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ABSTRACT : 

Seismic analysis and design of reinforced concrete structures are performed based on linear response, however 
it is universally accepted that under severe earthquakes inelastic response and cracking is accepted. Therefore
element properties should reflect this condition and inertias of beams and columns should be reduced
accordingly.  Several procedures are suggested to considered effective rigidity: Priestley (2003), ACI 318S-05, 
FEMA 356, Paulay and Priestley (1992). In this work the convenience to consider the effective stiffness of 
elements is demonstrated.  However since there is not a uniform criteria, a comparison of these procedures was 
performed.  Most world seismic standards do not establish effective stiffness for seismic analysis, although all 
of them accept inelastic incursions.  Therefore it is useful to find a common or reasonable criterion to reduce 
inertias. Priestley (2003) procedure is applied to find the effective rigidity of elements, which are dependent on
element strength. A direct consequence of reduced inertias is larger elastic displacements. On the other hand 
seismic standards specify displacements are computed by factoring elastic displacements from analysis, 
therefore using reduced inertias a substantial increase of estimated displacements would occur produced turning 
analysis into over conservative. 
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1.0 . INTRODUCTION 
 
Most Seismic Design Codes do not precise effective stiffness to be used in seismic analysis for structures of
reinforced concrete elements, therefore uncracked section properties are usually considered in computing 
structural stiffness. This is actually not the case because cracking occurs not only under gravity loads in beams
but in seismic events of intensity lower than that of design earthquake. Uncracked stiffness will never be fully
recovered during or after seismic response and it can be said it is not a useful estimation of effective stiffness, 
Priestley (2003). 
 
Priestley (2003) points out that using modal analysis with uncracked sections stiffness for different elements
makes it impossible to obtain precise seismic forces, even response within elastic range. Computed elastic
periods are probably wrong, and moreover, force distribution throughout the structure, which depends on
relative stuffiness of the elements may be excessively mistaken. 
 
It is also known flexural cracking varies along the element length, therefore moment of inertia (second moment
area), I, also varies along element length.  In each cross section, moment of inertia, I, depends on the
magnitude and sign of the bending moment, the amount of reinforcement, cross section geometry and axial load.
There are other factors that cause more variations of element stiffness, such as: effects of tension in the concrete
sections in between cracks, diagonal cracking due to shear stresses, intensity and direction of axial load, etc 
(Paulay & Priestley 1992). It is not of practical use to evaluate geometrical properties in various cross sections
along each element, therefore, a reasonable average value must be adopted. 
 
Some design codes recognize the influence of cracking. They consider stiffness of the cracked section EIe
proportional to the stiffness of the gross uncracked section EIg, specifying reduction factors to be applied to the 
stiffness of the uncracked cross section. However, Priestley in his 2003 study indicates the reductions factors
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proposed by these codes are yet inadequate to represent stiffness to a precision degree appropriate to justify a 
modal analysis, since the influence of bending steel ratio and that of the axial load are not being considered, 
therefore, stiffness of the elements is assumed independent of the bending strength, which in his opinion, is not
valid. Priestley (2003) sustains that experimental evidence and detailed analytical results have demonstrated that 
yield curvature is independent of strength and therefore stiffness is directly proportional to yield strength with a
constant yield curvature 
 
This research has followed Priestley´s proposal with the purpose to compare results obtained with his proposal 
with results obtained with reduction factors proposed by codes and then try to balance precision with simplicity.
 
 
2. REDUCTION FACTORS IN CODES AND PROPOSALS 
 
Among the codes to propose reduction factors of gross moments of inertia are listed as allowed values to be 
used in a second order analysis, but are also used when a first order general analysis of frames is being made to
compute lateral relative story displacements. 
 

Table 1. Reduction Factors 
Element New Zealand Code ACI 318S-05 Design Code 
Beams 0.35Ig 0.35 Ig 
Columns 0.40 – 0.70Ig 0.70 Ig 
Walls uncracked ---------------- 0.70 Ig 
Walls cracked ---------------- 0.35 Ig 

 
FEMA (2000) proposes similar reductions, although for bending shear and axial stiffness for prestressed,
nonprestressed beams, columns and walls. These range from 0.5 to 0.8 EIg . 
 
 
2.2. Reduction Factors proposed by Paulay and Priestley (1992) 
 

Table 2. Element Effective Moment of Inertia (Paulay y Priestley, 1992) 
Element Range of Ie Ie recommended 
Rectangular Beams  0.30-0.50 Ig 0.40 Ig 
T and L Beams 0.25-0.45 Ig 0.35 Ig 
Columns   
                P > 0.5f’cAg 0.70-0.90 Ig 0.80 Ig 
                P = 0.2f’cAg 0.50-0.70 Ig 0.60 Ig 
                P = -0.05f’cAg 0.30-0.50 Ig 0.40 Ig 

 
 
3. EVALUATION OF SECTION STIFFNESS BASED ON MOMENT CURVATURE 
 
Section stiffness can be evaluated based on moment curvature according to beam equation. Eqn. 3.1.  

 
y

NMEI
φ

=  (3.1) 

MN is nominal moment capacity of the section; φy is yield curvature of equivalent bilinear representation of the 
moment curvature diagram. It is accepted that linearization of moment curvature relation is given by an initial
straight line (elastic) through “first yield”, up to the nominal bending strength, MN, and a second line post yield
connecting to the ultimate strength and curvature.  “First Yield” of a section is defined as the Moment My and 
curvature φ’y when the section first reaches yield strain in tension, εy, or the extreme compression fiber reaches a 
strain of 0.002, whatever occurs first. 
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Nominal bending strength, MN develops when extreme compression fiber reaches 0.004, or when strain in
tension reaches 0.015 whatever comes first. (Figure 1). Thus yield curvature is given by 
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Figure 1. Moment-curvature relationship and bilinear approximation 

Element stiffness depends on variation of curvature along the element, not only in the critical section where 
yielding occurs. 
 
 
4.0. HYPOTHESIS OF STIFFNESS INDEPENDENT OF STRENGTH 
 
This implies, yield curvature is directly proportional to bending strength, MN. (See Figure 2(a)) 
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Figure 2. (a) Stiffness independent of strength. (b) Stiffness depending on strength. Constant yield curvature 

 
The consequence of this in conventional seismic design is that stiffness of the structure can be predicted al the
beginning of design process considering section properties of uncracked sections or properties of the effective 
section and thus compute period of vibration. 
 
Later, this period is used to obtain design spectral acceleration and give the structure appropriate strength
required by this associated lateral forces. This greatly simplifies the design process, but as Priestley (2003) 
shows, the initial hypothesis of stiffness independent of strength is in fact wrong 
 
 
5.0. HYPOTHESIS OF STIFFNESS DEPENDING ON STRENGTH 
 
Research from Priestley y Kowalsky (2000) and Priestley, (2003) have demonstrated through experimental 
testing and detailed analytical computations, that stiffness actually cannot be supposed independently of
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strength. On the contrary, it has been found elements yield curvature is effectively independent of strength and 
can be taken as a constant for the known section dimensions. Therefore, it can be concluded that stiffness is
directly proportional to bending strength as shown in Eqn. 3.1. This relationship is illustrated in Figure 2(b).  
 
This way it is not possible to perform a precise analysis of the elastic structural periods or elastic distributions of
required strength through the structure until final strength of the elements has been determined.  This means
conventional seismic design based on elastic stiffness of the elements and considerations based in force must be
an iterative process where stiffness of the elements are changed in each iteration. 
 
Priestley (2003) indicates that yield curvature can be found as a function of geometric properties of the
elements: 
- Circular Walls φy= 2.25 εy/D (5.1a) 
- Rectangular Columns φy= 2.10 εy/hc (5.1b) 
- Rectangular Walls in cantilever φy= 2.00 εy/lw (5.1c) 
- T Beams φy= 1.70 εy/hb (5.1d) 
 
 
6.0 PERIOD COMPUTATION, MAXIMUM DISTORTION AND DUCTILITY DEMAND 
 
Periods obtained from seismic analysis taken into account Priestley (2003) proposal are larger than periods 
obtained considering stiffness of the uncracked section of the elements. A relation follows: 

 
ge KK

TT 1
2 =  (6.1) 

 
where T1 is period without cracking, T2, period with Priestley’s assumption, Ke, effective stiffness considering 
Priestley’s assumption, Kg, stiffness without cracking 
 
Therefore, maximum distortion computed using real effective stiffness is larger and much more than indicated 
by codes. If a building is designed based on stiffness of uncracked sections, a short period building with an
apparent large base shear will be obtained, in consequence is not a conservative design, because the building 
which will really have larger distortions mostly unacceptable. In addition, displacement ductility demand  will 
be lower since it was designed for a larger shear than it should, yield displacement will be larger than that 
obtained with a lower base shear and therefore ductility will tend to be reduced (Figure 3). Yield displacement 
will be equal to: 
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δ =  (6.2) 

 
Figure 3. Relation between shear and lateral displacement 
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The actual maximum displacement can be obtained considering the displacement spectrum is directly 
proportional to period which is a consequence of considering the acceleration spectrum based on the hypothesis
of a constant velocity spectrum. Therefore the relation of both maximum displacements, considering both 
cracked and uncracked sections is: 

 1
1

2
2 mm T

T
δδ =   (6.3) 

 
7.0. APPLICATION OF PRIESTLEY CRITERION TO SAMPLE BUILDING 
 
A four story existing building in Lima was chosen to conduct this research, Burgos (2007). The structure is a 
space frame plus a single shear wall in the staircase. (Figure 4).  
 
Moment curvature diagrams were computed for the main structural elements with different steel ratios. Effective 
stiffness was computed based on the bilinear approximation for moment curvature. Eqn. 5.1 (a-d) are rather 
useful to compute effective stiffness without having to define moment curvature curves, particularly for beams 
because knowing moment capacity from analysis MN = Mu/φ, effective stiffness can be found after few 
iterations with Eqn (3.1) 
 

 

 
Figure 4. Typical plan of studied building 

 
 

7.1. L Shaped, Rectangular (.40 x 1.05m) Column and Beam (.40 x .75m) 
 
Moment curvature for X, and Y directions were computed. UCFyber (Chadwell, 1998) was used and compared 
with other programs for moment curvature. In Figure 5(a) influence of axial load on strength of L column can be 
appreciated. There is almost no variation of factors in either X or Y direction or moment direction. Therefore a 
unique reduction factor can be taken for X or Y direction properties. Effective stiffness ratios to uncracked 
increases with axial load and reinforcement, ranging from 0.23 to 0.43. 
 
In contrast to L shaped columns, rectangular columns show an increment in effective stiffness ratios with
increased axial load and steel ratio varying between 10 to 20% in X and Y directions. This suggest a different 
factor should be used in each direction for seismic analysis.  
 
For rectangular beams effective stiffness factors are presented in Table 3. These results indicate:
 
- Effective stiffness increases proportional to reinforcement. (Figure 5(b) 
- For sections with different positive and negative reinforcement an average relation is used in seismic

analysis. 
- Reduction factor corresponding to minimum reinforcement is smaller than required by codes. 
 

gEIEI /
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Table 3. Effective stiffness reduction factors as a function of steel ratio, nominal bending strength of beam. 
Steel ratio MN(-) MN(+) EI/EIg (-) EI/EIg (+) EI/EIg average

0.35%-0.35% 28.33 28.33 0.21 0.21 0.21
0.45%-0.45% 37.22 37.22 0.27 0.27 0.27
0.45%-0.33% 36.90 28.49 0.27 0.21 0.24
0.52%-0.33% 41.88 28.85 0.30 0.21 0.26
0.63%-0.35% 49.71 30.37 0.36 0.23 0.29
0.94%-0.94% 67.97 67.97 0.47 0.47 0.47
1.39%-1.39% 95.29 95.29 0.60 0.60 0.60  
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Figure 5. (a) L column (p= 1%, Y axis) Variable axial load.  (b) Rectangular beam. Variable steel ratio 
 
 
8.0. EFFECTIVE STIFFNESS RESULTS COMPARISON: PRIESTLEY (2003); PAULAY AND 
PRIESTLEY (1992); UNCRACKED SECTIONS 
 
Priestley’s procedure is rather complex and requires more effort for it is an iterative process where element
stiffness is updated in each iteration until strength in all elements (bending moments and shears) do not change 
significantly. In other words, for each iteration step needed element strength equals a steel ratio,  and this in
time corresponds to an effective stiffness, with this analysis is done again and again until a final strength of the
elements is reached.  
 
To compare precision with simplicity and analysis of the building was made using effective stiffness obtained
with Priestley’s criterion (2003) and using Paulay and Priestley’s reduction factors, which are similar to those of
New Zealand standard 
 
 
8.1. Reduction Factors 
 
Figure 6 shows reduction factors in beams and columns after Priestley (2003) iterative procedure using
reduction factors computed after Secc. 7. One frame in each direction of the plan. All beams in the Y direction
have a reduction factor of 0.22, and correspond to minimum reinforcement. However in the X direction the
factor is larger for beams in floors 1, 2 and 3. 
 
 
8.2 Periods  
 
Periods double using Priestley’s criteria(2003) with respect to uncracked sections. Paulay and Priestley’s (1992) 
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range somehow in between. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6. Frame B (X direction) and Frame 2 (Y direction). Reduction factors in beams and columns. 
 
Reduction factor using Paulay and Priestley (1992) criteria (Table 2) are: for rectangular beams = 0.4; for 
columns with P/Agf’c ≤ 0.20 = 0.40.  These modifying factors were used for following seismic analysis 
 
8.3 Negative Moments in beams (1.2D+L+E) 
 
Change observed in negative moments, using reduction factors by Priestley (2003) and Paulay y Priestley 
(1992), is small for beams in direction X. On the other hand for beams in direction Y, there is almost no variation 
because minimum reinforcement controls design. 
 
 
8.4. Maximum Displacements and Distortions 
 

Table 4. Drifts or distortions in % for each reduction criteria for effective. 
Priestley (2003) Paulay & Priestley (1992) Uncracked section 

Story 
Drift X% Drift Y% Drift X%  Drift Y% Drift X%  Drift Y%  

1 1.16% 1.50% 0.92% 0.78% 0.50% 0.45% 
2 1.08% 1.34% 1.07% 1.10% 0.65% 0.69% 
3 0.98% 1.63% 0.99% 1.47% 0.68% 0.92% 
4 0.51% 1.21% 0.52% 1.13% 0.39% 0.71% 

 
A significant increment in computed displacements can be observed from distortions in Table 4. Between double 
and triple as those obtained with uncracked sections. This has strong design implications because buildings may 
not comply with allowable displacements. All depends on effective stiffness used. Peruvian Seismic Code has
proven successful after stringent displacements requirements were introduced in 1997 (Pique, 2004) but using
reduced stiffness may be excessive. This needs further research to determine which is appropriate or changes to
be introduced in seismic design standards 
 
 
CONCLUSIONS 
 

1. Cracking must be considered in seismic analysis of building structures and thus to get realistic
distortions, in nonlinear range, since these are computed from an elastic analysis. It has been shown that 
a seismic analysis with uncracked sections, design moments are larger than with other two evaluated
procedures and therefore it is possible to end up with a conservative design in strength but with larger
distortions. 
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2. Results using effective stiffness with factors given by Paulay and Priestley (1992) have a small variation
as compared to results obtained by Priestley’s iterative procedure (2003). It can be concluded there
exists a balance between precision and simplicity when Paulay and Priestley’s (1992) reduction factors
are used. If the seismic standard does not include requirements respect to the effective stiffness to be
consider for reinforced concrete structures a simple approach would be to use reduction factors
proposed by Paulay and Priestley’s (1992) which take into account the influence of axial load. 

 
3. For a more precise analysis of structural response or for retrofitting and evaluation of existing structures 

criterion proposed by Priestley’s (2003) could be convenient and even necessary. 
 

4. When design is controlled by minimum reinforcement, particularly in beams, special attention should be
given to computation of real periods and maximum distortions. Using only Priestley’s (2003) 
methodology it has been observed that effective stiffness of a beam with minimum steel ratio is much
lower than that obtained with the proposed reduction factors. As a consequence real periods and actual
maximum distortions can be even larger. 

 
5. It has been found in computed moment curvature diagrams the hypothesis that yield curvature is

independent from element strength is correct and effective stiffness EI is dependent of strength, which
in turn is a function of axial load and steel ratio. 

 
6. Seismic design standards must be calibrated together with appropriate reduction factors to estimate and

control lateral deflections. Since professional practice usually uses uncracked stiffness, distortions are
lower and have proven adequate, but if reduced stiffness is used then current limits might be larger, to
accommodate larger computed distortions. 
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