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SUMMARY 
 
This paper introduces an improved capacity spectrum method solution procedure that has been adopted as 
one of the three solution procedures to be presented in FEMA 440 [4]. The solution procedure gives added 
insight into the sensitivity of the Performance Point prediction and is formulated to work for several types 
of design spectrum. Additionally, improvements have been made in the accuracy of the effective linear 
parameter equations for several hysteretic systems including bilinear, stiffness degrading, strength 
degrading and pinching models. The entire procedure has been automated in an Excel program for easy 
application as an engineering analysis tool. Minimal user inputs are necessary to create the graphically 
based Performance Point solution. It is believed that this new analysis tool will make the capacity 
spectrum method of analysis less time consuming and more economical. 
 

INTRODUCTION 
 
Within performance-based engineering, four types of building analysis techniques are available: linear 
static, linear dynamic, nonlinear static and nonlinear dynamic. Of the four, nonlinear static procedures 
have become especially popular because of the appeal that displacement demands can be calculated which 
directly take into account the nonlinear load-deformation characteristics of both the structural elements 
and the entire structure without running a nonlinear time history analysis. Nonlinear time history analyses 
performed on large, detailed building models can often be difficult to execute and interpret and therefore 
time consuming and expensive for structural design. There are currently two nonlinear static procedures - 
the capacity spectrum method and the coefficient method. The current coefficient method is presented in 
FEMA 356 [6]. The current capacity spectrum method (CSM) is presented in ATC-40 and will hereafter 
be referred to as the conventional CSM [1]. Improvements to both nonlinear static procedures have been 
adopted for inclusion in the forthcoming FEMA 440 document. This paper focuses on improvements to 
the capacity spectrum method of analysis. These improvements make the CSM more accurate, more 
insightful, less time consuming and more economical. Statistically optimized effective linear parameter 
equations developed by the authors are a significant improvement over the existing equations in the 
conventional CSM. They have been validated by the authors in Reference 7. Additionally, significant 
improvements in the CSM solution procedure bring to light important insight into the sensitivity of the 
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displacement prediction. The authors have also developed an automated Excel program that performs the 
entire improved CSM solution procedure using only four essential user inputs of structural capacity and 
seismic demand. 
 

A STARTING POINT FOR OPTIMIZATION 
 

Figure 1. Early effort to define optimal equivalent linear parameters (Iwan, 1980) 
 
In 1980, an optimal set of equivalent linear parameters for earthquake excitation was defined based on 
making an adjustment to the linear response spectrum [10]. In that study, ductility dependent inelastic 
response spectra were compared with elastic response spectra, and displacement preserving shifts of the 
inelastic spectra were determined which minimized the average absolute value difference between the 
inelastic and equivalent linear spectra over a range of periods. A family of hysteresis behavior was 
considered including bilinear hysteretic as well as pinching hysteretic models. Fig. 4 shows a typical set of 
inelastic and elastic response spectra and indicates the manner in which the spectra were adjusted.  
 
Using the stated procedure, the following relationships were obtained for the optimal effective linear 
parameters: 
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It is noted that the equations were not developed to have a dependence on the second slope ratio, 
commonly referred to as α. In addition, the optimal effective period defined by the above relationship is 
significantly less than the period associated with the secant stiffness (or, the optimal stiffness is 
significantly greater than the secant stiffness). The secant period is employed as the optimal effective 
linear period in the conventional CSM. It is also observed that the damping value used in the conventional 
CSM approach is significantly greater than the optimal damping parameter. Thus, the conventional CSM 
approach significantly over estimates both the effective period and damping of inelastic systems. In some 
regions of response, these two over estimates combine in such a manner that the resultant response 
prediction is not much different from the prediction obtained from the optimal parameters. However, these 
two over estimates do not always counteract each other to produce reliable estimates of displacement. 

 



 
Figure 2. Distribution of Percent Error in Performance Point Displacement. Elastoplastic 

system, To = 0.1-2.0 sec (0.1 sec increments), µ=2, 28 far-field earthquakes. 
 

In terms of performance-based engineering, the most meaningful evaluation of both the optimal effective 
linear parameters and the conventional CSM equations is in the accuracy of the Performance Point 
displacement prediction. Fig. 5 shows the distribution of the Performance Point displacement error that is 
obtained using the early optimal parameters and the conventional CSM parameters for an elastoplastic 
system [11]. It is evident from the figure that there is only a modest difference between the mean values of 
the error for the two approaches. The optimal parameters give a mean Performance Point error of -4.4% 
while the conventional CSM approach gives a mean error of -9.5%. However, there is a very substantial 
difference in the standard deviation of the error for the two approaches. The optimal approach error has a 
standard deviation of 21.2% while that of the conventional CSM approach is 68.7%. As seen from the 
figure, the conventional CSM approach has a much greater probability of exhibiting extreme over 
prediction errors than does the optimal approach even though the mean error of the conventional approach 
is less conservative than the optimal approach. Hence, it is clear that it is inadequate to merely minimize 
the mean value of the displacement error when defining an optimal set of effective linear parameters. It is 
necessary to simultaneously minimize both the mean and standard deviation in some sense. 
 

A NEW STATISTICAL ANALYSIS 
 
The results of the early optimization study described above provide the motivation for a more 
comprehensive study of equivalent linearization for earthquake response prediction. In the earlier study, 
the error measure used for optimization was the mean of the absolute value of the displacement error. This 
is an intuitive error measure which leads to reasonable results. However, this error measure may not be as 
directly meaningful as other possible measures. In practice, it would seem to be more appropriate to have 
the measure of goodness of the optimal effective linear parameters based on some measure of engineering 
acceptability. This is the approach used in this study. 
 
Consider the idealized probability density function of the response error shown in Fig 6. Here, it is 
assumed that the distribution of the error will be approximately Gaussian or Normal for a sufficiently large 
sample of earthquake responses. Note the two cases shown. In one case, the mean error is zero and in the 

 



other case the mean error is negative 5%. As mentioned above, it might be thought that it would be 
sufficient to simply optimize the linear parameters by making the mean value of the error as close to zero 
as possible. In fact, it is always possible to select a set of linear parameters for which the mean value of 
the error is identically zero. However, from the figure, it is seen that this criterion would not necessarily 
provide the lowest probability of exceeding some level of response error. For example, the case with a 
mean of -5% but a much smaller standard deviation gives a much smaller probability of the response lying 
outside the error range of -10% to +20% than does the case with zero mean. Therefore, from the point of 
view of structural safety and reliability, or engineering acceptability, the -5% mean case would be a much 
better choice than the zero mean case. 
 

 
Figure 3. Illustration of probability density function for a Normal distribution. 

 
The above reasoning provides the basis for the improved optimization procedure presented herein. For the 
present study, the optimal range of error values will be referred to as the “Engineering Acceptability 
Range” (EAR). The optimization criterion will therefore consist of minimizing the probability that the 
percentage error in the response of the equivalent linear system compared to the actual response will lie 
outside the EAR. It has been determined from an engineering design point of view that the EAR will 
encompass -10% to +20%. Let ℜ  be the probability that the error, εD, lies outside some desired range. 
The Engineering Acceptability Criterion may therefore be stated as: 

1 Pr( 10% 20%)EAR D minimumεℜ ≡ − − < < =    (Eqn. 2) 

For the present study, several single-degree-of-freedom hysteretic systems are subjected to 28 far-field 
ground motions from a Caltech database [3]. The initial linear periods range from 0.1 – 2.0 seconds at an 
increment of 0.1 seconds, totaling 20 period values. This range of periods has been determined to best 
represent the typical elastic building periods to be analyzed by the CSM. Combining the 20 initial periods, 
28 ground motions and, if desired, different hysteretic systems creates contours of ℜ EAR over a two 
dimensional parameter space of Teff/To and ςeff–ςo at discrete values of ductility. An example of this is 
shown in Figure 3. The minimum point is marked by a square. In these figures, the distributions of error 
values at each coordinate in the parameter space are assumed to be Normal. Each distribution is defined 
by the mean and standard deviation of the actual error distribution. This assumption is not essential to the 
approach. However, it has the effect of smoothing the contours, making it easier to determine the optimal 
point. 



 
Figure 4. Contours of EARℜ  with the minimum points marked by a square. 

 
Several different single-degree-of-freedom hysteretic systems are considered including bilinear, stiffness 
degrading, stiffness and strength degrading and two pinching hysteretic systems [9,12]. These systems 
have been analyzed for a wide range of second slope ratios. These systems are shown in Figure 4.  
 

 
 

Figure 5. Types of inelastic behavior considered in the new study. BLH=Bilinear, STDG=Stiffness 
Degrading, STRDG=Strength and Stiffness Degrading and PIN=Pinching Hysteresis. 

 
Analytical Expressions for the Optimal Effective Linear Parameters 
Contours of ℜ EAR are computed for a range of ductility values from 1.25 to 6.5 at a 0.25 increment and 
additionally at 8.0 and 10.0. This yields a relationship for the optimal effective period and damping as a 
function of ductility. A curve fitting process is employed to obtain analytical expressions for Teff and ςeff 
as functions of µ up to a ductility of 6.5. To extend the results to ductilities beyond 6.5, a semi-empirical 
approach is employed taking into account the data points at ductilities of 8 and 10. A typical result is 
shown in Fig. 5. 



 
Figure 6. Example of an analytical expression developed to fit the data points.  

 
The analytical expressions shown in Figure 6 are: 
 
For µ<4.0: 
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For 4.0 ≤ µ ≤ 6.5: 
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For µ>6.5: 

[ ]

[ ]

2

2

( 1)
/ 1 0.870 1

1 0.10 ( 1) 1

0.360( 1) 1
24.383

0.360( 1)

eff o

eff
eff o

o

T T

T

T

µ
µ

µζ ζ
µ

 −− = − 
 + − − 

 − −− =  
−  

   (Eqn. 3) 

 
These expressions may appear somewhat complex for use in a simplified analysis procedure like the 
CSM. However, the authors have developed an analysis tool for applying these equations within a CSM 
solution procedure in which values of effective period and effective damping are calculated internally to 
the program. The engineer does not directly use these equations and therefore the complexity of the 
expressions is not a significant concern. The validation for these and other equations as compared to the 
conventional CSM equations is presented in Reference 7. The improvement in the Performance Point 
displacement prediction of these equations as compared to the equations from the convention CSM is 
substantial. 

 
 
 
 



THE CAPACITY SPECTRUM METHOD 
 
The Capacity Spectrum Method (CSM) combines a representation of structural capacity with a 
representation of seismic demand to predict an expected displacement for a structure subjected to seismic 
events. Structural capacity is represented by a capacity spectrum determined from a push-over analysis 
and seismic demand is represented by response spectra. The seismic demand experienced by a structure is 
represented by an acceleration-displacement response spectrum (ADRS).  The vertical axis is pseudo-
spectral acceleration (PSA) and the horizontal axis is spectral displacement (SD). Therefore, the slope of a 
radial line is inversely proportional to the natural period. The larger the slope of the vertical line, the 
shorter the period and the smaller the slope, the longer the period. Linear response spectra with varying 
amounts of damping represent inelastic seismic demand. Each value of damping is associated with a 
corresponding value of ductility from some effective damping equation. For different displacement values 
along the capacity spectrum, bilinear approximations are constructed which define a yield displacement 
for the structure. Inelastic response is characterized by ductility, µ, which is the maximum displacement 
divided by the yield displacement. The location at which the demand and capacity ductilities are equal 
denotes a type of dynamic equilibrium. The equilibrium point defines the expected performance of the 
structure, referred to as the Performance Point. 
 
Before proceeding, a brief comment on the representation of the seismic demand is in order. Spectral 
acceleration (SA) and Pseudo-Spectral Acceleration (PSA) are defined as follows: 
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where SD is the spectral displacement, ς is the fraction of critical damping and ωn is the natural 
frequency. When ς=0, clearly SA=PSA but when ς≈0, SA≠PSA. For increasing levels of viscous 
damping, SA and PSA can in fact be quite different. In the ADRS format, which is the format for the 
seismic demand in the CSM, a radial line is taken to represent a constant value of structural period, T, 
which may be expressed as: 
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Some publications incorrectly use SA instead of PSA in Equation (4) or incorrectly define SA. The 
distinction between SA and PSA is subtle, but becomes important for the larger values of damping which 
routinely occur in the CSM approach. 
 
The Modified ADRS (MADRS) 
The conventional CSM must be modified in some manner to allow for the use of the optimal effective 
linear period equations developed in this study. Although the conventional CSM does not explicitly use an 
effective linear period equation, by virtue of the solution procedure, the secant period is implicitly used as 
the effective linear period. Several options exist as ways to change the conventional CSM to allow for any 
value of effective linear period, not just the secant period. Among several possible adjustments, the most 
straight-forward is to modify the ADRS seismic demand. This adjustment allows the improved CSM to 
retain a very strong similarity to the conventional CSM. For a single ADRS, every value of pseudo-
spectral acceleration at every spectral displacement may be multiplied by the ratio of the secant stiffness 
of the capacity spectrum to the optimal effective stiffness. An example of this is shown in Figure 7. 



 
Figure 7. Application of the modification factor to the acceleration-displacement response spectrum 
(ADRS) creating the modified acceleration-displacement response spectrum (MADRS). 
 
As seen in Figure 7, the modification factor, M, is defined as:  
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where Aeff is the maximum acceleration obtained by the intersection of the ADRS and the radial line 
representing the effective period, Teff and Asec is the value of acceleration corresponding to the intersection 
of the MADRS and the radial line representing the secant period, Tsec. Since the Spectral Displacement, 
Deff, is the same for both the ADRS and MADRS it is easily shown that: 
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The MADRS may be used in combination with the capacity spectrum to determine the Performance Point 
as shown in Figure 8. Through the implementation of the modification factor, the displacement of the 
effective linear system, defined by the effective period, Teff, and damping, ςeff, is translated down to the 
secant period, Tsec. By introducing a modification factor, the Performance Point remains at the intersection 
of the demand and capacity curves while the use of an effective period different from the secant period is 
now permitted. 



 
Figure 8. Determining the Performance Point (PP) using the modified acceleration-displacement response 
spectrum (MADRS). 
 
An Improved Capacity Spectrum Method of Analysis 
The conventional CSM solution procedures have been significantly improved in two main areas: accuracy 
of the effective linear parameters and insight into the sensitivity of the performance point prediction.  The 
new methodology for determining optimal effective linear parameters relating to the Engineering 
Acceptability Criterion has resulted in improved effective linear parameters that significantly improve the 
accuracy of the performance point prediction. Although not presented in this paper due to space 
limitations, they are available in Reference 7. 
 
Insight into the sensitivity of the performance point prediction is obtained by introducing a new solution 
procedure. Three new options of solution procedures will be presented in FEMA 440. Procedure C will be 
discussed briefly and is termed the improved CSM solution procedure. The prominent addition to the 
improved CSM solution procedure is the introduction of the Locus of Performance Points.  To determine 
the Locus of Performance Points, several MADRS must be computed for a range of ductility values. 
Together, these MADRS will be referred to as the family of MADRS. 
 
An example of a family of MADRS is shown in Figure 9 along with a bilinear capacity spectrum.  Along 
the capacity spectrum, at displacement greater than the yield displacement, radial lines (dotted lines in the 
figure) representing the different secant periods are drawn.  The secant period lines must be constructed 
for the same ductility values as were computed for the family of MADRS. The Locus of Performance 
Points is created by connecting the points of intersection for each MADRS with its corresponding secant 
period line. The Performance Point occurs at the intersection of the Locus of Performance Points and the 
capacity spectrum. 



 
Figure 9. Determining the Performance Point from the Locus of Performance Points and the capacity 
spectrum. 
 
From this new solution procedure, information is available beyond just a Performance Point coordinate. 
The new solution procedure gives insight into the sensitivity of the Performance Point prediction. The 
procedure reveals how changes in either the capacity or demand will effect the prediction. If the strength 
of the capacity spectrum were increased or decreased, the performance point obviously changes, but by 
how much? The answer depends on the angle of intersection between the Locus of Performance Points 
and the capacity spectrum.  The angle of intersection is directly observable in this procedure. Examples of 
two different angles of intersection are shown in Figure 10. 

 
Figure 10. The effect on the Performance Point from slight changes in the capacity spectrum in relation to 
a large angle of intersection (a) and a small angle of intersection (b). 



 
Figure 10 (a) shows a case where the angle of intersection is nearly 90 degrees. In this case, a strengthened 
or weakened structural capacity has little effect on the Performance Point location. The corresponding 
displacement is therefore relatively insensitive to changes in structural strength. Figure 10 (b) shows a 
case where the angle of intersection is small. In this case, a strengthened or weakened structural capacity 
has a large effect on the Performance Point location. In this case, the corresponding displacement is highly 
sensitive to changes in structural strength. 
 
While the conventional CSM solution procedures make no mention of it, the possibility of multiple 
Performance Point solutions is clear in the new solution procedure. There may be one, several or zero 
intersections of the Locus of Performance Points and the capacity spectrum. Extending the locus to 
ductilities well beyond the first intersection will help reveal if multiple intersection points exist. Multiple 
performance points require serious attention. A conservative approach is to use the Performance Point at 
the largest displacement. 
 

AUTOCSM – AUTOMATED CAPACITY SPECTRUM METHOD OF ANALYSIS 
 
The improved CSM solution procedure has been automated for application in structural design [8]. 
AutoCSM is an automated Excel program that requires minimal user inputs for both structural capacity 
and seismic demand. The program computes the Locus of Performance Points from which the 
Performance Point may be determined graphically. The only required input values are: capacity spectrum 
coordinates, coordinates of the bilinear approximations to the capacity spectrum, hysteretic model 
classification and the design spectrum. AutoCSM has a graphical user interface that guides the engineer 
through the necessary input values. If errors have been made during the input process, AutoCSM notifies 
the user of the type of error and will not proceed until it has been corrected. Once all necessary values 
have been successfully verified, the program displays the design spectrum, Locus of Performance Points 
and the capacity spectrum. From this plot, the Performance Point and its sensitivity to the input parameters 
is easily determined. A sample solution page from AutoCSM is shown in Figure 11. 
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Figure 11. Solution from AutoCSM. 



 
CONCLUSIONS 

 
The improved capacity spectrum method of analysis presented in this paper has incorporated 
improvements in the effective linear parameters and a new completely graphical solution procedure. The 
new solution procedure gives important insight into the sensitivity of the Performance Point prediction for 
consideration by the engineer. AutoCSM applies the improved solution procedure using only four inputs 
of structural capacity and seismic demand. AutoCSM makes the capacity spectrum method more 
appealing for use as an engineering analysis tool. 
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