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SUMMARY 
 
Pounding between structures during earthquakes is a highly complex phenomenon involving plastic 
deformations at contact points, local cracking or crushing, fracturing due to impact, friction, etc. Because 
of its complexity, modeling of impact is an extremely difficult task. It should be emphasized however, that 
the precise numerical model of pounding is essential if an accurate structural response is to be simulated. 
Pounding between colliding structures is usually modeled by the use of impact elements, which simulate 
pounding force when contact occurs. The most often used type of such an element is a relatively simple 
linear spring-damper. In order to model the pounding force more accurately, a non-linear elastic spring 
following the Hertz law of contact has been used. The disadvantage of this model is that it does not take 
into consideration the energy, which is dissipated during collision. The aim of this paper is to analyze a 
non-linear viscoelastic model which can be used to simulate pounding force even more precisely. In the 
model, a non-linear spring following the Hertz law of contact is applied. Additionally, a non-linear damper 
is activated during an approach period of collision in order to simulate the process of energy dissipation. 
The accuracy of different pounding force models is checked by comparing the results of numerical 
simulations with the experimental results. The analysis confirms the effectiveness of the non-linear 
viscoelastic model as the most precise one in simulating the pounding force history during impact. 
 

INTRODUCTION 
 
Pounding between neighboring, inadequately separated buildings or bridge segments during earthquakes 
can lead to considerable damage or even collapse of colliding structures [1]. Impact itself is a highly 
complex phenomenon involving plastic deformations at contact points, local cracking or crushing, 
friction, etc. what results in difficulty in its modeling. Structural pounding has been recently studied by 
application of various models of collisions. The fundamental study on pounding between buildings in 
series using a linear viscoelastic model has been conducted by Anagnostopoulos [2]. Jankowski et al. used 
the same model to study pounding of superstructure segments in bridges [3]. In order to model collisions 
more accurately, a non-linear elastic model following the Hertz law of contact has been used by a number 
of researchers (see [4,5] for example). 

The aim of the present paper is to analyze a non-linear viscoelastic model of collisions, which can be 
used to simulate structural pounding even more precisely. In the model, a non-linear spring following the 
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Hertz law of contact is applied. Additionally, a non-linear damper is activated during an approach period 
of collision in order to simulate the process of energy dissipation. 
 

POUNDING FORCE 
 
The experimental results (see [6,7]) for example) show that pounding force during impact depends 
substantially on many factors, such as: masses of colliding elements, their relative velocity before impact, 
structural material properties, contact surface geometry and previous impact history. A typical example of 
the load-time diagram obtained from impact experiment is shown in Figure 1 [7]. 
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Figure 1. Example of pounding force history from impact experiment [7]. 
 

Pounding force time history during impact consists of two sub-intervals. The approach period 
extends from the beginning of contact up to the maximum deformation. It is followed by a restitution 
period lasting till the separation. The beginning of the approach period is attributed to elastic material 
behavior but soon plastic deformations, local cracking or crushing may take place. In the restitution 
period, the accumulated elastic strain energy is released without plastic effects [6]. The experimental 
results (see Figure 1) indicate that during the approach period, the relatively rapid increase in the 
pounding force is observed. On the other hand, during the restitution period, the force decreases with 
lower unloading rate, which is even more reduced just before separation. 
 

MODELLING OF POUNDING 
 
Pounding between colliding structures is usually modeled by the use of elastic or viscoelastic impact 
elements (Figure 2) which simulate pounding force. These elements become active when contact is 
detected, i.e. when the following condition is satisfied: 

 ( ) 0δ >t , (1) 

where ( )δ t  is expressed by the formula: 

 ( ) ( ) ( )1 2δ = − −t x t x t d , (2) 

where ( )1x t , ( )2x t  are displacements of structural members with mass 1m  and 2m , respectively, and d is 

the initial separation gap.  
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Figure 2. Modeling of structural pounding by impact elements. 

 
Linear viscoelastic model 
The most frequently used type of impact element is a linear spring-damper (linear viscoelastic model of 
pounding force) [2,3]. The pounding force, ( )F t , for this model is expressed as: 

 
( ) ( ) ( ) ( )
( ) ( )

for 0 (contact)

0 for 0 (no contact)

F t k t c t t

F t t
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where k is an impact element’s stiffness simulating the local stiffness at the contact point and c is an 
impact element’s damping, which can be determined from the formula: 

 1 2

1 2

2ξ=
+

m m
c k

m m
, (4) 

where ξ  is a damping ratio correlated with a coefficient of restitution, e, which accounts for the energy 
dissipation during impact [2,6]. Value of 1e =  deals with the case of a fully elastic collision, value of 

0e =  with a fully plastic one. The disadvantage of the linear spring-damper element is that its viscous 
component remains active also during the restitution period of collision. This results in opposing the 
separation of colliding bodies as they bounce back, which does not have a physical explanation [6]. As it 
was mentioned earlier, the restitution period is mainly attributed to elastic behavior where the 
accumulated elastic strain energy is released without any plastic effects. Nevertheless, the linear 
viscoelastic model has been commonly adopted to simulate the pounding force during impact. 
 
Non-linear elastic model 
In order to model the pounding force more accurately, a non-linear elastic spring following the Hertz law 
of contact has been used by several researchers (see [4,5] for example). The pounding force, ( )F t , for 

this model is expressed by the formula: 
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where β  is an impact stiffness parameter, which depends on material properties and geometry of 
colliding bodies [7]. The disadvantage of the Hertz contact law model is that it is fully elastic and does not 
account for the energy dissipation during contact due to plastic deformations, local crushing, etc. 
 



Non-linear viscoelastic model 
The aim of the present paper is to analyze a non-linear viscoelastic model of collisions, which can be used 
to simulate structural pounding even more precisely. In the model, a non-linear spring following the Hertz 
law of contact is applied. Additionally, a non-linear damper is activated during the approach period of 
collision in order to simulate the process of energy dissipation, which takes place mainly during that 
period [6]. The pounding force, ( )F t , for this model is expressed as: 
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where β  is an impact stiffness parameter and ( )c t  is an impact element’s damping which at any instant 

of time can be obtained from the formula: 

 ( ) ( ) 1 2

1 2

2ξ β δ=
+

m m
c t t

m m
, (7) 

where ξ  denotes a damping ratio determined for a given value of coefficient of restitution, e, by 
conducting numerical simulations.  
 

VERIFICATION OF POUNDING FORCE MODELS 
 
In order to verify the accuracy of different pounding force models, the results of the numerical analysis 
have been compared with the results of the experiment conducted by van Mier et al. [7] for impacts 
between a pendulum concrete striker and a fixed prestressed concrete pile. Neglecting the influence of the 
pile, the numerical simulations can be carried out using a model of one-sided pounding of pendulum 
striker with a stationary rigid barrier as shown in Figure 3. Assuming small oscillations of pendulum, the 
dynamic equation of motion for such a model can be expressed as: 

 ( ) ( )1
1 1 1

1

( ) 0+ + =&&

gm
m x t x t F t

l
, (8) 

where: ( )1x t , ( )1&&x t , 1m , 1l  are the horizontal displacement, acceleration, mass and length of the 

pendulum striker, respectively, ( )F t  is the pounding force defined by eq. (3), (5) or (6) and g is 
acceleration of gravity. In order to ensure a specified velocity at the first impact, the pendulum striker has 
to be initially displaced by appropriate distance ( )1 00x x= , ( )0 0x < .  
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Figure 3. Model of pounding of pendulum with rigid barrier. 
 

The simulations have been conducted for different contact surface geometries, striker mass and 
impact velocity values applying three different models of pounding force. An example of the results from 
the numerical analysis and the experiment [7] for impact of spherical concrete pendulum striker of mass 
570 kg (concrete strength 38.2 N/mm2) with impact velocity 0.5 m/s are shown in Figure 4. In the 
numerical analysis, the following values of parameters defining the pounding force models have been 
used: 100 MN/mk = , 0.14ξ =  ( 0.65)e =  for linear viscoelastic model, 3/250 kN/mmβ =  for non-linear 

elastic model and 3/280 kN/mmβ = , 0.35ξ =  ( 0.65)e =  for non-linear viscoelastic model. A time-
stepping integration procedure with constant time step 0.0001 s has been applied to solve the equation of 
motion (8) numerically. 
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Figure 4. Pounding force history during impact for striker mass 570 kg and impact velocity 0.5 m/s 
 



CONCLUSIONS 
 
The results of the analysis presented in Figure 4 indicate that the proposed non-linear viscoelastic model is 
the most precise in simulating the pounding force history during impact. It allows to simulate the 
relatively rapid increase in the pounding force during the approach period and the decrease in the force 
with lower unloading rate during the restitution period. On the other hand, Figure 4 confirms also the 
disadvantages of the two other models considered. In case of the linear viscoelastic model, the negative 
force can be observed close to separation. In case of the non-linear elastic model following the Hertz 
contact law, the pounding force history at approach and restitution periods is symmetric due to elastic 
behavior resulting in higher maximum pounding force value and longer time of contact. 
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