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ABSTRACT :

Buried tunnels with circular cross section, such as urban undergrounds are very popular in transportation
engineering. The seismic behavior of such structures during operation is of importance. There exist different
closed form solutions, such as Penzien and Wang methods for seismic evaluation of shallow tunnels. In the
present research, these analytical methods are employed to analysis tunnel lining forces, constructed in soft to
hard soil with different mechanical properties and constant shear strain. A numerical model, based on finite
element method, was then developed to compare the analytical and numerical method outputs when the tunnel
is under seismic loads. For this purpose seven types soil, soft soil to very dense sand, was selected and analysis
was carried out. The analysis shows relative error in analytical methods. Also it is shown that with increasing
soil stiffness, the induced circular stress in lining is reduced
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1. INTRODUCTION

The buried structures depend on geometry, depth of buried and other geotechnical and seismic parameters
behave in different manners during an earthquake. The researches indicate buried structures experience a lower
rate of damages than surface structures. Nevertheless, the buried structures also faced significant damages in
recent large earthquakes. When designing such structure under earthquake conditions, seismic parameters and
physical  and  mechanical  properties  if  soil  play  important  role.  In  this  study  a  specified  circular  tunnel  was
analyzed, using various analytical solutions based on work of Wang (1993) and Hashash (2001 & 2005) for
various soil groups.
Wang in 1993, based on closed form solutions recommended by Peck et al (1072), proposed modified analytical
equations in terms of axial force, bending moments and displacements under external loading conditions.
Penzien and Wu (1998) developed similar analytical solutions for thrust, shear, and moment in the tunnel lining
due to racking deformation. Later, Penzien (2000) provided a complementary analytical procedure for racking
deformation evaluation of rectangular and circular tunnels. Recently, Hashash in 2001 and 2005 with
comparison these two methods, found out that the calculated forces and displacements are identical for the
full-slip assumption, however, Penzien’s solution results in much lower estimation of maximum thrusts
compared to Wang’s solution for the no-slip assumption. This difference is also reported by Park (2006).
In the present investigation a series of numerical analyses were performed, using finite element code PLAXIS
(PLAXIS-B.V., 2002) and outputs were compared with result of analytical solutions. On the other hand
sensitivity analysis on the mechanical parameters of soil was performed and the effect of various soil properties
and maximum shear strain was evaluated on the tunnel response.

2. ANALYTICAL SOLUTION

The response of a lining of buried circular tunnel against the earthquake is a function of the compressibility and
flexibility ratios of the structure, the in-situ overburden pressure and at-rest coefficient earth pressure, K0, of soil.
The trust, bending moment and deformations can be calculated using closed form solution [Peck et al., 1972].
The closed form solutions, reported by Wang and Penzien are based on slip between soil and tunnel lining.
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2.1 Wang formulation
Wang (1993) proposed the solutions for the maximum thrust and moment in the lining due to the equivalent
static ovaling deformations. The solutions for the full-slip condition at the soil lining interface, to evaluate thrust
and moment due to seismic loading can be expressed as:
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Where υm, r and F are Poisson ratio of soil, radius and flexibility ratio of tunnel respectively.
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Where Em,  El and υl are modulus of elasticity of soil, modulus of elasticity and Poisson ratio of lining
respectively. The maximum shear strain in the medium for both constant shear strain and variable shear strain
may be obtained as:
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Where gsm /g=r and Gm is shear modulus. Full-slip assumption under simple shear deformation, however,
may cause significant underestimation of the maximum thrust. It has been therefore, recommended to evaluate
Tmax by the following equation for the for full-slip assumption case [Wang, 1993]:

(2.9)
Where τmax is maximum shear strain and K2 is:
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2.2 Penzien formulation
Penzien & Wu (1998) and Penzien (2000) developed similar analytical solutions for the thrust moment and
shear in tunnel lining. For full-slip condition at the soil-lining interface we have:
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Where Rn and θ are inertial moment and wave incident angel respectively, i.e.
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The preceding equations take the following form for the no-slip condition at the soil-lining interface,:

fieldfreelining dRd -D=D (2.18)
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3. COMPARISON BETWEEN ANALYTICAL SOLUTIONS AND NUMERICAL ANALYSIS FOR THE
CASE OF CONSTANT SHEAR STRAIN

As stated above, there exists a significant difference between analytical and numerical solution in case of no-slip
assumption. Here, a numerical model, called origin one, developed to compare analytical and numerical results.

3.1 Numerical model development
In order to evaluate analytical solutions for seismic-induced ovaling deformation of the lining in a circular
tunnel, the numerical analysis has been performed, using PLAXIS Code. The numerical analysis is based on the
following assumptions:
1) Plane-strain condition exists.
2) Soil and tunnel lining behave linearly and elastically.
In this model the maximum shear strain is converted to ovaling deformation and these deformations are applied
to the model. It should be noted that in PLAXIS, only no-slip condition between the tunnels lining and ground
can be simulated. A 15 node element and also a fine mesh in geometry of the model were used to obtain higher
accuracy.

Figure 1 Typical modeling mesh and 15 node element

For more accuracy the meshes around the tunnel are more refined. Figure 1 shows a typical modeling mesh used
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in this study. Now, the ovaling deformations were applied at the two vertical boundaries of the model to
simulate pure shear condition. This shear loading is also applied at horizontal boundaries so that the half of the
ovaling deformation in positive sign is applied at the top and other half this deformation with negative sign is
applied at the bottom boundaries. The deformation contours due to the applied shear force is shown in figure 2.
These contours show the uniformly distributed deformations, indicating pure shear.

Figure 2 Deformation contours in final analysis

The induced ovaling deformations in the ground can be calculated in two cases, namely perforated ground and
non perforated ground. In the case of non-perforated ground, the maximum diametric deformation is a function
of maximum free-field shear  strain only.  In the case of  perforated ground,  however,  it  is  further  related to the
Poisson’s ratio of the medium. The diametric strains can be stated by Eqn. 3.1 and 3.2.
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Now, based on the closed form solution and also considering the geometry and physical properties of the
original tunnel including d=6.6 m, 00622.0max =g and 32.0=mn  from original tunnel, the diametric
deformation can be calculated, i.e.
None perforated ground:
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It is obvious that the dimensions of the model, i.e. the height and width of the media around the tunnel can affect
the result. To verify the model, models with various heights and widths were analyzed and results compared
with analytical solution. The model is shown in figure 3 and the results are gathered in table 1.

Table 1 The variations of the diameter in non-perforated and perforated ground
40´10040´9040´8040´6030´6030´5020´3020´2030´30Model Dimension
0.021430.021680.021980.022650.021970.022430.022520.026120.02127perforatednond -D

0.054980.055520.056290.055410.054380.055350.050400.044990.05086perforateddD

From table 1, it can be observed that the model with 40 meter height and 100 meter width produces the least
error which can be calculated as follow:
None perforated ground %310002143.0/)0205.002143.0( »´-=Error
Perforated ground %9.11000558.0/)0558.005498.0( -»´-=Error
It can be seen the error between analytical and numerical methods (model 40×100) is less than 3%, indicating
identical deformation for analytical and numerical methods.
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3.2 The result of analysis for original tunnel
The specifications of the reference tunnel used in this study are based on Tabriz Underground tunnel with 15 m
depth from ground level and 3.3 m radius. Other specifications are gm=20.5 kN/m3, Em=27167 kN/m2, nm=0.32,
t=0.3  m,  El=2.48´107 kN/m2, nl=0.2 amax=0.35g. Also the internal forces in the lining caused by changes in
shear deformation must be studied. Employing equations 2.6 to 2.8, the calculated shear strain is 0.0062 which
can be applied to the numerical model after inverting to the shear deformation. The analysis results, based on
Penzien, Wang and numerical method, which are shown in figure 4 indicate that the shear forces and bending
moments calculated by analytical and numerical method are well coincide but axial forces calculated by Wang
formula, especially in maximum q shows high differences.

3.3. The analysis results for classified soils
To investigate the soil strength parameters on axial forces, shear forces and bending moment of lining, classified
soils with different elastic modulus and Poisson ratio were considered. Table 2 summarizes the upper and lower
limits of elastic modulus and Poisson ratio for different soils including clay, silt, sand and gravel. The elastic
modulus varies from 2 to 500 mPa and Poisson ratio from 0.2 to 0.4. To investigate the soil strength parameters
changes, the maximum shear strain was considered constant and equal to gmax=0.002206 which is an average
value for soft to hard soils.

Table 2 Specifications of classified soils
Lower limit of Soil

parameters
Upper limit of Soil

parameters
γ (kN/m3)Em

(kN/m2)
νmγ (kN/m3)Em

(kN/m2)
νmSoil typeModel

1620700.41651800.4Soft clayS1
1651800.416103500.4Medium clayS2
16103500.418241500.4Hard clayS3
18345000.3520552000.35Dense sandS4
20690000.3201725000.3Sand & gravelS5
222000000.25223000000.25Dense sand & gravelS6
224000000.2225000000.2Highly dense sandS7

The analysis results, using Penzien, Wang and numerical method are shown in table 3. In this table T, V and M
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Figure 4 Comparison of numerical analyses and analytical solutions for tunnel–ground interaction

Figure 3 The created model in PLAXIS for non-perforated condition
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are axial force, shear force and bending moment of lining respectively. Subscripts P, W and N refer to Penzien,
Wang and numerical method.

Table 3 The closed form and numerical method analysis results
Numerical methodWang (1993)Penzien (2000)Model

MN (kN.m)VN  (kN)TN  (kN)MW (kN.m)TW  (kN)MP (kN.m)VP  (kN)TP  (kN)
13.258.045.5714.68.813.78.38.3
28.917.5312.6631.72129.918.118.1S1

28.917.5312.6631.72129.918.118.1
47.5828.8622.2251.639.749.229.829.8

S2

47.5828.8622.2251.639.749.229.829.8
76.5647.6743.2184.886.881.149.149.1

S3

90.9855.2255.5497.7121.194.257.157.1
105.664.1177.22112.7184.8109.866.566.5

S4

117.171.1196.86126.2238.7122.774.474.4
143.587.06213.64155.6603.4153.292.992.9

S5

154.488.46241.92158695.1155.994.594.5
150.491.55343.33163.31022.8161.79898

S6

160.597.72481.38176.71428.7175.2106.2106.5
162.398.82589.44178.61760.8177.4107.5107.1

S7

Considering analysis results, the calculation error between analytical and numerical methods are given in table 4.
In this table ∆T, ∆V and ∆M are the magnitude of error in axial force, shear force and bending moment of
between closed form solution and numerical method. Subscripts P-N and W-N refer to Penzien and Wang and
numerical method.
To  compare  the  errors  for  different  methods,  the  results  are  illustrated  in  figure  5.  It  can  be  seen  that  with
increasing flexibility ratio, i.e. increasing soil stiffness, the error magnitude increases, implying that for soft clay
to dense sand the error between analytical and numerical methods will be less than 10% which may be
considered satisfactory. For had soils or soil with flexibility ratio higher than 4 closed form solution lead to
conservative results.

Table 4 The magnitude of error between closed form solutions and numerical method
Wang (1993)Penzien (2000)Model

∆MW-N (%)∆TW-N  (%)∆MP-N (%)∆VP-N  (%)∆TP-N  (%)
2.6-5.5-4.1-4.1-12
3.7-4.6-2.1-2.1-21.5S1

3.7-4.6-2.1-2.1-21.5
4.8-3.70.20.2-37.8

S2

4.8-3.70.20.2-37.8
10-2.35.91.8-80.8

S3

10.8-1.87.57.4-114.2
11.6-1.29.39-181

S4

15.3-0.912.912.7-223.6
19.50.118.317.5-584.8

S5

19.60.218.517.7-634.3
19.70.31917.6-940.4

S6

22.70.62220.3-1236
22.70.922.120.3-1518

S7
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4. COMPARISON BETWEEN ANALYTICAL SOLUTIONS AND NUMERICAL ANALYSIS FOR THE
CASE OF VARIABLE SHEAR STRAIN

In this section shear strain is not held constant, i.e. based on the soil properties shear strain is calculated and its
real value is then considered in the analysis process.

4.1. Closed form solution methods
The analysis reviewed in preceding sections was based on that the maximum shear strain )( maxg , similar to other
structural  and earthquake parameters  is  constant.  It  was noted in section 3.2 that  the maximum shear  strain is
dependent to parameters such as shear wave velocity and maximum mass velocity in the media. The shear wave
velocity, Vs, is dependent to the maximum velocity and acceleration, which is in turn dependent to the elasticity
modulus and Poisson ratio. If, therefore, E and n vary, shear modulus, G and Cm vary as well. With varying
Cm, maximum shear strain )( maxg , will vary. In this method the earthquake entry is the maximum acceleration of
earth movement, which may be calculated using ground level acceleration and soil layers specifications. In this
section based on maximum acceleration at the ground level assumption to be amax=0.35g and also soil layer
specifications, maxg can be calculated. Figure 6 illustrates the variations of maxg with elasticity modulus. It can
be seen that with increasing elasticity modulus, maxg increases initially sharply, but remaining roughly constant
with higher values of elasticity modulus.
The closed form solution with constant maximum shear strain, presented in the previous section, can now be
applied for an earthquake with specified acceleration gravity for which the maximum shear strain is calculated
with respect to different soil specifications. Here, the analysis was carried out for Wang's axial force and
Penzien's bending moment and shear force which the results are shown in figure 7.
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Figure 5 Existing errors between analytical and
numerical methods

Figure 6 Variations of maximum shear strain with
shear modulus

0 5 10 15 20 25 30 35 40 45
F (Flexiblity Ratio)

0

50

100

150

200

250

300

350

400

M
   

&
 V

   
(k

N
 &

 k
N

-m
)

0 5 10 15 20 25 30 35 40 45
F (Flexiblity Ratio)

0

200

400

600

800

1000

1200

T 
   

(k
N

)

V
M

max

max

m
ax

   
   

  m
ax m

ax

Figure 7 Variations of analytical results with flexibility ratio



The 14
th

World Conference on Earthquake Engineering
October 12-17, 2008, Beijing, China

CONCLUSIONS

Based on this research considering the original tunnel the following points can be concluded:
§ With comparisons closed form solution with numerical method, there is no significant difference between

numerical and Wang method in axial force calculation, however Penzien method leads to underestimation
axial force in no-slip condition.

§ Since the analytical methods are not able to evaluate shear strain distribution it is recommended to
evaluate maximum shear strain based on seismic time history maximum shear, and then employ this value
in presented in analytical methods.

§ It was observed that the bending moment and axial force variations depend on the flexibility ratio, it is,
therefore, recommended stress distribution to be considered for analysis and design of lining of the
tunnels.
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