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Abstract

We construct hidden variable bivariate fractal interpolation surfaces (FIS). The vector valued
iterated function system (IFS) is constructed in R* and its projection in R® is taken. The
extra degree of freedom coming from R* provides hidden variable, which is an important factor
for exibility and diversity in the interpolated surface. In the present paper, we construct an
IFS that generates both self-similar and non-self-similar FIS simultaneously and show that the
hidden variable fractal surface may be self-similar under certain conditions.

Keywords: Bivariate Fractal; Fractal Dimension; FIF; IFS; Surface Generation.

1. INTRODUCTION

Fractal surfaces are currently being given consid-
erable attention due to their applications in ar-
eas such as Metallurgy,! Earth Sciences,?? Surface
Physics,*® Chemistry® and Medical Sciences.” The
approximation of natural surfaces in these areas has
emerged as an important research eld. Due to com-
plexity of the natural objects, Fractal Geometry
is found to be the best tool to approximate these
surfaces.
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The concept of fractal interpolation function
(FIF) was introduced by Barnsley.8° These FIF are
self-similar and have ne structure. The construc-
tion of univariate hidden variable real-valued FIF,
that are not self-similar, has also been discussed
by Barnsley.%1® P. R. Massopust!! introduced the
construction of fractal surfaces using iterated func-
tion system (IFS). The fractal surfaces, using Voss’s
successive random addition algorithm, have been
discussed by Feder.'? Multiresolution-based fractal
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surfaces and their properties have been discussed
earlier by Germino et al.'*1* and Massopust.?® Xie
and Sun'® constructed bivariate fractal interpola-
tion surfaces (FIS) and discussed their properties.

In the present paper, we introduce hidden
variable bivariate FIF. The idea is to construct a
vector-valued IFS fR*; Wpm:n=1;2;:::;N; m =
1; 2;:::; Mg such that the projection of |ts attrac-
tor G on R® is the required interpolation surface.
The extra degree of freedom provided by working in
R* gives us hidden variables. These variables may
be used to adjust the fractal dimension and shape of
the interpolation surfaces. Our construction of IFS
is superior to that of Xie and Sun,® in the sense
that it gives self-similar and non-self-similar FIS si-
multaneously with the introduction of constrained
free variable while the construction of Xie and Sun
gives only self-similar FIS. The natural projection of
attractor G on R® gives hidden variable FIS and the
projection of G by taking rst, second and fourth
coordinates simultaneously gives the bivariate FIS
as constructed by Xie and Sun.'® The constrained
variable depends on the roughness factor of frac-
tal surface which is generated in the extra degree of
freedom. During the study of these surfaces, we nd
the conditions for coalescence of self-similar surface
(FIS) and non-self-similar surface (hidden variable
FIS). Since the hidden variable FIS is the projec-
tion on R® of a fractal in R* and it coincides with
the fractal surface, in our case the projection of a
fractal may be self-similar in nature, in contrast to
the observation of Barnsley® that the graph of hid-
den variable FIS is not self-similar, or self-a ne, or
self-anything.

2. CONSTRUCTION OF HIDDEN

VARIABLE BIVARIATE FIS

2.1. Construction of Fractal
Surfaces from FIF

compact subset K I R and a collection of con-
tinuous mappings wn : K T K; n=1; 2;:::; N,
such that unique attractor of the IFS fK; wp,
n=12:::, Ng is the graph G of the FIF T such
that f(X; ) =vyij, i =0; 1;:::; N: The construction,
existence and properties of FIF are discussed in the
literature.%1517¢{1% By translating a FIF along a
direction perpendicular to the plane of the function
for a distance d, we can get the fractal surface from
FIF. This surface can be covered by

Ney =g S @

number of small squares of area "2, where D is the
fractal dimension of the FIF. The rst factor in
R.H.S. of Eqg. (1) is the number of small squares
with side " along the direction of d and the second
factor shows the number of intervals with length "
covering the FIF. It is known that if D is the fractal
dimension of this surface, then®

D=1+D )

2.2. Principle of Bivariate Hidden
Variable FIS

Consider the interpolation data as f(Xn; Ym; Zn:m) 2
R3n=10;1;2:::;N;m =0;1;2;:::; Mg: It is
required to construct an mterpolatlon functlon T
D ¥ R such that f(Xn; Ym) = zZnm for all n =
0;1,2,:::;Nand m=0; 1; 2;:::; M: Con3|dera
generallzed set of data as f(xn, ym, Zn:m; thm) 2
RN =0;1;2;:::;N;m=0;1;2;:::; Mg where
ftnmjn—012 """ i N; m—012 """ ;Mg is a
set of real parameters. Let

a=X, <X <
C:y0<y1<

be the partition of D = I
Set In = [Xn 1; Xn];

Im =[Ym 1:Ym] and Dpm=1In Im:

<x,=b
<Yu =d ©

J, 1 =Ja;b],d =]c; d]

Consider the data set f(xi; yi)21 Ri=0;1;
2;::0, Ng; where 1 = [X,; %] R: Thereisa Dene n:l X1, m:J ¥ Jy,sothat
|
n(X,) =Xn 1 n(%) =% mo) =Ym 1. n(Vy) =Ym (4)
j n(c1)  n(ej<kijer  C2jij m(d1))  m(d2)j <kzjd;  doj
wherecy;c221;d1;d2 23,0 ki <1;0 ky<l1:

De ne the mapping Ln:m: D ¥ R? by Lnm(X; ¥) = ( n(X),

map.
Set 01 = Minn;m Zn:m, U2 = MaXn;m Zn:m, h, =
D = [01;g2] [hy; h2] and K =

Minp:m th:m, h2 =
D D: Now, choose Fpm: K X

m(y)): It follows that L., is a contraction

MaXn,m tn;m
D to be a continuous function
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satisfying
D
Fr:m(Xo; Yos Zyo, to;o) =(2Zn 1m 15 th 1m 1) Fam (X Yoo Zy0 tN;O) = Zam 1 tam 1) (5)
Fn;m(xo; yM; ZO;M; to;M) = (Zn 1;m; th 1;m); Fn:m(XN; yM; ZN;M; tN;M) = (Zn:m; tI‘l;m)
and
d(Fnm($ Y Z; 1); Fam(X 5y 52 ;1)) cp=m Ym 14 Ym 1% Ymo.
kaj(z;t) (z;t)j (6) Yu Yo Y Yo
forn21:2::::N, m21:2::::: M, 0 kz<1, Hence o
. . . . . . H X X
where(x,.y,z,t), xX;y;z;t)2Kanddis the W0 = Xp g+ 2D n 1(x X,) =
sup. metric on K. X Xo
In the sequel, we use vector valued function Fp.m Vo Y 1 > (7
to construct the desired IFS. m)=Ym 1+ = Y,) >
Y Yo
2.3. Construction of IFS for Hidden Now, de ne,
Variable FIS Fam(X;y; z; t)
Let the functions Lh(X) = apx +by and n(y) = = (nmX+Famy+ nmZ+ nmt
CmY + dm satisfy Condition (4).
Then, + gn:mXY + Knim; €n:mX + Tamy
a, = Xn Xn 1. b — Xn 1)<N ano + n;mt + g'n,mxy + Rn;m (8)
n— —_— n——_ - o
%N %o %N %o Equation (5) gives that
o
Zn 1m; = enmXo + FamYo ¥ nimZoo ¥ nimtoo + InimXoYo + Knim
Znim; = €n:mXy + Famy, + nmZuo T nmbuo T OnmX Yo + Kn:m )

Zn 1m = €n:mXe + FamYy, + nmZom T nmbom F OnmXoYu + Kn;m §
Znim = enmXy F FamYy + nimZowm Fonmbom T+ InmXeYu + Knom 7

The system of Egs. (9) has four equations in six unknowns. Choose ., as free variable with j n.mj <1
and .m as constrained free variable with respect to ., such that j n.mj +j n.mj < 1. Consequently,

8]

g _Zn1tm 1 Zn 1m Znm 1t Znm n;m (Zeva) n;m (teva)
nm =

X Yo XV T XoYo %
A Zn 1m 1 Znm 1 nm(Zoo  Zuio) nmtoo  To)  Inm(XYe XYo) =
e Xy X
foo= Zn 1;m 1 Zn Lm nmZoo  Zom) nim(too  tom)  Inm(XeYo XoyM)§
m Yo Y

Knim = Znim  enimXy FrimYu nmZu:m mmbem  InmXy Y

where Zeva = ZN;M ZN;o ZO;M + Z0;0 and teva = tN;M tN;O to;M + to;o:
Similarly, for the second coordinate, we get ve unknowns in four equations. Consequently,

o
_Zntm 1 Zn tm Znm 1+tZnm n;m(teva)
Gn:m =
X XYoo Xo¥u T %Yo %
e _Zntm 1 Znm 1 n;m(to;o tN;o) Bnm (XY X Yo) =
o Xy %
_Zn tm 1 Zn 1m nmteo  Tom)  Snm(XoYo Xo)’M)%
fam =
Yo W

Rn:m = Znm  €nmXy  ThimYu nmiem  GnimXy Yu

(10)

(11
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We wish to construct Read-Bajraktarevic operator T on the space of vector valued continuous functions
from D to D: In order to keep the continuity of the image of T on the boundary of Dy.m; de ne Gp.m in
terms of the function Fp.;m as:
8
EFnH;m(xo;y; z;t);, x=x,,n=12:5N 1,m=12::;M
Gnm(X y; z; t) = >Fn;m+1(x; Yoi Z; 1), y=y,sn=12:::;Nom=1;2:::; M 1 (12)
T Fnm(X; y; Z; t); otherwise :

Finally, de ne the function Wnpm(X;y; z;t) on |
K as: Proof. Consider the metric on R* as

((X1; y1; 15 t1); (X2 Y2; Z2; 1))
Wnm0GYiz) = (a6 mO): CrmGYiZ0)  —j iy e+ G2zt )

8n=1;2;:::;N and m=1;2;:::;M: (14)

where is to be de ned latter.

Now, fR* Wpm(X;y;z;t), n = 1,2;:::; N, Then for x; X & X, Yy;y &Y, and Wn.n as in
m = 1;2;:::; Mg is the desired IFS for con-  Sec. (2.3),

struction of generalized FIF corresponding to the . o

data f(Xn; Ym; Znym; thym)in = 0; L;2:0; N, m = Wiim( Y3 2 O:Wiim(X 3y 52 1)
0; 1;:::; Mg and its projection on R3 |s the hid- =janjjXx X j+icmily Vi

den varlable bivariate FIS. + fienmX X )+ Fum@y Y )

3. EXISTENCE AND FOnm(Xy XYy)+ am@ z)
UNIQUENESS OF HIDDEN + am )i+jenm(x X ) +Famly y)
VARIABLE BIVARIATE FIS .

oW L N +enm(Xy XYy )+ nom(t t)j]

Theorem 1. Let fR*, Wpm; n = 1; 2;::0; N; . . . s .

m=1;2,:::; Mg be the IFS de ned in Sec. (2:3) Ganj+ (enm] *+Jenm))ix X |

associated with the data fXp; Ym; Zn;m; thmjn = +(jcmj+ (Fami +ifam)iy Vi

0;1;:::;N;m=0; 1;:::; Mg: Let n.m; nm and . . - .
n:m in the de nition of Wp.m satisfy j n.mj < 1; * (gnimd +JgnmDIX(y Y ) +y O X))

and_j nmj *+j mmi < 1 foralln =120 '\i + (G miiz 2j+(0 ami+] ambit )
Fquivalent to the Euclidean metrc suen that the 1Fs 03+ Genmi + e
is hyperbolic with respect to . In particular; there +j0nmYm] FignmYuiX X ]
f;](;its a unique nonempty compact set G R* such + (omi + (Frmi + [Fmi + iGnmX, ]
+ignmx DIy YIi+ ( nmiiz z]
G= Ex Wh:m(G) +( nmi+] amit t]) (15)
n=im=1 Now set,

mlnl n N(l janj)
Max, .\ n.1 m wm 2F€n:m] + j€n:mi + J9n:mYu] + J8n:mYa 9

1:

minl m M(:L ijj)
Max; . w1 m m 2FFnml + Tam) + J0n:mXy ] + J8n:mXJ9

2:
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and de ne = min( 1; 2): With this de nition ForF 2 F,
of ; the Inequality (15) gives (Wnm(X;y; z; t),
Wiim(X 3y 52 51) (TF)(X; ¥o) = Gra( 1 106) 1 (Vo) 2(( 110%6);
(1+271”1)Jx X j+ (721'“])” Y )R (G CH ()
+ (jZ z j +Jt t J) = Gl;l(xo; Yo Zoo> to;o)
<s(x xj+jy yi+ (z zj+jt tj) = F11(%} Yoi Zaoi too)
where = (Zo;o; to;o)
_ (1 + janj) .
§ = max 5 == n N); Similarly,
1+jcmj
Erlmdy m omy <1 (TF)0: o) = (o )i (TG o)
and = (ZO;M; tO;M); and (TF)(XN; yM)
- 1 n m?Xm ij nimli J nml +J nimjg < 1: - (ZNW'; ';\“M)

For x; x = x, ory,y =Y, the proof fol-  With A;; Ay; Asz; A4 as in Fig. 1, by the de nition
lows the same steps by de ning suitable . Hence, of TF,
Whn.m’s are hyperbolic in nature. It follows now,

by xed point theorem, there exists a unique lim (TF)(X; y) = lim (TF)(X; Y)
gonenggty compact set G R* such that G = (%y) ¥ (Xn;ym) (%y) ¥ (Xn;ym)
W (G) Xy)2A1 xy)2A2
mLomE e li TF)(X;y)
= im ;

Theorem 2. Let G be the attractor of the IFS T oay) ¥ (Xniym) ( y
de ned in Theorem 1: Then; G is the graph of G243
the continuous vector valued function F : D X = lim  (TF)(Xy)
D such that F(Xn;Ym) = (@Znm; tam) for all (x,>/())(:!y)(>2<2;1ym)
n = 1;2:::;N;m = 1;2;:::; M: i.e. G = _ ¢
f(x; y; z(X; y), t(x; ¥)j(x;y) 2 Dg and D; D are = (Zom; toim)

de ned as in Sec (2:2):
wheren=1;2;:::;;N 1,m=1;2:::;;M 1
Proof. Consider the family of functions, Also, fory 2 [ym, ym 1],

F =fF : D ¥ DjF is continuous;

F (X5 Yo) = (Zoyo3 to0) lim (TF)(x y)
F (% o) = (o’ o) s
F(Xoi V) = (ZO;M; tO;M); = Fn+1m+1(X,; m%l-ly; Z(X,; m%n-ly);
F O Yoa) = (G Tunn)9 0 me1Y))
For F;F 2 F; de ne the metric (F;F) = = lim (TF)(X y)
SUP(:yy2p KF (X; y)  F(X; y)k where k k denotes Cay) 2 S
the norm on R?. Then (F; ) is a complete metric

space.
Now, for all (x;y) 2 Dnm; de ne Read-
Bajraktarevic operator T on (F; ) as

. — 1 . 1 . 1 .
(TR Y) = Grim( a7 ()i e ()5 2(C 0700 Next, we prove that T is a contraction map on
m ) (00 m () (16)  F:For F 2 F; de ne z.(x; y), t(x;y) as z-value
We prove rst in the sequel that T maps F into  and t-value of the vector valued function TF at the
itself. point (x; y): Let F; H 2 F and (X; y) 2 Dn;m; then

Similarly, for all n and m, TF is continuous on
boundaries of Dp.m: Consequently, TF 2 F: O
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(Xn_ 1vym+1) (Xn vym+1) (Xn+1,ym+1)
/(xn,y)
A, A,
(Xn-]_‘ym) ()ﬁ‘],ym) (Xn+1,ym)
A A
1 2
(Xn1,Ym-1) X0 Ym1) (Xpe1,Ym-1)

Fig. 1 Continuity domains of TF.

(TF;TH)

= sup TKTF(x;y) TH(x;y)kg
(x;y)2D

= sup K nm@z( 2200 W)
(x;y)2D

2, ( n'00) MO+ im0t
() I W QS O H (%)

(S G ¢ B (7)) B Y R O ¥

m (Y)))kg

(xiy)2D SUPFkz- ( 1109 ' ()

A QS O Y (1)) B O G GO R (%))
(0 00 m ) (a9

m ) (00 W ())kg

(F;H)

where in view of the condition on  n:m, n'm, nm
imposed in Theorem 1,

=i m?xm MfJ nml; ] miml; ] nim)g < 1:
This establishes that T is a contraction mapping.
By xed point theorem, T has a xed point,
i.e. there exists a vector valued function Fo 2
F such that for all (x;y) 2 D; (TFo(X;y) =
Fo(x; y) = (zo(X; y); to(X; y)): Now, for all n 2
0;1;:::; N, m20; 1;:::; M;

Fo(Xn; Ym) = (TFo)(Xn; Ym)

= Gn+1;m+1( nil(xn)i mil()’m)i
Fo( nt1(Xn)i  mi1(Ym))
= Fn+1;m+l(xo; Yoi Zo0: to;o)
= (zn; tm)
This establishes that Fg is the function which
interpolates the data f(Xn; Ym; Zn:m; th:m)jn = 0;
1.0 N;m=0; 1;:::; Mg.

It remains to show that the graph G of the
vector valued function Fg is the attractor of the IFS
de ned in Theorem 1. To this end observe that for
al (x;y)2D,n=1,2:::;;Nm=1;2,:::; M
and forall F 2 F;

(TR n(¥); mY)) =Fnm(X; y; 2(X; y); t(X; Y))
=Fnm(X; Y5 2(X; y); (X Y))

= (enmX + famy +

+ nmt+ gn:mXy

+Kkn:m; n:mX + Fr:my

+ nmt+ Gn:mXY + Rnim)

n;mZ

Also,

o 1 g4
B
Weim EZ(X: y) e

t(x; y)

n(X)
m(y)
Gnm(X y; Z; 1)

@)

n(X)
m(y) A

TFo( n(¥); m(y))

© n(X) 1
=@

m(Y) A
Fo( n(X); m(y))

which shows that G satis es the invariance prop-
erty, i.e.

=@

G= Wn:m(G)

n=1m=1

However, by Theorem 1, the nonempty compact
set that satis es the invariance property is unique.
Consequently, G = G: This proves that G is the
graph of the vector valued function Fg such that

G =T1(x;y; Fo(x;y)i(x; y) 2 Dg:

Remark 3. The surface obtained as the projec-
tion of G on R® is described by f(x;y; z(X; y):
(x;y) 2 Dg and is called hidden variable FIS for



the given interpolation data f(Xn; Ym; Znm)in =
0;1;:::;N;m=0; 1;:::; Mg:

For a given set of bivariate surface data, if we
add an extra dimension to construct hidden vari-
able linear FIS, then we have one free variable in
the fourth coordinate whereas, in the third coordi-
nate, we have one free variable and one constrained
variable. In the case zn.m = th:m, the resulting scal-
ing factor of hidden variable FISis n.m+ n:m. As
J nmj<landj pmj+j nmj <1, takingj nmj <"
for su ciently small ", the scaling factor of hidden
variable FIS lies between 2% and 2 . Inductively,
if extra n-dimensions are added to bivariate surface
data, (n + 3)th coordinate has one free variable to
get interpolated fractal surface, (n+2)th coordinate
has one free variable and may have at most one con-
strained free variable, (n + 1)th coordinate has one
free variable and may have at most two constrained
free variables; :::: Continuing, the third coordinate
has one free varlable and may have at most n con-
strained free variables. So, in this extension, there
are n free variables and at most (1+2+3+  +n)
free variables in the hidden variable FIS. Due to the
restrictions on free variables and constrained free
variables, the scaling factor of hidden variable FIS
lies between (n+1)* and (n+1) . Thus, one can
expect a wide ranges of hidden variable FIS in the
higher dimension extensions.

4. EXAMPLES AND RESULTS

Consider the interpolation data as in Table 1. There
are nine data points on the surface. The linear sur-
face from this data is drawn in Fig. 2. The generated
hidden variable FIS from the data in Table 1 with

nm = 07, nm =04 and j.m = 0:3 is shown in
Fig. 3. Figures 4 to 7 give di erent hidden variable
FIS generated with di erent values of p.m, nm
and nm:

For a ghven surfacg, de ne its average roughness
asRa=  mZnm= ml The average roughness
of linear surface in Fig. 2 is 0.53125. The noise N of
any generated surface with respect to linear surface
is de ned as the ratio of their average roughnesses.
The variance V of z,y.m’s of any generated surface
describes the distribution of z-values on that sur-
face and so gives the information about roughness
of the surface. The variance of z-values for the lin-
ear surface in Fig. 2 is 0.0061. The root mean square
roughness Ry of any generated surface with respect
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Table 1 Interpolation data.
X
N 1 2 3
Y
0.3 0.7 0.8
1
0.3 0.7 0.6
0.5 0.4 0.5
2
04 0.8 0.8
0.6 0.6 0.6
3
0.5 0.5 0.9

Data points on the top left corner of a box  zn:m:
Data points on the bottom right corner of a box th:m:

to linear surface is de ned as

S><

(Zn:m
n;m

Zn;m)2

where the z,.m’s are z-values on the generated sur-
faces and z,..,’s are z-values of the linear surface.
The calculated values of Ra, N, V and Ry for the

Fig. 2 Linear surface from original data.
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Table 2 Average roughness (Ra), noise (N), variance (V) and root mean square roughness (Rq) for the
generated interpolation surfaces in Figs. 2 to 13.

Root Mean
Average Square
Roughness Variance of  Roughness
Details of Figures (Ra) Noise (N) Zn:m(V) (Rq)
Fig 2 linear surface from interpolation data as in Table 1. 0.53125 1.00 0.0061 0.0
Fig 3 Hidden variable FIS with n;m = 0:7; n;m = 0:4; 0.701441 1.32 0.0117144 36.4398
n:m = 0:3 and th:m as in Table 1.
Fig. 4 Hidden variable FIS with n:m =0:9; n:m = 0:4; 0.833173 1.568 0.029371 60.1616
n:m = 0:3 and tn:m as in Table 1.
Fig. 5 Hidden variable FIS with n:m =0:7; n:m = 0:6; 0.792524 1.492 0.0175995 53.4664
n:m = 0:3 and tn:m as in Table 1.
Fig. 6 Hidden variable FIS with n:m = 0:5; n:m = 0:6; 0.697358 1.313 0.0110018 36.18
n:m = 0:3 and th:m as in Table 1.
Fig. 7 Hidden variable FIS with n:m = 0:7; n:m = 0:4; 0.765991 1.442 0.0143968 47.0527
n:m = 0:5 and th:m as in Table 1.
Fig. 8 Hidden variable FIS with parameters as in Fig. 3, 2.90634 5.471 0.382988 447.626
with ty., =3; to;1 =4; top =1, t1;,0 =6, t1;1 = 7;
t1;2 =5 1t2;0 =9 t2;1 =8, tr0 = 2.
Fig. 9 Hidden variable FIS with n:m =0:9; n:m = 0:25; 0.516886 0.973 0.00671278 11.203
nm — 0:7 and with tn;m =Zn;m-.
Fig. 10 Fractal surface with n:m = 0:7 from the same IFS 0.519274 0.977 0.0076889 13.3355
for Fig. 9 by taking 1st, 2nd and 4th co-ordinates.
Fig. 11 Coalescence surface with n;m = 0:7; n:m = 0:2; 0.520932 0.98 0.00586607 7.8643
nm — 0:5 and tn;m =Zn;m.
Fig. 12 Hidden variable FIS with n;m = 0:9; n;m = 0:9; 0.527274 0.992 0.0667239 50.8205
nm = 0:05 and tn;m =Zn;m.
Fig. 13 Hidden variable FIS with n:m = 0:9; n:m = 0:9; 0.536457 1.01 0.0596593 44.2678

nm — 0:05 and tn;m =Zn;m.

Fig. 3 Hidden variable FIS with n:m = 0:7, n:m = 014, Fig. 4 E ectof changein n:m on hidden variable FIS with
n:m = 0:3 and th:m as in Table 1. nm =09, n:m =04, n:m=0:3and th:m as in Table 1.



Fig. 5 Eect ofchangein n:m on hidden variable FIS with
nm = 0:7, nm = 0:6, nm = 0:3 and tn;m asin Table 1.

Fig. 6 Eect of changein nm and nm on hidden vari-
able FIS with nm = 015, nm = 0:6, nm = 0:3 and tn;m
asin Table 1.

generated surfacesin Figs. 3 to 13 are given in
Table 2.

On comparisonwith linear surfacein Fig. 2, the
e ect of changein the valuesof m, nm and nm
on hidden variable FIS can easily be seenwith the
help of Table 2. Figure 3 is the hidden variable FIS
with Ry = 0:701441,N = 132,V = 0:0117144
and Rq = 36:4398. The hidden variable FIS gener-
ated in Fig. 4 with an increasein the valuesof .;m
by 0.2 shows that all the values of the roughness
parametersRa, N, V and Ry increasein this case.
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Fig. 7 Eect ofchangein nm on hidden variable FIS with
nm = 0:7, nm = 0:4, nm = 0:5 and tn;m asin Table 1.

Fig. 8 Hidden variable FIS with same parameter as in
Fig. 3, with fty., = 3,tp;1 = 4, to2 = 1,t1.0= 6,t1.1 = 7,
t1;2 = 5,t20= 9, t2;1 = 8,122 = 20.

Thus, the greater the value of n.n; the more
irregular is the surfacein nature. The hidden vari-
able FIS generatedin Fig. 5 with an increasein the
value of ., by 0.2 again demonstrates that all
the valuesof roughnessparameter increasebut this
increaseis lesserin comparison to generated FIS
in Fig. 4. Howewer, equal variations in ., (with
xed valuesof nm, nm) and pm (with xed
valuesof nm, nm) resultin dierent structure of



