	  
	  

§  Limited	  dynamic	  range	  (~0.1mV/sqrtHz,	  +/-‐10V	  for	  16bit)	  
§  Limited	  bandwidth	  
▪  Each	  sample	  needs	  to	  be	  processed	  before	  the	  next	  sampled	  data	  comes	  
▪  Inevitable	  sampling	  delay	  
▪  Additional	  phase	  delays	  due	  to	  analog	  filters	  for	  analog-‐digital	  interface	  

	  
▪  e.g.	  16kHz	  sampling,	  control	  bandwidth	  ~200Hz	  

ADC DAC

Digital
FilterVin(t) Vout(t)



¡  Restriction	  of	  signal	  digitization	  
§  Voltage	  quantization:	  quantization	  noise	  
=>	  limited	  dynamic	  range	  
=>	  Requires	  whitening/dewhitening	  filters	  

§  Temporally	  discrete	  sampling:	  aliasing	  problem	  
=>	  limited	  signal	  bandwidth	  
=>	  Requires	  anti-‐aliasing	  (AA)	  /	  anti-‐imaging	  (AI)	  filters	  

§  Typical	  signal	  chain	  
Input

Signal
Whitening

Filter
Anti-Aliasing

Filter

Dewhitening
Filter

Anti-Imaging
Filter

Anti-Whitening
Filter

Anti-Dewhitening
Filter

ADC

DAC
Digital
Filter

Output
Signal

Digital Path



¡  Comparison	  of	  the	  control	  room	  in	  the	  analog	  and	  digital	  eras	  

TAMA300	  (2001)	  

aLIGO	  (2014)	  





¡  Interferometer	  control	  using	  the	  main	  laser	  beam	  	  
§  On	  the	  top	  of	  the	  local	  control,	  	  

optical	  path	  lengths	  and	  the	  mirror	  alignment	  	  
need	  to	  be	  kept	  at	  the	  most	  sensitive	  state	  of	  the	  interferometer	  

Digital
Controllers

Mirror Mirror Local
Control

Global control

Length 
Sensing

Laser

Local
Control



¡  Pound-‐Drever-‐Hall	  (PDH)	  technique	  
§  We	  want	  to	  keep	  the	  cavity	  at	  the	  TOP	  of	  the	  resonance	  
§  Phase	  of	  the	  cavity	  reflection	  is	  linear	  to	  the	  cavity	  detuning	  
§  Use	  modulation	  /	  demodulation	  

Drever,	  R.	  W.	  P.,	  et	  al	  Appl	  Phys	  B	  31	  97-‐105	  (1983)	  
http://en.wikipedia.org/wiki/Pound%E2%80%93Drever%E2%80%93Hall_technique	  
http://www.sjsu.edu/faculty/beyersdorf/Archive/Phys208F07/Sideband%20generation%20in%20LIGO.pdf	  
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¡  Modulation	  

¡  Phaser	  diagram	  
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¡  PDH	  technique	  
§  Reflected	  field	  on	  Resonance	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Detuned	  

	  

Re

Im

Re

Im

total	  field	  only	  has	  
phase	  modulation	  at	  𝜈m	  

total	  field	  has	  
amplitude	  modulation	  at	  𝜈m	  

carrier	  phase	  
shift	  

No	  power	  modulation	   Power	  modulation	  at	  𝜈m	  	  

=>	  Photocurrent	  demodulated	  at	  𝜈m	  	  
shows	  the	  linear	  signal	  to	  the	  detuning!	  	  



¡  Michelson	  is	  operated	  at	  the	  dark	  fringe	  
for	  the	  shot	  noise	  and	  the	  power	  recycling	  

§  At	  the	  dark	  fringe,	  DC	  signals	  can’t	  be	  a	  good	  error	  signal	  

§  Schunupp	  asymmetry:	  	  
Introduce	  small	  arm	  length	  asymmetry	  	  
=>	  RF	  sidebands	  leaks	  to	  the	  dark	  port	  

LB

LA

+
-

ΔL =  LA - LB

EOM

RF Mixer

PD

Error signal

Carrier
Sidebands

Local
Oscillator
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¡  ...In	  the	  end,	  combining	  these	  techniques	  	  
with	  multiple	  modulations,	  the	  sensing	  system	  looks	  like	  this	  
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Figure 1. LHO 2k IFO data

Arm powers are normalized by the power when one arm is locked.
SB power is normalized by the input SB power. 

¡  Transition	  from	  non-‐operational	  state	  to	  the	  final	  linear	  state	  
§  Nonlinear	  process	  ~	  Lock	  Acquisition	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

¡  Before	  the	  lock,	  we	  can’t	  make	  a	  diagnosis	  of	  the	  control	  loops	  
Without	  diagnosis,	  the	  lock	  is	  difficult.	  (Chicken	  &	  egg	  problem)	  

iLIGO	  Lock	  acquisition	  

PRMI	  locked	  

Yarm	  locked	  
Xarm	  locked	  



¡  Wave	  Front	  Sensing	  
§  Misalignment	  between	  the	  incident	  beam	  and	  the	  cavity	  axis	  

§  The	  carrier	  is	  resonant	  in	  the	  cavity	  

§  The	  reflection	  port	  has	  
▪  Prompt	  reflection	  of	  the	  modulation	  sidebands	  

▪  Prompt	  reflection	  of	  the	  carrier	  

▪  Leakage	  field	  from	  the	  cavity	  internal	  mode	  

E	  Morrison	  et	  al	  Appl	  Optics	  33	  5041-‐5049	  (1994)	  

no	  signal	  
spatially	  
distributed	  
amplitude	  
modulation	  

Carrier
Sidebands

RF QPD
(WFS)



¡  Wave	  Front	  Sensing	  
§  WFS	  becomes	  sensitive	  	  
when	  there	  is	  an	  angle	  between	  
the	  wave	  fronts	  of	  the	  CA	  and	  SB	  

§  Can	  detect	  rotation	  and	  translation	  
	  of	  the	  beam	  separately,	  	  
depending	  on	  the	  “location”	  of	  the	  sensor	  

§  Use	  lens	  systems	  to	  adjust	  the	  “location”	  of	  the	  sensors.	  
i.e.	  Gouy	  phase	  telescope	  

Sensitive	  at	  the	  far	  field	  
	  
	  
	  
	  
Sensitive	  at	  the	  near	  field	  
	  



¡  Combine	  WFS,	  DC	  QPD,	  digital	  CCD	  cameras	  

LIGO-T070247-01-I

4 Alignment Sensing & Controls

4.1 Overview

The alignment of optical axis of the interferometer cavities as well as the centering of the
beam spots on the optics are achieved and maintained by the Alignment Sensing and Control
Subsystem (ASC).

The Figure 19 gives an overview of the sensing part of the ASC. Some fraction of the light
beams exiting the interferometer dark, reflected and picko⌅ ports is sent to the Wave Front
Sensors (WFS). Each core optic is instrumented with an optical lever and viewed by a CCD
camera. In addition, the transmitted beam of each optic will be monitored by a quadrant
photo detector (QPD). The ASC sensor signals are processed and send to the optics through
the Suspension (SUS) system.

WFS

WFS

WFS

WFS

WFS

WFS

QPD

QPD

From 

Input

Optics

To LSC

To LSC

QPD

To LSC

QPD

Figure 19: ASC sensor diagram.

4.2 Functions of the Alignment Sensing and Control System

The requirements for the residual angular motion of the test masses are specified in T070236.

• Before the interferometer longitudinal degrees of freedom are controlled by the LSC
system the ASC system provides signals for the initial alignment of the cavity axes
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¡  Feedback	  control	  is	  an	  indispensable	  system	  	  
	   	   	  for	  laser	  interferometer	  GW	  detectors	  

¡  It	  involves	  sensors,	  actuators,	  and	  filters,	  
namely	  everything!	  
(i.e.	  Optics,	  Mechanics,	  Electronics)	  

Optics

Electronics Mechanics

Interferometer 
control


