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Modeling the nanoparticle formation mechanism in water-in-oil microemulsion, a self-assembled colloidal
template, has been addressed in this paper by two formalisms: the deterministic population balance equation
(PBE) model and stochastic Monte Carlo (MC) simulation. These are based on time-scale analysis of elementary
events consisting of reactant mass transport, solid solubilization, reaction, coalescence-exchange of drops,
and finally nucleation and growth of nanoparticles. For the first time in such a PBE model, realistic binomial
redistribution of molecules in the daughter drops (after coalescence-exchange of two drops) has been explicitly
implemented. This has resulted in a very general model, applicable to processes with arbitrary relative rates
of coalescence-exchange and nucleation. Both the deterministic and stochastic routes could account for the
inherent randomness in the elementary events and successfully explained temporal evolution of mean and
variance of nanoparticle size distribution. This has been illustrated by comparison with different yet broadly
similar experiments, operating either under coalescence (lime carbonation to make CaCO3 nanoparticles) or
nucleation (hydride hydrolysis to make Ca(OH)2 nanoparticles) dominant regimes. Our calculations are robust
in being able to predict for very diverse process operation times: up to 26 min and 5 h for carbonation and
hydrolysis experiments, respectively. Model predictions show that an increase in the external reactant addition
rate to microemulsion solution is beneficial under certain general conditions, increasing the nanoparticle
production rate significantly without any undesirable and perceptible change in particle size.

1. Introduction

Surfactant-based self-assemblies have a very well-defined
shape and a tunable size in the range of nanometers. Spherical
and cylindrical water-in-oil (w/o) and oil-in-water microemul-
sions (o/w), lamellar bilayers, vesicles, bicontinuous cubic, and
birefringent phases are some examples of surfactant self-
assemblies1 obtained at various compositions of oil, water, and
surfactant. These have been used as liquid-phase templates for
the synthesis of nanoparticles of controlled size and shape.2-4

Production of inorganic nanoparticles, in particular, metals,
metal oxides, semiconductors, and so forth, have assumed
unparalleled importance in various current technologies; chiefly
due to size- and shape-dependent novel magnetic, electronic,
and optical properties compared to their bulk counterparts.5,6

In addition, the high surface area-to-volume ratio of particles
leading to a large fraction of atoms being present on the
nanoparticle surface enable them for applications in heteroge-
neous catalysis,7 lubricating oil additives,8 electronic and optical
display devices,9 and so forth.

Among various self-assembled templates, w/o microemulsions
are most widely employed for the preparation of water-insoluble
nanoparticles. Microemulsions consist of nanosized, monodis-
perse water droplets dispersed in a continuous oil phase, with
the drops having an adsorbed surfactant monolayer.10 In the rest
of this paper, we use the termdrop to denote a spherical water
drop in a w/o microemulsion system. The size of a water drop
can be tuned easily; it increases linearly with the molar ratio of
water to surfactant used in the preparation.11

For nanoparticle synthesis employing a w/o microemulsion
solution (Figure 1), one of the reactants, A, in the form of a

gas or aqueous solution is added continuously to the micro-
emulsion solution, whereby A gets transported into the drops
(Figure 2a). Another reactant, B, is presolubilized in the drops
by using its aqueous solution. In some cases, instead of or in
addition to presolubilization, the reactant may be dispersed in
the oil medium as micrometer-sized solid particles (Figure 1).
In such a scenario, the drops solubilize the reactant while
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Figure 1. Schematic of the nanoparticle synthesis process. For brevity,
water-in-oil microemulsion drops are shown without surfactants.
Carbonation of lime: A, B, and C denote CO2, Ca(OH)2, and CaCO3,
respectively. Hydrolysis of hydride: A, B, and C denote H2O, CaH2,
and Ca(OH)2, respectively.
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colliding with the dispersed particle (Figure 2b). In all cases,
the reaction between A and B inside the drops (Figure 2c) causes
the water-insoluble reaction product [C(l)] to attain supersatu-
ration. The drops also undergo Brownian collision, thereby
coalescing with other drops in the medium. In the process their
contents are exchanged, followed by redispersion back into two
equal-sized daughter drops (Figure 2d). A supersaturated drop
can nucleate to form a solid particle [C(s)] (Figure 2e). The
particle grows by exhausting supersaturation inside the drop,
that is, by addition of C(l) molecules present in the latter (Figure
2f). The particle in a given drop can also grow by consuming
C(l) of another drop during their pairwise Brownian collision
and coalescence.

Experiments following the aforementioned routes or its
variations using w/o microemulsion have been performed to
make nanoparticles for use as lubricating oil additives. Kandori
et al.,12 for example, produced nanosized CaCO3 particles by
sparging CO2 gas into a w/o microemulsion solution having
presolubilized Ca(OH)2 in the drops. Roman et al.13 in addition,
used micrometer-sized Ca(OH)2 solid particles dispersed in oil,
which solubilized in the drops and reacted with CO2. We refer
to the latter experiment ascarbonation of lime. Delfort and co-
workers did a series of experiments to prepare nanoparticles of
Ca(OH)214 (referred to ashydrolysis of hydride), sodium and
potassium polyphosphates,15 and calcium thiophosphates16 in
broadly similar methods, employing different combinations of
dispersed solid particles and externally added reactants.

In contrast to reactive precipitation to make inorganic
nanoparticles, as above, others have synthesized nanoparticles
of organic compounds, which does not involve any reaction.17,18

A water-insoluble organic compound (e.g., nimesulide dissolved
in a solvent like acetone, ethanol, etc.) is added to the continuous
organic phase of a w/o microemulsion solution. Consequently,
as acetone partitions between oil and water, it also brings
nimesulide into the drops. The latter being insoluble in water,
precipitates to form nanoparticles within the microemulsion
drops. Further growth of the nanoparticles mediated by coales-
cence-exchange takes place as usual.

In contrast to these routes employing a single microemulsion
solution, another popular method involves mixing two micro-
emulsion solutions each containing different presolubilized
reactants,19 leading to coalescence-exchange, reaction, nucle-
ation, and growth of nanoparticles.

A complex interplay of various elementary steps occurring
simultaneously (Figure 2) in these experiments gives rise to only
partial understanding of the mechanism of nanoparticle forma-
tion. This is due to the nonuniform distribution of the number

of reactant and product molecules in drops, which are small
and discrete in number, and in addition vary with time and
influence the kinetics of these steps. Furthermore, the dynamics
of the drops are strongly coupled because of continuous
exchange of their contents by Brownian collision and coales-
cence. Another crucial fact is the inherent randomness associated
with some of the elementary steps. Transport of reactant from
the oil phase to a particular drop, coalescence-exchange of drops
and reactant particles, and nucleation in a drop among a
population of supersaturated drops are examples of this kind,
where it is not known with certainty which particular drop or a
pair of drops will undergo any of the above processes. It is
therefore a challenge to understand the influence of various
operational and control variables (for example, drop size,
reactant concentration, reactant addition rate, etc.) on nanopar-
ticle size distribution and thereby manipulate these for synthe-
sizing material with desired characteristics.

Population balance equation (PBE)-based models20,21are most
appropriate for understanding particulate processes like nano-
particle formation. Few rate-based models,22,23which are limited
in scope and applicable to very specific systems were the first
attempts to explain particle formation in w/o microemulsions.
Subsequently, PBE models were developed by Natarajan et al.24

and Bandyopadhyaya et al.25,26The latter took into account the
variation of the individual nucleation rate in each drop by
considering the statistical distribution of molecules [C(l)] over
the drops. However, their model is applicable only when
coalescence-exchange of drops is faster than nucleation. In
contrast, the coalescence-exchange rate can also be slower than
or comparable to the nucleation rate. The relative rates of these
two depend on various experimental factors. For example, the
nature and type of surfactant and presence of cosurfactant can
lead to variation in the flexibility of the interfacial surfactant
layer and therefore alter the coalescence-exchange rate of drops.
However, changes in the rate of reaction and solubility product
of C(l) controls supersaturation and influences nucleation rate.
So to understand the mechanism of nanoparticle formation in
w/o microemulsion or for any self-assembled system, a general
model applicable in all regimes of relative rates of the
elementary steps is required. Other PBE based models have been
proposed for nanoparticle formation in a homogeneous bulk
aqueous medium; for example, growth of silica nanoparticles
by reversible addition of monomers via the sol-gel mechanism27

and aggregative growth of silver nanoparticles due to particle-
particle interaction.28 Although useful, models for particle
formation in bulk medium cannot address the issues of partition-
ing, confinement, and exchange effects necessary to understand
the role of self-assembled systems of concern to this paper.

Stochastic simulation techniques such as Monte Carlo (MC)
simulation have also appeared in literature in conjunction with
deterministic PBE models. The process of CdS nanoparticle
formation employing two w/o microemulsion solutions was
simulated by Bandyopadhyaya et al.,29 using the concept of
interval of quiescence.30 Suitable modification and extension
of their MC simulation scheme have been reported by other
research groups.31-34 However, these simulations do not account
for reactant solubilization (Figure 2b) and transport of a reactant
from the external oil phase (Figure 2a). This necessitates some
changes in the MC scheme29 to include these two steps, relevant
to lime carbonation and hydride hydrolysis experiments of
relevance here.

With this motivation, the time scales associated with each
elementary step in the nanoparticle synthesis process are
estimated in Section 2. PBE model and MC simulation based

Figure 2. Various elementary steps in nanoparticle formation.
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on the conclusions of time-scale analysis are presented in
Sections 3 and 4, respectively. The results of the model and
simulation are compared with experiments and discussed in
Section 5 with final conclusions.

2. Time-Scale Analysis

Estimation of time scales of various elementary events
depends on the experimental conditions. We therefore briefly
discuss the two experiments: hydrolysis of hydride and
carbonation of lime. Both are represented under a common
thematic scheme in Figure 1, also showing important differences
between them.

2.1. Hydrolysis of Hydride.14 A mixture consisting of C-24
calcium alkyl aryl sulfonate surfactant (90.4 g; average molec-
ular weight 700), mineral oil (70.3 g), toluene (350 mL), and
methanol (15 mL) was prepared. Calcium hydride particles (60
g) of micrometer size were dispersed in this mixture. A liquid
mixture of tetrahydrofuran (155 mL) and water (44.9 g) at 5°C
was added under stirring to the above for 5 h, giving nanopar-
ticles in w/o microemulsion. Tetrahydrofuran (THF) partitions
between the continuous oil phase and its interface with the drop,
thus acting as a cosurfactant.35 Water added diffuses into the
drops and hydrolyses CaH2, the latter being solubilized during
drop-CaH2 particle collisions.

The overall reaction is

Ca(OH)2 is sparingly soluble in water and hence nucleates and
grows as a solid particle inside the drop. From transmission
electron microscopy (TEM) and small-angle X-ray scattering
(SAXS), the particles were found to be disk-shaped.14 The final
average particle size was of 20 nm diameter and 3 nm thickness.

2.2. Carbonation of Lime.13 A solution of xylene (150 mL)
and mineral oil (22.5 g) served as the continuous oil medium,
to which were added dialkyl aryl sulfonic acid (30.8 g; molecular
weight 500), calcium hydroxide particles (26 g), and methanol
(13 mL). Dialkyl aryl sulfonate surfactant was formed in situ
by the reaction between Ca(OH)2 and sulfonic acid. Water
generated from this reaction was encapsulated by the surfactant,
thus forming water drops in oil. Methanol partitioned between
the drop core and the oil-water interface, acting as a cosur-
factant. CO2 gas was then sparged for 26 min to this w/o
microemulsion solution. Reported data has been used to calculate
and conclude that initially there were about 25 Ca(OH)2

molecules in each drop.26 Ca(OH)2 was further solubilized
throughout the process during collision of drops with Ca(OH)2

particles. The sparged CO2 diffused into the drops followed by
reaction with solubilized Ca(OH)2 as follows:

The insoluble reaction product, CaCO3, nucleates and grows
inside a drop. The average CaCO3 particle diameter and
coefficient of variation (CV) of particle size were reported as a
function of time based on TEM and SAXS measurements.13

2.3. Time-Scale Calculations.If ki is the rate constant of
theith elementary process (Figure 2), then its time scale is given
by τi ) 1/ki. On the basis of comparative time scales, rate-
controlling events are identified and we propose a nanoparticle
formation mechanism.

2.3.1. Transport of Gas/Liquid Reactant A(km) (Figure 2a).
The rate of transport of a reactant molecule into a drop via the
oil medium is given by

whereR is the fraction of reactant A transported to the drops,
Q is the mass flow rate of reactant, andNdrop is the total number
density of drops. In the hydrolysis of hydride, THF retains some
water in the oil and hence only a fraction (R) of the total amount
of water added was available for reaction.35

2.3.2. Solubilization of Reactant Particle B(kcp) (Figure 2b).
Quantitative models for solubilization of dispersed inorganic
solid particles by drops of a w/o microemulsion solution have
not been reported in literature. Therefore, we calculate the
solubilization rate using the Brownian collision frequency of
solid reactant B particle with the drops. This is given by the
Smoluchowski36 equation

where Vp and V are the volumes of particle B and the drop,
respectively. The solubilization rate then becomes

whereâp is the coalescence efficiency in drop-reactant particle
collisions, andNp is the number density of reactant B particles.

2.3.3. Reaction inside a Drop(kr) (Figure 2c). Relevant
reaction rates reported in literature have been used for the
hydrolysis of hydride and the carbonation of lime. The reaction
rate in the former case is zero order,37 whereas in the case of
the latter it is first order with respect to the hydroxyl ion
concentration.26,38

2.3.4. Coalescence-Exchange between Drops(kc) (Figure 2d).
From eq 2, the Brownian collision frequency of two equal-sized
drops reduces to

If the drop population number densities aren1 andn2, then the
coalescence-exchange rate is given by

whereâd is the coalescence efficiency in drop-drop collisions.
As shown in Figure 2d, coalescence of two drops results in
exchange of dissolved molecules and redispersion of the dimer
back into two equal-sized drops. From eq 5, we calculate the
combined rate of coalescence-exchange, assuming that the
exchange and redispersion rates are very fast. Typically, a dimer
lifetime is about 25µs,39 whereas the coalescence time scale is
of the order of 0.1 s (Table 1). Hence, redispersion can be treated
as instantaneous.

2.3.5. Nucleation of a Solid ParticleC(s) in a Drop (kn)
(Figure 2e). The nucleation rate of liquid-phase product
molecules [C(l)] to form a nucleus of solid particle [C(s)] in a
drop is calculated from the classical nucleation theory of
homogeneous nucleation. As quoted by Adamson40 and dis-
cussed in Bandyopadhyaya et al.,25,26 this is given as

CaH2 + 2H2O ) Ca(OH)2V + 2H2v

Ca(OH)2 + CO2v ) CaCO3V + H2O

km )
RQNA

NdropMw
(1)

qp )
2kBT

3µ [2 + (νp

ν )1/3

+ ( ν
νp

)1/3] (2)

kcp ) âpqpNdropNp (3)

qd )
8kBT

3µ
(4)

kc ) âdqdn1n2 (5)

kn(i,t) ) 0 for i < n*

) iA exp( -16πσ3νm
2

3(kBT)3[ln(λ(t))]2) for i g n* (6)
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where σ is the interfacial tension between solid nuclei and
surrounding drop liquid,Vm is the volume of one C(s) molecule,
λ is the supersaturation ratio of C(l), andn* is the critical number
of C molecules in a nucleus. Isolated drops in a w/o micro-
emulsion solution have a distribution in the number of solute
molecules, which change with time. There are no concentration
gradients inside a particular drop because of its very small size.
So eq 6 is used to calculate the nucleation rate in each drop, as
a function of its changing supersaturation.

Although we have used homogeneous nucleation theory, the
possibility of heterogeneous nucleation exists. The microenvi-
ronment in the interior of a drop is complex because it contains
surfactant headgroups, counterions, reactant molecules, and
bound and free water. These species may induce or prevent
nucleation through various interaction forces. Preliminary mo-
lecular dynamics (MD) studies41,42 have been performed very
recently to account for some of these interactions, but no general
nucleation rate expression or trends have emerged.

2.3.6. Growth of Solid ParticleC(s) in a Drop (kg) (Figure
2f). The growth rate of a solid product particle [C(s)] in a drop
is estimated by applying eq 2 between a C(l) molecule and C(s)
present within the drop.

2.4. Conclusions from Time Scales.From Tables 1 and 2,
for both hydrolysis of hydride and carbonation of lime, the
reaction rate is very fast compared to coalescence-exchange of
drops becauseτc . τr and τcn . τr . For the hydrolysis of
hydride, in addition,τm > τcp . τr , implying that the rate of
transport of A molecules into drops is slower than the rate of
solubilization of particle B and the reaction rate is instantaneous

compared to these. Therefore, any molecule of reactant A
entering a drop reacts very fast. So the overall product formation
rate depends on the rate of transport of A (Table 2). For
carbonation of lime,τm ≈ τcp . τr , meaning that the rates of
transport of A and solubilization of B are comparable and the
rate of reaction is faster than both of these. Nevertheless, it is
known that initially each drop contains about 25 molecules of
B, and once gas flow is started both A and B come to drops at
equal rates. So each drop on an average would have a greater
number of B molecules than A. Therefore, it can be concluded
that the overall rate of formation of product is controlled by
the rate of transport of reactant A.

When a nonnucleated drop develops supersaturation with
respect to C(l), either a single nucleus can form and grow to
exhaust the supersaturation or many nuclei can form simulta-
neously. Similarly, when nucleated and nonnucleated drops
coalesce, the particle in the former can consume the supersatu-
ration generated (in the dimer) or a new nucleus can form. The
latter outcome can again lead to multiple C(s) particles in a
single drop. Therefore, the relative rates of nucleation and
growth of individual particles in a drop will determine whether
the drop will have one or multiple particles. Our time-scale
estimates show thatτn is one (hydrolysis of hydride) or several
(carbonation of lime) orders of magnitude higher thanτg,
implying that nucleation is slower than growth. So a nucleated
drop can have only a single particle in it and the rest of the
supersaturation is consumed instantaneously by growth of this
single particle. This obviates the need to write separate PBE
for particle population in each drop.

A drop having C(l) is affected by three events: (i) C(l)
molecules formed by reaction, (ii) C(l) molecules lost or gained
due to coalescence with other drops, and (iii) C(l) molecules
lost due to nucleation. The relative rates of these three events
will determine the distribution of C(l) in the population of
nonnucleated drops. From Table 1, for both cases,τc < τm and
τc < τcn, which implies that before new C(l) molecules are added
to a nonnucleated drop either by transport of reactant and
reaction or by coalescence with other drops, the nonnucleated
drops coalesce much faster among themselves and exchange
their contents. In addition, for carbonation of lime,τc e τn, so
the rate of coalescence between drops is faster than nucleation.
In this limit, the distribution of the number of molecules of C(l)
in nonnucleated drops attains an equilibrium Poisson distribu-
tion. This therefore obviates the need to write PBE for
nonnucleated drops in this special case.26 However, for hy-
drolysis of hydride,τc . τn, so nucleation occurs much faster
than coalescence-exchange between drops. Because of faster
nucleation, changes in the mean number of C(l) molecules in
the nonnucleated drop population is faster than the rate at which
drop coalescence-exchange can redistribute the C(l) molecules
over this whole population. So an equilibrium Poisson distribu-
tion is not established, unlike the previous case. Therefore, in
general, we have to account for such rapid changes in the state

TABLE 1: Time-Scale Estimates from Experiments

time scale (s)

event expression
hydrolysis of

hydride14
carbonation of

lime13

transport of reactant A to drops (τm) 1/km 10 10
solubilization of reactant B in drops (τcp) 1/âpqpNp 10-1 10
reaction (τr) 1/kr 10-19 10-5

coalescence-exchange of drops (τc) 1/âdqdNdrop 10-1 10-1

coalescence of nonnucleated and nucleated drops (τcn) 1/âdqdN1 1 1
nucleation (τn) 1/kn(n*) 10-10 10-1

growth (τg) Vdrop/q 10-11 10-10

TABLE 2: Conclusions from Time-Scale Analysisa

time-scale
comparison conclusion

(i) τc . τr

τcn . τr instantaneous reaction of A and B
τm > τcp . τr

(only for HH)
reactant A addition is rate-controlling

τm ≈ τcp . τr

(only for CL)

(ii) τg < τn instantaneous growth of C(s) particle
either none or one particle in a drop

(iii) τc < τm

τc < τcn

τc e τn

(only for CL) { coalescence-exchange faster than nucleation
Poisson distribution of C(l) molecules in

nonnucleated drops
PBE required only for nucleated drops

τc . τn

(only for HH) { coalescence-exchange slower than nucleation
inapplicability of Poisson distribution for

nonnucleated drops
PBE for both nucleated and nonnucleated

drops

a Applicable to both HH and CL experiments, except when indicated
otherwise. HH) hydrolysis of hydride;14 CL ) carbonation of lime.13
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of the nonnucleated drops by explicitly writing a PBE for this
particular population. So we conclude that reaction and growth
can be treated as instantaneous; transport of reactant A,
coalescence-exchange of drops, and nucleation are slower and
rate-controlling steps. Time-scale-based conclusions are sum-
marized in Table 2.

The time scales reported in Table 1 are calculated from the
experimental data available at timet ) 0. Of all of the
elementary processes (Figure 2), reactant A addition (as gas or
liquid) and nucleation of C are unimolecular processes, whereas
others are bimolecular. However, out of these, rates of reactant
A addition, solubilization of reactant B, coalescence-exchange
of microemulsion drops, and growth of nanoparticles are
constant in time. In contrast, only reaction and nucleation rates
depend on the number of molecules in a drop, which change
with time.

The reaction time scale is very small (about 6 orders less)
and hence instantaneous, compared to either transport of reactant
A or solubilization of reactant B. So any change in the reaction
time scale during the process will not affect the conclusions of
time-scale analysis. As far as nucleation is concerned, only drops
having sufficient number of C(l) molecules (g n*) can nucleate.
However, because of the low value of the mean number of C(l)
molecules per drop, the number density of drops havingn*
molecules or more is substantially low. Furthermore, among
these drops that can potentially nucleate, most of the drops will
haven* molecules, implying that this group will have the highest
nucleation rate. Therefore, we make a conservative estimate and
calculate the nucleation rate corresponding to drops havingn*
number of C(l) molecules. Because our models include rate
expressions of nucleation, any variation in this during the process
is automatically accounted for. To summarize, time-scale
conclusions estimated from initial conditions are valid through-
out the process.

3. Population Balance Model

It is sufficient to track only the product molecules in both
forms [C(l) and C(s)] and to neglect the distribution of reactant
molecules in the drops. So the drops can be classified as
nonnucleated and nucleated depending upon whether they have
C(l) or C(s), respectively. The nondimensional number densities
with respect to the initial number of drops are defined as follows

3.1. PBE for Nonnucleated Drops.The rate of change of
number density of the subclassnj0(i,t) is given by the following
PBE.

The first two terms on the right-hand side are generation and
loss of nj0(i,t) due to transport of reactant molecules into the

drop. The third term accounts for loss due to coalescence with
any other drop in the population. The fourth term is for
generation due to coalescence-exchange between two appropri-
ate nonnucleated drops. The last term in eq 8 is the loss term
due to nucleation of C(l) into solid C(s).

Elaboration of the fourth term is possible from Figure 3,
which shows binomial and cooperative redistribution mecha-
nisms. In the case of the binomial (Figure 3a), two drops having
j andk molecules in number, respectively, coalesce to form a
dimer. When the dimer redisperses, (j + k) molecules are
randomly distributed between the two new drops. Each outcome
is associated with a probability functionE(i, j + k). In contrast,
cooperative redistribution (Figure 3b) results in a transfer of
all of the molecules of the dimer into one of the two new
daughter drops and the other one becomes empty.

The kinetics of solubilizate exchange due to collision-
coalescence of drops in both water-in-oil and oil-in-water
microemulsions have been well established using fluorescence
quenching and triplet energy transfer techniques, and a wide
range of redistribution models were proposed. The fluorescence
decay experiments of Atik and Thomas43,44consistently showed
that the exchange of molecules during coalescence of drops
followed binomial redistribution. Furthermore, binomial redis-
tribution mechanism leads to Poisson distribution of the number
of molecules in a drop, when the drop population attains
equilibrium. The kinetics of fluorescence decay derived from
this Poisson distribution showed excellent comparison with their
experiments, confirming the original binomial redistribution
mode. Independently, Bommarius et al.45 also implemented
binomial redistribution in PBE to estimate the coalescence-
exchange rate constant from their experiments. Their estimated
rate constant matched very well with others.46 Therefore, in the
present PBE model of nanoparticle formation, binomial redis-
tribution has been used. So the fourth termE(i, j + k) in eq 8
is the expectation value for a drop to geti molecules on
redispersion from a total of (j + k) molecules in the dimer.
Because nonnucleated drops are indistinguishable, the expression
for E(i, j + k) is given by binomial probability as follows.

Various other modes of redistribution had been used first by
Hatton et al.47 in formulating their PBEs, for modeling solute
exchange between drops. However, other than binomial, they
are neither experimentally supported nor do the authors address
nanoparticle formation in their work.

3.2. PBE for Nucleated Drops.The rate of change of number
density of the subclassnj1(i,t) is given by the following PBE.

nj0(i,t) )
n0(i,t)

Ndrop
for i ) 0, 1, 2 ...∞ (7)

nj1(i,t) )
n1(i,t)

Ndrop
for i ) n*, (n* + 1), (n* + 2) ...∞

dnj0(i,t)

dt
) km nj0(i - 1,t) - km nj0(i,t) - âdqdNdropnj0(i,t) +

âdqdNdrop

2
∑
j)0

∞

∑
k)0

∞

nj0(j,t) nj0(k,t) E(i, j + k) - kn(i,t) nj0(i,t)

for i ) 1,2,3...∞ (8)

Figure 3. (a) Binomial and (b) cooperative redistribution of molecules.

E(i, j + k) )
2 (j + k)!

i! (j + k - i)! (12)( j+k)
(9)
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Except for the fourth term on the right-hand side, the other terms
in eq 10 have the same meaning as those in eq 8. The fourth
term accounts for growth of C(s) in a nucleated drop, while it
coalesces with other nonnucleated drops.

The nondimensional number density of empty drops,nj0(0,t),
can be obtained using the normalization condition

3.3. Moment Equations. Instead of solving individual
number densities of nucleated drops from eq 10, it is sufficient
to solve for moments ofnj1(i,t) population for comparison with
experimental measurements of mean size and coefficient of
variance of particle size. Thenth moment of nondimensional
number density functions are defined as

From eqs 10 and 12, we get moment equations for nucleated
drops:

nj0(i,t), M0
(1), andM0

(2) in eqs 13-15 are calculated from eqs 8
and 12. The set of coupled first-order ordinary differential eqs
8 and 13 to 15 are solved numerically by the Runge-Kutta
method48 using the following initial conditions.

The sensitivity of the numerical results was checked, and
inclusion of terms beyondi ) 20 in the equations gave no
further variation in results. The mean diameter and coefficient
of variation of nanoparticle diameter are obtained by the
following formulas.

4. Monte Carlo Simulation Scheme

MC simulation of dynamic processes can be handled using
the concept of the interval of quiescence (IQ) proposed by Shah
et al.30 The scheme used in the present work is an extension of
the IQ-based simulation of Bandyopadhyaya et al.29 In addition
to accounting for nucleation and coalescence-exchange, in the
present simulation we include transport of reactant through oil
medium and solubilization of reactant particle inside drops.

The simulated system starts with a total ofN drops of
appropriate type and size. For lime carbonation, each drop is
initialized with 25 Ca(OH)2 molecules (Section 2.2.), whereas
for hydride hydrolysis, the drops have no reactant to start with.
Reaction and growth of product particles occur instantaneously
(Table 2). Therefore, the four remaining events, shown in Figure
2a, b, d, and e, are accounted for in the simulation. Selection
of a particular event among these four is based on its relative
frequency at a given instant of time. For a population ofN drops,
the total transport frequency of reactant A isfm ) kmN; the total
solubilization frequency of reactant B isfcp ) âpqpNpN; the total
frequency of coalescence-exchange between drops isfc )
(1/2)âdqdNdropN, and the total nucleation frequency isfn(t) )
∑j)1

N kn,j(l,t). Herekn,j(l,t) is the nucleation rate in thejth drop
having l number of C(l) molecules.

The probability of the occurrence of anith event is

where

IQ, the time interval between successive events is then given
by

Starting from timet ) 0, once the simulation clock is advanced
by the time intervalτQ, then a particular event is selected
according to the conditions given below (Figure 4).

At any particular MC step, if
(i) 0 e R < pm then a drop is randomly selected and one A

molecule is added.
(ii) pm e R < (pm + pcp) then a drop is randomly selected

and one B molecule is added.
(iii) ( pm + pcp) e R < (pm + pcp + pc) then any two drops

are randomly selected. If they have reactant A and B, respec-

dnj1(i,t)

dt
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tively, then product molecules C(l) form instantaneously and
excess reactant molecules are binomially redistributed over the
two daughter drops. If one of the colliding drops has a particle,
then the entire C(l) formed leads to particle growth and excess
reactant is binomially redistributed. Instead, if both the drops
have particles, then C(l) and excess reactants are binomially
redistributed and each particle grows.29

(iv) (pm + pcp + pc) e R < 1, because of the nonuniform
distribution of C(l) in the drops, their nucleation rates are
different and are also a function of time. Theith drop can
nucleate if it satisfies the following criterion.

5. Results and Discussion

Various parameters and constants used in the model and
simulation are listed in Table 3.

5.1. Hydrolysis of Hydride.14 5.1.1. Comparison with
Experiments.Delfort et al.14 have reported only the final
nanoparticle size and shape (cylindrical disk) at the end of 5 h.
Our model does not address the issue of particle shape because
we assume isotropic growth, leading to a spherical particle. So
we compare the model results with the volume equivalent
diameter of a sphere, the volume being calculated from the
experimentally reported mean diameter and thickness of the disk.

Predictions from the PBE model and MC simulation with
binomial redistribution compare very well with the experimental
particle size at 5 h and are shown in Figure 5a. The close match
of experiment with both the MC simulation and the PBE model
justify the assumptions and simplifications (based on time-scale
analysis) adopted in writing the PBEs. In the stochastic MC
simulation, each random elementary event is executed sequen-
tially, one at a time. In the deterministic PBE model, in contrast,
the average rates of these events are used and the process is
represented by a set of ordinary differential equations. The
excellent agreement between the two implies that the formula-

tion of PBE based on average rates is sufficient to describe the
process of nanoparticle formation.

However, MC simulation with cooperative redistribution
underpredicts the experimental particle size. This is expected
because a large number of product molecules accumulates in a
single drop and increases the nucleation rate in this exchange
mode. This yields more nuclei and smaller-sized particles for
the same total amount of product. In contrast, in binomial
redistribution mode, the reactant and product molecules are
redistributed over both of the daughter drops, in nearly every
coalescence, making more molecules available for growth and
suppressing nucleation. As discussed in Section 3, binomial
redistribution is the correct mode and hence provides a very
good comparison with experiments. Recently, Kumar et al.49

modeled nanoparticle formation on mixing two microemulsion
solutions (containing different presolubilized reactants), featuring
correct consideration of several classes of population. However,
they used cooperative redistribution in their PBE; thus, their
predicted particle size was also smaller compared to experi-
ments.

The coefficients of variation (CV) of nanoparticle diameter
from the model and simulation are shown in Figure 5b. Although
experimentalCVs are unavailable, it can be seen that the model
predicts moderately monodisperse (CV ) 0.18) particle size.
This is due to the very high nucleation rate, leading to the
formation of a large number of nuclei very early in the process.
Later these nuclei grow more or less equally. As expected, MC
simulation with cooperative redistribution predicts a slightly
higherCV than binomial redistribution in the beginning, whereas
simulation with binomial redistribution matches very well with
the PBE results throughout. This once again confirms the ability
to address nanoparticle formation by both PBE and simulation
so that not only mean size but also higher order statistic can be
predicted successfully.

5.1.2. Effect of Drop Size.Experimentally, drop diameter can
be varied easily by changing the microemulsion composition,
thereby controlling the size of the nanoparticles. Figure 5c shows
that on varying the drop diameter from 1 to 7 nm, there is no

Figure 4. Selection of events in MC simulation using random numbers.

(pm + pcp + pc +

∑
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∑
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∑
j ) 1

i

kn,j(l,t)

∑
j ) 1

N

kn,j(l,t))

TABLE 3: Parameters Used in the PBE Model and MC
Simulation

parameter
hydrolysis of

hydride14 reference
carbonation of

lime13,a

A 6.5× 1011 s-1 59 278.1 s-1

ddrop 2.2× 10-9 m 35 2.44× 10-9 m
km 0.0438 s-1 14 0.112 s-1

Ks 3.35× 10-6 mol2 lit-2 b 3.31× 10-12 mol2 lit-2

N 20 000 c 20 000
Nagg 95 35 27
Ndrop 1.038× 1024 m-3 14 4.31× 1024 m-3

Np 1.092× 1017 m-3 14 9.24× 1016 m-3

n* 5 26 5
Q 2.494× 10-6 kg s-1 14 7.934× 10-6 kg s-1

T 283 K 14 298 K
Vdrop 5.572× 10-27m3 35 4.68× 10-27m3

Vm 5.485× 10-29m3 calculated 6.13× 10-29m3

Vme 5.523× 10-4 m3 14 2.251× 10-4 m3

Vp 5.235× 10-19 m3 calculatedd 5.235× 10-19 m3

R 0.6 14 1.0
âd 1× 10-6 fittede 7× 10-6

âp 0.055 26 0.055
µ 0.001 kgm-1s-1 standard value 0.05 kgm-1s-1

σ 0.065 Nm-1 59 0.097 Nm-1

a All parameters for this experiment are taken from ref 26.b Solu-
bility of Ca(OH)2 in the methanol-water mixture is calculated based
on the proportionality of the solubility product with the cube of the
dielectric constant.c Simulations withN up to 100 000 gave the same
results.d Using a Ca(OH)2 particle diameter of 1 micrometer.e Order
of magnitude similar to ref 26.
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influence on nanoparticle size, as predicted by the PBE model.
However, beyond this, further increase in drop diameter results
in a significant increase in particle size. The curve labeled 2.2

nm corresponds to a reported experimental drop size.14 In
general, an increase in drop size and therefore volume, keeping
the total amount of product C(l) constant, reduces supersatu-
ration in a single drop. This leads to a lower nucleation rate
and therefore a lower number of particles with increased mean
size. These arguments are valid in the present case for drop
diameters beyond 7 nm. However, for drop diameters from 1
to 7 nm, we find,kn(n*) . km andkn(n*) . kc so that nucleation
rate is almost instantaneous compared to mass transport or
coalescence-exchange. Therefore, particle nucleation in this
range of drop diameter is virtually unaffected, translating to no
change in particle number and size. However, beyond 7 nm,
kn(n*) e km and kn(n*) e kc so that nucleation becomes
dependent on how fast water is added and supersaturation builds
up by reaction and drop-drop coalescence. This results in the
expected increase in particle size as shown in Figure 5c.

We also know (as shown in eq 5 and Table 1) that rate
constants are inversely related to time constants. So the above
discussion and conclusion extends naturally to time-scale
comparison as well.

5.1.3. Effect of Water Addition Rate.Figure 5d shows the
effect of increasing water addition rate on Ca(OH)2 nanoparticle
size. The curve labeledkm corresponds to the experimentally
reported water addition rate.14 As we change it from 0.1km to
10 km, the model predicts a small increase in particle size at
lower km values, but does not show further increase at higher
km. In all cases, there is excess CaH2 reactant present in the
system to ensure that water addition will be the rate-limiting
step. This implies that with increase inkm, we have a
proportional increase in the total amount of Ca(OH)2 formed
in the system. As more Ca(OH)2 (l) molecules form in drops
with increased rate of water addition, it can lead to either
increased nucleation or particle growth by coalescence-
exchange. The marginal increase in mean particle size on going
from 0.1km to km implies that nucleation is more favored over
growth. While on going fromkm to 10 km, the mean particle
size remains virtually unaffected, resulting in a proportional
increase in the number of particles at such high supersaturation,
rather than any additional growth. Therefore, the production rates
of nanoparticles can be increased significantly by increasing
the water addition rate, without much variation of particle size,
taking advantage of the dominance of nucleation in this system.

However, some other relevant variables, for example, nature
of oil, surfactant, its counterion, cosurfactant, viscosity of oil,
and so forth do not affect mean particle size and size distribution
significantly. Independence of particle size on the nature of the
cosurfactant has been shown recently.18

5.2. Carbonation of Lime.13 Figure 6a and b shows a
comparison of the results of the lime carbonation experiment13

with both the PBE model and MC simulation. Figure 6a shows
an excellent match of the evolution of the mean diameter of
CaCO3 nanoparticles with time when binomial redistribution is
used. Previously, Bandyopadhyaya et al.26 had also predicted
this experimental data from their PBE model with equal success.
They did not explicitly include the redistribution mechanism
in their PBE. However, their assumption of the Poisson
distribution of C(l) in nonnucleated drops implied that the
coalescence-exchange process was by binomial redistribution
and occurred quite frequently so that equilibrium Poisson
distribution could be assumed. Hence, their model becomes a
limiting case of the present model, when coalescence-exchange
is faster than nucleation. As explained previously, cooperative
distribution gives smaller particle size (Figure 6a).

Figure 5. Temporal evolution of Ca(OH)2 nanoparticle: (a) mean
diameter; (b) coefficient of variation (CV). (f) Experimental;14 (s)
PBE model with binomial redistribution; (O) MC simulation with
binomial redistribution; (0) MC simulation with cooperative redistribu-
tion. (c) Effect of drop size and (d) effect of water addition rate on
mean nanoparticle diameter (parameter values shown against each curve
in c and d).
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Coefficient of variation (CV) of particle size with time in
Figure 6b compares well with experiments only toward the end
of the process for both PBE and MC with binomial redistribu-
tion. The PBE model prediction ofCV starts from zero (no
particle to begin with) and has a very rapid rise at short times
(not visible in the scale of Figure 6b) up to about 0.28. This is
due to rapid nucleation resulting in particles of different size.
CV then falls within about 1 min of process time down to 0.17,
as nucleation slows down and stops, allowing all particles
formed to grow by more or less equal extent. Unfortunately,
there is no experimental data before 3 min to verify these
predictions. Afterward there is a very small increase inCV
between 1 and 5 min of process time, before it approaches a
constant value of about 0.18, which is close to the experimental
data points (Figure 6b). Thus, for most of the process theCV
curve predicted by the PBE model falls within the range of
experimentalCVvalues and constitutes a reasonable agreement,
although not exact.

The results of the MC simulation with the unrealistic
cooperative redistribution diverge from experiments. This is
because of higher variation in the growth process with the latter
mode. It results in increased dispersity in particle size and, in
turn,CVas well. In binomial redistribution, however, a smaller
number of nuclei is formed, and the particles have more product
molecules for growth, making them more equally available to
all nuclei. This leads to a narrower distribution of particle size
and, hence, a smallerCV.

The class of experiments involving hydrolysis of hydride is
important to analyze because it operates in a regime where the
nucleation rate far exceeds the rate of coalescence-exchange of
drops, a domain in which none of the previously developed
models apply. Data from this experiment,14 although limited in
range, is therefore a good test for the models developed in the
present work because the latter is applicable for arbitrary relative

rates of coalescence-exchange and nucleation. In addition, our
results show the evolution of mean particle size and its variance
for an opposite class of experiments, namely carbonation of lime,
wherein the nucleation rate is much less. Thus, we have shown
(from different experimental data) that both our PBE model and
MC simulations are in general enough to incorporate widely
divergent experimental conditions, and thereby successfully
predict temporal evolution in mean size and variance of
nanoparticle size distribution.

5.3. Deterministic and Stochastic Methods.The particle
formation mechanism has been addressed in this paper by two
formalisms: deterministic PBE and stochastic simulation. The
former regards time evolution of the system at hand (having
coupled mass transport, collision, and nucleation) to be continu-
ous and deterministic, and hence models it by a set of coupled
differential equations, as in PBEs. Although in many cases this
is true, in reality the evolution is not continuous because
molecular population in a drop changes by a discrete integer
amount. Furthermore, collisions in a system of thermally
equilibrated molecules or nucleation in a supersaturated medium
occur randomly so that we should refer to collision and
nucleation probabilities per unit time, rather than collision or
nucleation rates. Fundamentally, the system is therefore neither
continuous nor deterministic.

In the alternative route pursuing the stochastic approach, the
state of the system can be described by a master probability
density function in continuous state variables, like particle size,
concentration, and so forth. This leads to a hierarchy of product
density equations of different order, giving both the mean
quantities and fluctuations about the mean.50 Similar stochastic
formulation in chemical kinetics51 or its adaptation52 has resulted
in other forms of master equations using discrete state variables,
like number of molecules or discrete particle size. Although
rigorous, these equations are often mathematically intractable,
or unclosed in nature so that we have presently employed the
stochastic MC simulation algorithm (derived from same sto-
chastic arguments) for obtaining numerical results. In the
simulation scheme, time evolution of the system is regarded to
be discrete and the random events occur sequentially, one at a
time, according to their relative frequency of occurrence. This
therefore recognizes the inherent randomness of all of the
elementary steps, namely, transport and solubilization of
reactants, coalescence-exchange of drops and nucleation of
particles, which is accounted by discrete changes in number
and size of particles. Hence, our simulation follows the natural
evolution of the process in time. In contrast, the time-averaged
kinetic rates of random events over a large population are used
for evolution in the PBE framework.

Hence, in some cases, the deterministic PBE will be unable
to describe the inherent fluctuations and correlation in the
molecular population levels, which the stochastic simulation
algorithm can naturally account for.50,51 Although the deter-
ministic PBE gives only mean number densities, the stochastic
route in addition, provides fluctuations of all order about the
mean. However, from our time-scale analysis, there can be at
most only one nanoparticle in a single microemulsion drop. So,
any fluctuation in the concentration of C(l) resulting from
random nucleation in the microemulsion drop does not affect
the nucleation or growth of any other particle in the system.
Therefore, we are able to model by both deterministic and
stochastic routes, giving very close results in particle charac-
teristics for different experiments. Compared to this, Manjunath
et al.50,53 showed that in the case of precipitation in a much
bigger micrometer-sized emulsion drop, where more than one

Figure 6. Temporal evolution of CaCO3 nanoparticle: (a) mean
diameter; (b) coefficient of variation (CV). (f) Experimental;13 (s)
PBE model with binomial redistribution; (O) MC simulation with
binomial redistribution; (0) MC Simulation with cooperative redistribu-
tion.
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particle could form in the drop, deterministic PBE and MC
simulation results could be different. Thus, random nucleation
in a small, confined particle population in an emulsion drop
can cause large fluctuations in concentration and supersaturation,
affecting further nucleation and particle growth in that drop.
This results in fluctuations in the confined particle population
characteristics as well, forcing PBE and MC results to differ.
Extending the argument further, one can clearly see that if the
particle population is large then a single collision, nucleation,
or growth (by addition of discrete molecules) event does not
make a substantial change in the particle number or size
distribution, leading to concurrence of deterministic and sto-
chastic description. This is indeed seen in bulk crystallization
in a well-mixed system.52 A mathematical treatise on the
connection between PBE and MC simulation can be found in
Ramkrishna.54

6. Conclusions

The mechanism of nanoparticle formation in water-in-oil
microemulsion has been developed by systematically estimating
time scales of various elementary steps. A deterministic PBE
model and a stochastic MC simulation scheme have been
proposed based on this mechanism, which further generalize
and extend previous work.26,29 Both the model and simulation
incorporate the mass transport of liquid or gaseous reactants
from the continuous oil phase to water drops, solubilization of
solid dispersed in oil, coalescence-exchange of water drops, and
nucleation and growth of the nanoparticle. Molecular exchange
of reactants and products after coalescence of drops is modeled
by binomial redistribution of the contents of the dimer into
daughter droplets. The proposed mechanism is validated under
different controlling regimes, relevant to two broadly similar
experiments: carbonation of lime13 and hydrolysis of hydride14

to give CaCO3 and Ca(OH)2 nanoparticles, respectively. Model
and simulation predictions of temporal evolution of nanoparticle
size and its coefficient of variation match very well with
experiments. This proves that the PBE model developed in this
paper is quite general and is applicable when both coalescence
and nucleation rates are important or in the limits of one of
them being rate-controlling. Furthermore, both a deterministic
PBE model and a stochastic simulation scheme can account for
the inherent randomness in the elementary events, providing
complementary means to predict mean nanoparticle size and
its variance. Also, we have clearly brought out the significance
of implementing the correct binomial redistribution exchange
mechanism on successful modeling of experimental data, in
comparison to phenomenologically incorrect cooperative or
other modes used earlier. The model and simulation provide
size evolution data for time scales ranging from minutes
(carbonation of lime) to many hours (hydrolysis of hydride),
suggesting robustness of our calculation and credibility of the
almost identical parameters used. Furthermore, we obtain
temporal evolution of both the mean and standard deviation of
nanoparticle size, supplementing experimental measurements in
some cases.

Effect of easily controllable operational variables, for ex-
ample, drop size and water addition rate, on mean Ca(OH)2

particle size have been explored from the model. Below a drop
diameter of 7 nm, nanoparticle size is not affected by an increase
in size of the drop. This is possible because the nucleation rate
is instantaneous compared to the water transport and coalescence-
exchange rates, for drops in this size range. However, beyond
a 7 nm drop size, the nucleation rate becomes comparable to
other rates, thus showing an expected increase in size of

nanoparticle with that of the drop. However, when the addition
rate of water (a reactant) to the microemulsion solution was
independently varied both below and above the experimental
rate of water addition, the model predictions show that the
nanoparticle size would not change appreciably. This therefore
implies that under certain general conditions nanoparticle
synthesis can be scaled up for production by a simple increase
of external reactant addition rate, without any undesirable change
in particle size.

In general, inorganic nanoparticle formation via reactive
precipitation has almost instantaneous reaction and particle
growth rates in drops. This simplifies the population of drops
into two types, nonnucleated and nucleated, both of which can
be described by only one state variable, namely the number of
product molecules in each drop or nanoparticle, respectively.
However, when either reaction or growth is not instantaneous,
additional classes of drops need to be identified with multiple
state variables to account for more than one type of reactant
and product molecules distinguishing the drops. Similar is the
need when two microemulsion solutions are reacted. In this case,
the mixing of reactants and the formation of a solid nanoparticle
occur only via coalescence-exchange and not by external mass
transport and solubilization. Our model can be suitably extended
for these cases by writing multivariate PBEs for all classes of
drops.

Both the model and simulation are very general and on
making appropriate time-scale analysis can be modified to give
further insight into the mechanism of nanoparticle formation
in other colloidal self-assembled templates such as vesicles,55

block copolymer micelles,56 dendrimers,57 and birefringent
phases.58 These templates are distinguished based on their
confinement length scale and collision dynamics, features that
our model can account for. Finally, in anisotropic nanoparticle
synthesis, particles grow only in certain preferential directions
because of different growth rates along different crystallographic
axes. Our analysis can incorporate this effect if the finite growth
rate data of particles along different crystal axes are available.

Glossary

A Preexponential factor in the nucleation rate expression,
s-1

C(l) C molecules in solubilized form

C(s) C molecules in solid particle form

CV Coefficient of variation of nanoparticle diameter

ddrop Diameter of drop, m

dp Volume equivalent diameter of C(s) particle, m

E(i, j + k) Expectation value of havingi molecules in a daughter
droplet from a dimer containing (j + k) molecules

f Frequency of an individual event, s-1

ft Total frequency of all events, s-1

k Rate constant, s-1

kB Boltzmann constant, 1.3806× 10-23 J K-1

Ks Solubility product of C, mol2 lit -2

M(i) ith moment of a population

Mp Molecular weight of C, kg kmol-1

Mw Molecular weight of reactant A, kg kmol-1

n* Critical number of molecules required for nucleation

n(i) Number density of drops havingi product molecules,
m-3

nj(i) Nondimensional number density of drops havingi
product molecules

N Total number of drops used in MC simulation

Nagg Surfactant aggregation number
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NA Avogadro’s number, 6.023× 1023 molecules/mole

Ndrop Total number density of drops, m-3

Np Total number density of reactant B particles, m-3

p Probability of an event

Q Mass flow rate of reactant A, kg s-1

qd Brownian collision frequency of two drops, m3 s-1

qp Brownian collision frequency of a drop with a reactant
B particle, m3 s-1

R, R1 Uniformly distributed random variable in [0, 1)

T Temperature, K

Vme Total volume of microemulsion solution, m3

Vdrop Volume of a single drop, m3

Vm Volume of one C(s) molecule, m3

Vp Volume of one reactant B particle, m3

Greek Symbols

R Fraction of reactant A transported into drops

âd Coalescence efficiency of drop-drop collision

âp Coalescence efficiency of drop-reactant particle colli-
sion

λ Supersaturation ratio of C(l) (calculated as in ref 26)

µ Viscosity, kg m-1 s-1

F Density of product, kg m-3

σ Interfacial tension between solid nuclei and surrounding
drop liquid, N m-1

τ Time scale of an event, s

τQ Interval of quiescence, s

Subscripts

0 Nonnucleated drop

1 Nucleated drop

c Coalescence-exchange between nonnucleated drops

cn Coalescence exchange of nucleated and nonnucleated
drops

cp Solubilization of reactant B into a drop

g Growth of C(s)

m Transport of reactant A

n Nucleation of C(s)

r Reaction of A and B
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